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ADVERTISEMENT 

The Smithsonian Institution has maintained for many years a group of 
publications in the nature of handy books of information on geographical, 
meteorological, physical, and mathematical subjects. These include the 
Smithsonian Geographical Tables (third edition, reprint, 1918), the Smithsonian 
Meteorological Tables (fourth revised edition, 1918), the Smithsonian Physical 
Tables (seventh revised edition, 1921); and the Smithsonian Mathematical 
Tables: Hyperbolic Functions (second reprint, 1921), 

The present volume comprises the most important formulae of many branches 
of applied mathematics, an illustrated discussion of the methods of mechanical 
integration, and tables of elliptic functions. The volume has been compiled by 
Dr. E, P. Adams, of Princeton University. Prof. F. R. Moulton, of the Univer- 
sity of Chicago, contributed the section on numerical solution of differential 
equations. The tables of elliptic functions were prepared by Col. R. L. Hippisley, 
C. B., under the direction of Sir George Greenhill, Bart., who has contributed the 
introduction to these tables. 

The compiler, Dr. Adams, and the Smithsonian Institution are indebted to 
many physicists and mathematicians, especially to Dr. H. L. Curtis and col- 
leagues of the Bureau of Standards, for advice, criticism, and cooperation in 
the preparation of this volume. 

Charles D, Walcott, 

Secretary of the Smithsonian Institution, 

May, ig22. 



PREFACE 


The original object of this collection of mathematical formulae was to bring 
together, compactly, some of the more useful results of mathematical analysis 
for the benefit of those who regard mathematics as a tool, and not as an end in 
itself. There are many such results that are difficult to remember, for one who 
is not constantly using them, and to find them one is obliged to look through a 
number of books which may not immediately be accessible. 

A collection of formulae, to meet the object of the present one, must be 
largely a matter of individual selection; for this reason this volume is issued 
in an interleaved edition, so that additions, meeting individual needs, may be 
made, and be readily available for reference. 

It was not originally intended to include any tables of functions in this 
volume, but merely to give references to such tables. An exception was made, 
however, in favor of the tables of elliptic functions, calculated, on Sir George 
Greenhill^s new plan, by Colonel Hippisley, which were fortunately secured for 
this volume, inasmuch as these tables are not otherwise available. 

In order to keep the volume within reasonable bounds, no tables of indefinite 
and definite integrals have been included. For a brief collection, that of the 
late Professor B. 0. Peirce can hardly be improved upon; and the elaborate 
collection of definite integrals by Bierens de Haan show how inadequate any 
brief tables of definite integrals would be. A short list of useful tables of this 
kind, as well as of other volumes, having an object similar to this one, is appended. 

Should the plan of this collection meet with favor, it is hoped that suggestions 
for improving it and making it more generally useful may be received. 

To Professor Moulton, for contributing the chapter on the Numerical 
Integration of Differential Equations, and to Sir George Greenhill, for his Intro- 
duction to the Tables of Elliptic Functions, I wish to express my gratitude. 
And I wish also to record my obligations to the Secretary of the Smithsonian In- 
stitution, and to Dr. C. G. Abbot, Assistant Secretary of the Institution, for the 
way in which they have met all my suggestions with regard to this volume. 

E. P. Adams 


Pkinceton, New Jersey 
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SYMBOLS 


log 


> 

h 


1 ^ tit 1 
d(Uij U2f 


logarithm. Whenever used the Naperian logarithm is understood. 

To find the common logarithm to base lo: 

logio a = 0.43429 ... log a. 
log a - 2.30259 . . . logio a. 

Factorial, nl where n is an integer denotes i . 2 . 3 . 4 n. 

Equivalent notation C 
Does not equal. 

Greater than. 

Less than. 

Greater than, or equal to. 

Less than, or equal to. 

Binomial coefficient. See 1 . 61 - 

Approaches. 

Determinant where atk is the element in the ith. row and ^th column, 


.) 


d(a;i, 0^2. 

I a 


•) 


Functional determinant. See 1 . 37 . 


Absolute value of a. If ^ is a real quantity its numerical value, 
without regard to sign. If a is a complex quantity, a = a + 

I a I = modulus of a = +Va^ + 

The imaginary = 


2 

n 


k=n 


Sign of summation, i.e., = ai + 02 + as + . . . . + an. 

k=il 

- k^n 

Product, i.e., JJ(i + koi) = (i + *)(i + 2x){i + 3a:) . . . . (i + »*). 



I. ALGEBRA 


I . 00 Algebraic Identities. 

1. a”' — b’^ = {a — + a'^^b + a’^~W + + (ib”~^ + 

2. a” ± J" = (a + b){a^~^ — a'^~^b + — ^ ± 

n odd: upper sign. 
n even: lower sign. 

3. (x + ai){x + 02) (ac + fla) = a:" + Pix‘^~^ + P2*"“® + . . . . 

+ Pn-lX + P». 

Pi = + ®2 + + <r». 

Pjj = sum of all the products of the a’s taken i at a time. 

P 7^ “ . ir fl. 

4. (a' + J')(a 2 + ^) = (aa =f 6 / 3 )^ + (a )3 ± Ja)l 

5. (o' - &')(a' - | 3 ') = (oa ± JjS)' - (a^ ± 6a)'. 

6. (o' + 6' + c')(a' + 18' + 7') = (oa + 6/3 + 07)' + (67 - ^c)' + (oa - yaf 

+ (o /3 - a6)'. 

7. (o' + 6' + c' + P)(a' + / 3 ' + 7'+5') = (oa + 6^ + c7 + d 5 )' 

+ (o /3 - 6a + c 5 - dyY + (07 - 65 - ca + d|8)' + (o 5 + 67 - Cj8 - da)'. 

. .3. (oc - 6d)' + {ad + 6c)' = (oc + 6d)' + {ad - 6c)'. 

9. (0 "t” 6)(6 -j- c)(c "bo) = (0 -|- 6 "b c)(o6 "b 6c "b co) — 06c. 

10. (0 + 6)(6 + c)(c + 0) = o'(6 + c) + 6'(c + 0) + c'(o + 6) + 206c. 

II. (0 + 6){6 + c)(c + 0) = 6c(6 + c) + co(c + 0) + 06(0 + 6) + 206c. 

12. 3(0 + 6)(6 + c)(c + 0) = (0 + 6 + c)® - (0® + 6® + c®). 

13. (6 - o)(c - o)(c - 6) = o'(c - 6) + 6'(o - c) + c'(6 - 0). 

14. (6 - o)(c - o)(c - 6) = 0(6' - o') + 6(c' - o') + c(o' - 6'). 

15. (6 - o)(c - o)(c - 6) = 6c(c - 6) + co(o - c) + 06(6 - 0). 

16. (0 - 6)' + (6 - c)' + (c - 0)' = 2[(o - 6)(o - c) + (6 - o)(6 - c) 

-b (c - o)(c - 6)]. 

17. o®(6' — c') + 6®(c' — o') + c®(o' - 6') = (0 - 6)(6 — c)(o - c)(o6 + 6c + co). 

18. (0 + 6 + c)(o' + 6' + c') = 6c(6 + c) + co(c + 0) + a6(o + 6) + 0® + 6®. + c®. 

19. (0 + 6 + c)(6c + CO + 06) = a'(6 + c) +.6'.(c + 0), + c'(o + 6) + 3060. 

20; (6 + c - o)(c + 0 - 6)(o + 6 - c) = o'(6 + c) + 6'(c '+ 0) + c'(o + 6) ! 

-(o? + 6® + c® + 206c). 
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21 . (ft + b + c){ - a + b + c)[a - b + c)(,a + b - c) = 2 (bV + t-ar + aW) 

- + b^ + c‘}. 

22 . (0~ "i“ (ff H“ ^ — c — d)^ 4“ (n "I* — b — (i)** 4" (fl 4" — b — c)® 

= 4(<^" 4" 4" f 4” d‘'). 

If .4 = (la 4- ^7 4- c(3 
B = + ba + cy 

C ~ ay + b^ + ca 

23 - (fl 4“ & 4" OC®' = 4l4'S4“C. 

24. \_a^ 4- 6* 4- — {ab + bc-\- ca)3 + ^ + y- — {o-^ -h ^y + 7a)3 

= ,12 + 4- C- - (.IB 4- BC 4- CA). 

25. (aS 4. 63 4. £.2 _ 3a6c)(a=’ 4- jS-’ 4- 7* - 3,a-(iy) = .4'' 4- B« 4- C» - 3.IBC. 

ALGEBRAIC EQUATIONS 

1.200 The expression 

f{x) = Ufr'C 4 aia:”'* 4- a%x’'~^ 4- 4- an-iA' 4- a„ 

is an integral rational function, or a polynomial, of the «th degree in x. 

1.201 The equation f{x) >= o has « roots which may be real or complex, dis- 
tinct or repeated. 

1.202 If the roots of the equation jf(x) o arc q, cj, . . ., Cn, 

f{x) = ao(jf - - Cs) (x - Cn) 

1.203 Symmetric functions of the roots are expressions giving certain com- 
binations of the roots in terms of the coefficients. Among the more important 
are; 

Cl + + - * * • • ■ • • • Cn ^ 

CL*t 

CiCi + CiCz +• • • - ”1“ C2C3 + "f* Cn—lCn * 

Cto 

Q'Z 

C1C2C3 + CiCaC^i 4" • • “ 4“ C1C3C4 + • * • • • 4* Cn-4Cn— iCn » ™ 


C1C2C8 c« « 

do 

1.204 Newton’s Theorem. If Sk denotes the sum of the kih powers of all the 

roots of J(x) - o, 

k is k 

Sjfc »» Cl + C2 + 4“ Cn 

xdi 4- Sido « o 

2Cta 4" 4* s%do s® o 

3Ct8 4- hCh 4- 5acti 4- Szdo « o 

4^4 4- Sidz 4* 524E2 4- 4* » o 
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or: 


= - 


<5^0 


52 =- 


2^2 ^ <3^1^ 
ao 


Sz = 
Sjl = 


3^3 , 3^1^ 


<3^0 


ao^ 


_ 4^4 4<^i<^3 

CL(S ^0^ 


ao^ 

^0® <3^0^ 


1.206 If Sk denotes the sum of the reciprocals of the ^th powers of all the 
roots of the equation fix) — o: 

I 




cf ■*■ ■ 


' '*’ r ^ 

On 


I^n-1 + SiCln == O 

2^Z7«,— 2 "f" Sxdn-A. 4" S^C^n ^ O 


3(Jn-3 + ‘S'i0^n-.2 + *S'2^n— 1 + SzG^n “ O 


5i- - 


^n-l 

dn 


52 = — 


2^n— 2 , 
<3^71 


53== - 


3 <3^ 71— 3 ^ 

^n^ 




1.220 If /(a?) is divided by x ~ A the result is 

f(x) = (ac - A)(2 + R- 

Q is the quotient and R the remainder. This operation may be readily per- 
formed as follows: 

Write in line the values of cq, ai, , . , an- If any power of x is missing 
write o in the corresponding place. Multiply ao by h and place the product in 
the second line under ai\ add to ai and place the sum in the third line under ai. 
Multiply this sum by h and place the product in the second line under 0 %) add 
to 02 and place the sum in the third line under ch.. Continue this series of 
operations until the third line is full. The last term in the third line is the 
remainder, R- The first term in the third line, which is a^, is the coefficient of 
x'^'~^ in the quotient, Q; the second term is the coefficient of and so on. 
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1.221 It follows from 1.220 that f(h) = R. This gives a convenient way of 
evaluating f{x) for x = h. 

1.222 To express fix) in the form : 

/(») = A(i{x — h)”' + Aiix — h)”'~^ + .... + An-i(x — h) + An- 

By 1.220 form fih) = An- Repeat this process with each quotient, and the 
last term of each line of sums will be a succeeding value of the series of co- 


efficients An , An - i , • • • 

, A 0 - 




Example : 





fix) = 32:« 

+ 

Id 

1 

8 x ^ + 22; — 4 


11 

3 2 

0 

--8 

2 

-4 

6 

16 

32 

48 

100 

3 8 

16 

24 

50 

96 = A, 

6 

28 

88 

224 


14 

44 

112 

11 

Cl 


6 

40 

168 



20 

84 

eo 

11 

0 

00 

<M 



6 

52 





26 136 = A2 

6 

32 = Ai 

3 = i4o 

Thus: 

Q = + + 162;^ + 24a; + 50 

R=/(2) = 96 

fix) = 3(2: - 2)« + 32(2; - 2 )* + 136(2; - 2)* + 280(2; - 2)* + 274(2; - 2 ) + 96 


TEANSFOEMATION OF EQUATIONS 

1.230 To transform the equation fix) = o into one whose roots all have their 
signs changed : Substitute -x for x. 

1.231 To transform the equation fix) =0 into one whose roots are all multi- 
plied by a constant, m: Substitute 2 :/»j for x. 

1.232 To transform the equation fix) = o into one whose roots are the 
reciprocals of the roots of the given equation : Substitute i/x for x and multiply 
by X”. 

1.233 To transform tbe equation /(a;) = o into one whose roots are all increased 
or diminished by a constant, hr Substitute 2 ; ± A for 2 ; in the given equation. 
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the upper sign being used if the roots are to be diminished and the lower sign 
if they are to be increased. The resulting equation will be: 

f{±h) + xf{±h) + + = o 

where f\x) is the first derivative of /(x), the second derivative, etc. 

The resulting equation may also be written: 

AqX'^ -f AiX'^~'^ + A2X'^'~^ + + An-lX + = O 

where the coefficients may be found by the method of 1.222 if the roots are to 
be diminished. To increase the roots by h change the sign of A. 


MULTIPLE ROOTS 

1.210 If c is a multiple root of f{x) = o, of order w, i.e.. repeated m times, 
then 

f{x) = (ir - cYQ; R = o 

c is also a multiple root of order m — i oi the first derived equation, f(x) = o; 
of order m - 2 oi the second derived equation, f^(x) = o, and so on. 

1.241 The equation /(a;) = o will have no multiple roots ^ f{x) enxdfix) have 
no common divisor. If F{x) is the greatest common divisor oif{x) mdfix), 
f(x)/F(x) -fi{x)j dJidfiix) will have no multiple roots. 


1.260 An equation of odd degree, has at least one real root whose sign is 
opposite to that of an- 

1.261 An equation of even degree, n, has one positive and one negative real 
root if Cn is negative. 

1.262 The equation /(x) = o has as many real roots between x Xi and x = 0C2 
as there are changes of sign in f(x) between xi and X2- 

1.263 Descartes’ Rule of Signs: No equation can have more positiye roots 
than it has changes of sign from + to — and from — to +, in the terms of /(x). 
No equation can have more negative roots than there are changes of sign in /(~x). 

1.264 If f(x) =0 is put in the form 

Ao(x - hy + Ai{x - + 4- = o 

oy 1.222, and Ao, Ai, An are all positive, k is an upper limit of the 

positive roots. 

Ji f (^x) = o is put in a similar form, and the coefficients are all positive, 
Zj is a bwer limits of the negative roots. • 
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11 f{x/x) “ o is put in a similar form, and the coefficients are all positive, 
A is a lower limit of the positive roots. And with /(- i/x) = o, A is an upper 
limit of the negative roots. 

1.266 Sturm’s Theorem. Form the functions: 

f{x) = -f + .... + an 

fxipc) == fix) = naQX'^~'^ (n - i)aia;^~2 ^ ^ ^ ^ 

hioc) « -i?i in fix) - Qifxix) + Ri 
fzix) = -Ri in fi{x) = Q2,fi{x) + 


The number of real roots of /(^r) = o between x - xi and x = 0C2 is equal to the 
number of changes of sign in the series /(^c), fi(x), ffx), . . . when Xi is sub- 
stituted for X minus the number of changes of sign in the same series when X2 
is substituted for x. In forming the functions /i, /2, . . . . numerical factors 
may be introduced or suppressed in order to remove fractional coefficients. 

Example : 

fix) == x^ — 2x^ — 3 ^^ ■+- lox — 4 
fiix) = 2 X^ ~ 3^^^ - + 5 

f2ix) - gx^ ~ 2yx 4- II 
fzix) = Sx - 3 
fix) - -1433 



/ 


/2 

/s 

/4 


a; = — 00 

+ 

- 

+ 

+ 

- 

3 changes 

X = 0 

- 

+ 

+ 

- 

- 

2 changes 

X — 00 

'+ 

+ 

+ 

- 

- 

I change 

Therefore there is 

one 

positive and 

one 

negative real root. 



If it can be seen that all the roots of any one of Sturm’s functions are 
imaginary it is unnecessary to calculate any more of them after that one. 

If there are any multiple roots of^the equation fix) =0 the series of Sturm^s 
functions will terminate with/r, r < n. ffx) is the highest common factor of 
/ and/i. In this case the number of real roots oi fix) == o lying between x xi 
and X - X2i each multiple root counting only once, will be the difference be- 
tween the number of changes of sign in the series /, /i, /2, * • • •, /r when xx and x^ 
are successively substituted in them. 

1.266 Routh^s rule for finding the number of roots whose real parts are 
positive. (Rigid D3rnamics, Part II, Art. 297.) 

Arrange the coefficients in two rows: 

X^ Qq 02 04 • ■ a f 

ax 03 06 «... 
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Form a third row by cross-multiplication: 

ciiCh — clqclz ai(i4 — O'iCi'% Cfo®7 

dl di Qx 

Form a fourth row by operating on these last two rows by a similar cross- 
multiphcation. Continue this operation until there are no terms left. The 
number of variations of sign in the first column gives the number of roots 
whose real parts are positive. 

If there are any equal roots some of the subsidiary functions will vanish. 
In place of one which vanishes write the differential coefficient of the last one 
which does not vanish and proceed in the same way. At the left of each row 
is written the power of x corresponding to the first subsidiary function in that 
row. This power diminishes by 2 for each succeeding coefficient in the row. 

Any row may be multiplied or divided by any positive quantity in order 
to remove fractions. 


DETERMINATION OE THE ROOTS OE AN EQUATION 


1.260 Newton’s Method. If a root of the equation f{x) = o is known to lie 
between Xi and x^ its value can be found to any desired degree of approximation 
by Newton’s method. This method can be applied to transcendental equations 
as well as to algebraic equations. 

If 6 is an approximate value of a root, 


b- 

c - 


m 

fib) 

m 

fio) 


= c is a second approximation, 
= d is a third approximation. 


This process may be repeated indefinitely. 


1.261 Horner’s Method for approximating to the real roots of f{x) = o. 

Let pi be the first approximation, such that pi-\-i> c> pi, where c is the 
root sought. The equation can always be transformed into one in which this 
condition holds by multiplying or dividing the roots by some power of 10 
by 1.231. Diminish the roots by pi by 1.233. In the transformed equation 


Aq(x — + Ai(x — pi)^ ^ -h • • • • + An^i(x — pi) -f- An = O 

put 

h _ An 
10 Ar^i 


and diminish the roots by P 2 / 10 , yielding a second transformed equation 
Bo^x -pi- + Bifx -pi- = o. 
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If Bn and Bn-i are of the same sign p 2 was taken too large and must be dimin- 
ished, Then take 

pz _ Bn 

lOO Bn-^l 

and continue the operation. The required root will be: 


^ lO lOO 


1.262 GraefEe’s Method. This method determines approximate values of all 
the roots of a numerical equation, complex as well as real. Write the equation 
of the ^th degree 

f{x) = 4- - . . . . ± = o. 

The product 

/(^) -/(—x) ~ AqX"^^ — AiX^^'~'^ + A2X^'^~‘^ — , . . . ± = O 

contains only even powers of x. It is an equation of the nih degree in x^. The 
coefficients are determined by. 

Ao ^ 

Ai = — 2ao<22 

A 2 ai - 2aiaz 4- 2 ^ 0^14 

Az = < 23 ^ - 202^4 4* 2^1^25 - 2 <Jo ^6 

A^ = — 2(lzdf, -{- 2(l%(lz — QGidr 4 * 2dods 


The roots of the equation 

Aoy^ - + A 2 y^-^ - . . . . db ir, = o 

are the squares of the roots of the given equation. Continuing this process we 
get an equation 

RqU^ — . . . . ± i^n = o 


whose roots are the 2 ’'th powers of the roots of the given equation. Put X = 2 ’’. 
Let the roots of the given equation be ci, C 2 , . , , . , Cn. Suppose first that 

> ^2 > ^3 > > Cn 


Then for large values of X, 


Cl'^ 


Ro^ 



• • . 


r\-. 

Cn — 


Rn 

Rn-^l 


If the roots are real they may be determined by extracting the Xth roots of 
these quantities. Whether they are db is determined by taking the sign which 
approximately satisfies the equation f(x) = o. 

Suppose next that complex roots enter so that there are equalities among 
the absolute values of the roots. Suppose that 

I 1 ^ I ^^2 I ^ I I ^ . . . . ^ I Cp I ; I I ^ I ^p+i 1 5 
' 1 ^3H-1 I ^ I ^2H-2 I ^ • • • • ^ I 1 
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Then if X is large enough so that Cp^ is large compared to Ci\ .... 
approximately satisfy the equation: 

~ . db jRp = o 

and Cp+i^, . j Cn^ approximately satisfy the equation: 

Rpu:^-^ - Rp+iu^-p-'^ + Rp+2U^-^-^ - . . . . =b i^n - o. 

Therefore when X is large enough the given equation breaks down into a number 
of simpler equations. This stage is shown in the process of deriving the suc- 
cessive equations when certain of the coefficients are obtained from those of 
the preceding equation simply by squaring. 

References: Encyklopadie der Math. Wiss. I, i, 3a (Runge). 
Bairstow: Applied Aerodynamics, pp. 553-560; the solution of a numerical 
equation of the 8th degree is given by Graeffe’s Method. 


1.270 Quadratic Equations. 


-I- 2ax + 6-0. 

The roots are: 

Xi - —a-\- — b 

= — a — 's/a^ — b 

Xi-^- X2 — —2a 
X1X2 = b. 


If ^ > b roots are real, 

a? <b roots are complex, 

= b roots are equal. 


1.271 Cubic equations. 
Substitute 


(i) x^ aofi + bx-^ 0 - o. 


where 


(2) x = y-^ 

(3) f -2,py- 2q = o 


3^=--5 

db 2 ^ 

- c. 

3 27 


Roots of (3) : 

^ P > o, ? > o, f > 
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= 2\/p cosh — 
3 


+ sini. — 


ys = - - - iVsp sinh — • 
2 3 


Iip>o,q<o,g^> p% 


cosh<^ 


yi= - 2'\/p cosh^ 

^2 = - — + sinh — 
2 3 


ya = - ^ sinh 


If ^ < o 


sinh (f> 


yi = 2-\/ —p sinh — 
3 


% = - — + iV — 3p cosh — 
2 3 

% = - — - iV- 3^ cosh — • 
2 ^ 


If /> > o, < ^3^ 


cos </» = 

VP 

/- <l> 

71 = 2V^ cos — 

3 

y2 = - ^ + sin — 

3 

ys = - — - sin— • 

2 3 

1.272 Biquadratic equations. 

+ oio:® + + <13* + 04 = 0. 


y^ + -^Hf + -^,Gy + ~F = o 


Substitute 
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S. — (IqQ>2 — ^ 3 ^ 1 ^ 

G = ao^as ~ 3 ^ 0^102 + 2 ^ 1 ® 

F = ao^a^ — 4ao^aia3 + 6aQai^a2 — 3 ^ 1 ^ 

/ = GoGi — 4 aia 3 + 302^ 

F = ao^/ 3iff2 
J = (ZofZ2<24 + 2 G 1 CI 2 GZ — ^0^3^ 

A =- P - = the discriminant 

G 2 + 4fi^® = ao^{HI - 

Nature of the roots of the biquadratic: 

A = o Equal roots are present 

Two roots only equal: I and J are not both zero 
Three roots are equal : I = J = o 

Two distinct pairs of equal roots : G = o; ao^I — X 2 H^ = o 
Four roots equal : if = / = / = o, 

A < o Two real and two complex roots 
A > o Roots are either all real or all complex: 

H < o and ao^I - i 2 H^ < o Roots all real 
H > o and Gq^I — i 2 H^ > o Roots aH complex. 


DETERMINANTS 

1.300 A determinant of the ^th order, with elements, is written: 


A = 

dll 

dl2 

d'lZ 



(hi 

<h2 

(hz 



dzi 

^32 

^3^33 



Gnl 

GnZ 

dnZ . 



1.301 A determinant is not changed in value by writing rows for columns and 
columns for rows. 

1.302 If two columns or two rows of a determinant are interchanged the re- 
sulting determinant is unchanged in value but is of the opposite sign. 

1.303 A determinant vanishes- if it has two equal columns or two equal rows. 

1.304 If each efement of a row or a column is multiplied by the same factor 
the determinant itself is multiplied by that factor. 
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1.306 A determinant is not changed in value if to each element of a row or 
column is added the corresponding element of another row or column mul- 
tiplied by a common factor. 

1.306 If each element of the Zth row or column consists of the sum of two 
or more terms the determinant splits up into the sum of two or more de- 
terminants having for elements of the /th row or column the separate terms of 
the ^th row or column of the given determinant. 

1.307 If corresponding elements of two rows or columns of a determinant 
have a constant ratio the determinant vanishes. 

1.308 If the ratio of the differences of corresponding elements in the ^th and 
gth rows or columns to the differences of corresponding elements in the rth 
and ^th rows or columns be constant the determinant vanishes. 

1.309 If p rows or columns of a determinant whose elements are rational 
integral functions of x become equal or proportional when x ^ h, the determinant 
is divisible by (a; - h) 


MULTIPLICATION OF DETERMINANTS 


1.320 Two determinants of equal order may be multiplied ^together by the 
scheme : 


where 


X j hxj I — I Cxj j 


Ci j == dtxh Jl j2 + 


+ Clxnb 




1.321 If the two determinants to be multiplied are of unequal order the one 
of lower order can be raised to one of equal order by bordering it; i.e. : 


Oil 

. . . 

... Oijx 

= 

I 

o 

o , 




021 

022 - . - 

. . . dzn 


o 

I 

o , 




. . , 




o 

o 

I , 




(^n\ 

art2 • * * 

• • • 


o 

o 

0 

. . Oil 

dj2 • 

... OlTt 





o 

o 

0 

. . 021 

022 • 

. . . d2n 





o 

o 

0 

• • dnl 

On2 . 

' • • ^nn 


1.322 The product of two determinants may be written : 


On 


X 

&11 . . . . 


. hn 

? • • • • . 

• • . . • 



bfit • • * 

• • 

bnn 
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ail ... . 

.... Gxn 

0 . . . . 


CLfiX • . • • 

. • . . Gnn 

0 

0 

0 .... 

.... 0 

ill . . . . 



0 .... 

.... 0 

hn\ . . . • . 

. . • • hnn 


DIFFERENTIATION OF DETERMINANTS 

1.330 If the elements of a determinant, A, are functions of a variable, t: 


aA 


ai2 . . 

. . . . Oin 

+ 

Oil 

g' 12 • . 

. . . Oin 

dt 

of 21 

022 . . 

- . . . 02n 


(hi 

0 22 

. . . (hn 


of nl 

On2 . . 

• • • - ^nn i 


Onl 

G n2 . . ' 

. . . . Gnn 


+ 


Oil 

Gi2 • • • 

• • • ofln 



021 

O 22 . . . 

■ ■ ■ a'in 



O'nl 

a<n2 • • • 

, , • G nn 


where the accents denote differentiation by U 


EXPANSION OF DETERMINANTS 

1.340 The complete expansion of a determinant of the ^th order contains n\ 
terms. Each of these terms contains one element from each row and one ele- 
ment from each column. Any term may be obtained from the leading term : 

ClllChudz^ dnn 

by keeping the first suflSxes imchanged and permuting the second suffixes among 
1,2,3,. . . ., w. The sign of any term is determined by the number of inversions 
from the second suflSxes of the leading term, being positive if there is an even 
number of inversions and negative if there is an odd number of inversions. 

1.341 The coefficient of {^ij.when the determinant A is fully expanded is: 

aA * 
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A^, is the first minor of the determinant A corresponding to a^J and is a de- 
terminant of order n - i. It may be obtained from A by crossing out the row 
and column which intersect in and multiplying by 


1.342 


1.343 


dxi A ji + (1x2 A j 2 + • • • • “b A jn 

(Jit Aij “h <l2t A2 j ~b . . . . • + <rniAnj 


o if ^ z)r j 

A if i = j 

0 if i . 

A if 


a^A ^ ^ dAx, 


is the coefficient of dx^au in the complete expansion of the determinant A. It 
may be obtained from A, except for sign, by crossing out the rows and columns 
which intersect in a%i and a^i. 


1.344 


The determinant ] A^,' | 


I At, I X Ut, I - A^ 

I At, I - A-h 

is the reciprocal determinant to A. 


1*346 


A- 


a^A 

ddxjddki 


A„- A.I _ JA j9A dA 

Aft, Afti dat, dahi da,i dUkj 


1.346 


1.347 




dd'tjddjeldCl'pq 


A./ 

Axi 

Atq 

Akj 

Aki 

Akq 

A^j 

^pi 

^PQ 


3^ A yA 


1.348 If A = o, 


iA iAx^iA JA. 

QO/kX ^^kj 


1.360 If o,,- = a,i the determinant is symmetrical. In a symmetrical 
determinant 

A{j = A],. 

1.351 If a{, = -a,-, the determinant is a skew determinant. In a skew 
determinant 


A„ = (-i)"-iA,.. 
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1.362 If dlQ — and dtx - o, the determinant is a skew symmetrical 
determinant 

A skew symmetrical determinant of even order is a perfect square. 

A skew symmetrical determinant of odd order vanishes. 


1.360 


A system of linear equations: 

^11^1 + ^12^2 + -{- dinOCn = 

"1“ “h ..... -j- (hn^n — ^2 


has a solution: 
provided that 


d'fiiXi “h “h ..... "i" Clnn^n ~ 

All + A2i + •+ kn^nt 

A = 1 <7i, I 4= o. 


1.361 If A = o, but all the first minors are not o, 

As,-Xj = x,A„ + "V kr- — — (j = 1 , 2 , 

OasaOarQ 



. n) 


where 5 may be any one of the integers i, 2 , . . . . , n. 


1.362 If = fe = = = o, the linear equations are homogeneous, 

and if A = o, 



0* = I, 2 , . . . n). 


1.363 The condition that n linear homogeneous equations in n variables shall 
be consistent is that the determinant, A, shall vanish. 

1.364 If there are + i linear equations in n variables : 

+ d-i2^ + + CilnXn — ^1 

021^1 + (h,20C2 4“ + (hn^n = ^ 


dnlOOi -f- ^n2^2 “h ...... H- ClnvXn — kn ® 

<^1^1 + C 2 OC 2 + +C7iXn = kfi^l 

the condition that this system shall be consistent is that the determinant* 


an 

012 .... 


h 

021 

022 .... 




On2 . . . . . 


kn 

Cl 

' C 2 ‘ . . . . < 


kn^l 


= o 
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1.3J0 Functional Determinants. 

yi) y 2 » • - • *9 yn are n functions of xiy : 

yh== Jk{oci,M, 


the determinant: 

dx2^ dXfi dXj d{xi, 0 : 2 , ^n) 

Sy2 dy2 

dxi dX2 


dxi dX2 dXn 

is the Jacobian. 

1.371 If :yi, ^ 2 , yn are the partial derivatives of a function 

Fixiy 0C2f 


= = 2 ,. ...,«) 

the symmetrical determinant: 

d^F ' * * ’ dxj 

\dx, dx,\ d(xi,X 2 , Xn) 

is the Hessian. 

1.372 If yi, y 2 , , yn are given as implicit functions of Xi, %, 


*„ by the n equations : 

Fi(yu yi, ,yn,X].,o(i, , »„) = o 


■P»(yi> yi, > 3'") ^Ij *2) , Xn) — O 

then 


d(yi, yi, , y>t) _ / ^(-^1)^2) • • ■> f^n) ^ ^{Fi, Fi, . • . > Fw) 

d{xi., Xi, . . .,x„} ~ ^ d(xi, Xi, . . ., Xn) ■ S(yi, yi, . . . , yn) 

1.373 If the « functions yi, yi, y« are not independent of each other 

the Jacobian, J, vanishes; and if / = o the n functions yi, yi, . . . ., yn are not 
independent of each other but are connected by a relation 

i F{yi,y2, y»)=o 
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1.374 Covariant property. If the variables xi, X2, • . • Xn are transformed 
by a linear substitution: 

Xi = axi “H ^42^2 + + din^n = I, 2 , . . . fl) 

and the functions yi, y2, iynOfxi,oc2, Xn become the functions 

Vh Vh •••••) of ^ 2 j , : 

j; __ djrjt, rj2y , rjn) _ S(yi, yQ , , 

^(li, is, , i») d{xY, Xi, , a;„) * 

or J' = J- 1 a»,- 1 

where | ^*3 | is the determinant or modulus of the transformation. 

For the Hessian, 


1.380 To change the variables in a multiple integral : 

I = f fP(yi, 72 , , yMyidy 2 iy^ 

to new variables, xi, X2, . . . Xn when yi, yz, , yn are given functions 

of X\^ X^J a . . . «, XfX . 


/ = r ' F(^)dxJX2 dx^ 

J J d{Xi, X2j Xn) 

. ., for yi, y2, . . 


where F(x) is the result of substituting xi, xz, 
in F(yi, y2, yn). 


yn 


PERMUTATIONS AND COMBINATIONS 


1.400 Given n different elements. Represent each by a number, i, 2, 3, 
n. The number of permutations of the n different elements is, 


e.g., n - 3 : 


nTn — “W’! 

(123), (132), (213), (231), (312), (321) = 6 = 3! 


'J 


1.401 Gjiven n different elements. The number of permutations in groups of 
r {r<n)y or the number of r-permutations, is. 


, I / ■ 

e.g., « = 4, r = 3 : 

(123) (132) (124) (142) (134) (143) (234) (243) (231) C213) (214) (241) (341) (314) 
(3I2)(32i)(324)(3;42)(4i2)(42i)(43i)(4I3)(423.)(432) = 24 
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1.402 Given n different elements. The number of ways they can be 

divided into m specified groups, with oom in each group respec- 
tively, (xi 4- 0:2 + + ^ is 



Xi\x^\ Xml 

e.g., n = 6^ m = 3y Xi = 2 , X 2 = 3, CC 3 I : 

(12) (345) (6) (13)’ (24s) (6) X 6 = 60 

(23) (i4S) (6) , (24) (135) (6) 

(34) (125) ( 6 ) ’ (35) (124) ( 6 ) 

(45) (123) (6) (25) (234) (6) 

(14) (23s) (6) (15) (234) (6) 

1.403 Given n elements of which 2:1 are of one kind, *2 of a second kind, 

of an OTth kind. The number of permutations is 

7l\ 

Xilx^l ^ml 

iTi 4- 4“ “f” ^ 

1.404 Given n different elements. The number of ways they can be permuted 
among m specified groups, when blank groups are allowed, is 

(m + n—i)l 
(w — i) 1 

e.g., ^ = 3,^=2: 

(I23,o)(l32,o)(213,o)(23r,o)(312,o)(321,o)(l2,3)(21,3)(l3,2)(31,2)(23,l) 

(32,1) (1,23) (1,32) (2,31) (2,13) (3,12) (3,21) (0,123) (0,213) (0,132) (0,231) 
(o,3I2)(o,32l) = 24 

1.406 Given n different elements. The number of ways they can be permuted 
among m specified groups, when blank groups are not allowed, so that each group 
contains at least one element, is 

nljn — i) ! 

(n — m)\{fn — i)! 

e.g., » = 3, w = 2: 

(12,3) (21,3) (13,2) (31,2) (23,1) (32,1) (1,23) (1,32) (2,31) (2,13) (3,12) (3,21) = 12 

1.406 Given n different elements. The number of ways they can be combined 
into m specified groups when blank groups are allowed is 

e.g., w = 3, w = 2 : 

(123,0) (12, 3) (13, 2) (23,1) (1,23) (2, 31) (3, 12) (0,123) = S 

1.^7 Giyen n similar elements. The number of ways they can be combined 
into m different groups when blank groups are allowed is 
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{n m — i)\ 

(m — i) Inl 

e.g., n = 6, m=^ 3: 

Group I 6554443333222221111110000000' 

Group 2 01020130214031250413260514231= 28 
Group 3 0010210312041320514230615243J 

1.408 Given n similar elements. The number of ways they can be combined 
into m different groups when blank groups are not allowed, so that each group 
shall contain at least one element, is 

— i) ! 

(m — i) l(n — m) I 


BINOMIAL COEFFICIENTS 

1.61 
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1.52 Table of Binomial CoefiGicients. 



= n. 


0 

1 

0 

a 

C) 

C) 0 0 (3 

(;) 

C) 

a 

2 

3 

I 

3 

I 








4 

6 

4 

I 







S 

10 

10 

5 

I 






6 

15 

20 

15 

6 

I 





7 

21 

35 

35 

21 

7 

I 




8 

28 

56 

70 

56 

28 

8 

I 



9 

36 

84 

126 

126 

84 

36 

9 

I 


10 

45 

120 

210 

252 

210 

120 

45 

10 

I 

II 

55 

165 

330 

462 

462 

330 

165 

55 

II I 

12 

66 

220 

495 

792 

924 

792 

495 

220 

66 12 I 

1.621 

Glaisher, Mess, of Math. 

47 , P- 

97, 1918, has given 

a complete table 


of binomial coefficients, from n = 2 to n - $0, and k - o to k - n. 


1.61 Resolution into Partial Fractions* 

If F(x) and f(x) are two polynomials in x and f(x) is of higher degree than 
F(x), 

^ I d^-^VF(c) I 1 

f{x) ^ (t>{a) X - a ^ (^ — i) I dcp~'\<l>(^c] x — cj 

where 



The first summation is to be extended for all the simple roots, a, of f(x) and the 
second summation for all the multiple roots, c, of order pj off{x). 


PnsriTE DIFFERENCES AND SUMS. 

, 1.811 Definitions. 

1. Af{x) ^f{x-\^h) -fix). 

2. Ajix)=^Afix + k)-Afix). 

f= /(^ -f 2h) - 2fix -hk) -h fix). 
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3. A^ix) = Ay(x + h) — A^f(x). 

= f{x + 2k) - sfix + 2k) + 2f(x + k) - fix). 


4. A"/(a;) = + nk) - ”/(a: + w - lA) + + « - 2A) - . 

+ (- i)”/(a;). 

1.812 

1. A[c/(x)] = cAf{x) (c a constant). 

2. A[/i(») +/2(2:) + ....]= A/i(a:) + Afi^x) + . . . . 

3. A[/i(a:) •/2(x)] = fiix) • A/2(a:) +/2(a: + A) • Afi(x) 

-=fi{x)-Afi{x) +/2(a:)-A/i(a:) + A/i(x) • A/2(a:). 
a/i(«) _ Mx)-Afi{x) -fi{x)-Afi{x) 

Mx) fiix) -f^ix + k) 


1.813 The nth difference of a polynomial of the nth degree is constant. If 

f{x) = + aix^-^ + + ar^ix + Cn 

A'^f(x) = nlaQh\ 


1.82 

A ^{ (x — h)(x — h - h)(x — b — 2h) (x — h - n — ih)} 

n{n - i) (^ — 2 ) (n — w + i)h^ 

-{x — b){x - b — h){x — b — 2h) . . . , (x-b — n — m — ih), 

2 . Ar - 

{x + b)(x -t- b + h)(x + b + 2h) . . . . (x + b + n—ih) 

_ . n(n + i) (^ + 2) {n + m - i)h^ 

\x + b) (x + b -{-h) (x + 6 + 2/f) . . . . {x + b + n + m — ih) 

3. A^a^ = (a^ - i)^a^ 

4. A log f(x) = log • 

5. A” sin (c* + i) = ^2 sin ^ sh.(cx + d + m — ^ • 

6. A” cos (cx + d) = ^2 sin cos i^x + i ' 
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1.83 Newton’s Interpolation Formula. 


{x - a) {x — a - h) 
2! 


fix) = fia) -I- Af{a) + ^ ^ rfT2 + 


4 . (a: - g) (x-a -Ji) (x-a - 2 h) + . . . 


+ 


{x - a) {% — a — Ji) 


nl }i^ 




(a; - a) {x - a - h) {x - a- nh) , ,y. 

■*' «+i! J w 

where | has a value intermediate between the greatest and least of a, (a + nh) 
and X. 


1.831 

/(« + ni) . /(a) + i A/(.) + AW + AW) 

+ + nA^-^f(a) + A"/(a). 

1.832 Symbolical!] 

A 

1. A = € 5® — I 

2 . /(a + mA) = (i + A)”f{a) 

1.833 If «o = /(o), «i =/(« + A), «2 =/(® + 2 ^), ....,«»= /(a + 2 :A), 

hJ_ 

Ux= (^ + A) ®Mo = e Mo- 


1.840 The operator inverse to the difference, A, is the sum, S. 

S = A-i = 


e'" a *- 1 


1.841 If AF(,x) =/(r), 

S/(x) = F(x) + C, 
where C is an arbitrary constant. 


1.842 

1. 'Scf(x) = cSf(x). 

2. s[/i(x) +/2W + ...] = s/i(*) + 'ZMx) + . . . 

3. SC/i(a:) • A/2(2;)] = Mx) -Mx) - l^lMx + h) • A/i(2;)]. 
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1.843 Indefinite Sums. 


I. SQx — &) (x - & ~ A) (x - & — 2^) . . . (x — b - n — ih)'] 


(n 4- i)h 


(x — b) (x — b — h) (x — b — nh) + C, 




{x + b){x-\-b ’^h) . . . . {x -{-b + n — ih) 

I I 


{n — i)h b){x b k) . . . . {x •{' b ^ n — 2h) 

3- = + 

. \ cx — — + dj 


+ C. 


4. COS (cx 4- d) = 


sm 


. ch 
2 sm — 
2 


+ C. 


cos I 


/ ch \ 
™ f \-d\ 

5. ^sin {cx^d) 


+ C. 


2 sm • 


1.844 If f{x) is a polynomial of degree n, 

2 ■>•/(>:> - {/(*) - je^A/w + (-jS^Ja'/m - . 


1.845 If f(x) is a polynomial of degree n, 

f(x) = aox^ 4 aix^-'^ 4 . . . • 4 ^n-i^ 4 

Xf{x) = F(x) 4 C, 

= CqX^-^^ 4 OiX^ 4 C2X^^^ . . , , + CnX Cn+l, 

{n 4 i)hco = ao 

’^= ; — krco 4 ftkci = ai 

2 ' 

(« + l)«(w - l) ,, , , , v, 

^ — i — ^ ¥cx + (» - 1)^2 = <I2 

^ I 21 


and 


where 


The coefficient Cn+i may be taken arbitrarily. 



24 


MATHEMATICAL POEMTJLiE AND ELLIPTIC ETJNCTIONS 


1.860 Definite Sums. From the indefinite sum, 

S/(:r) = F(x) + C, 

a definite sum is obtained by subtraction, 

a-\-nh 

a-\rfnh 

1.861 

a-\-nh 

, = /(«) +/(« + +/(<» + sA) + . • ■ . +/(o + « - i/f) 

= F(a + nU) — F{a). 

By means of this formula many finite sums may be evaluated. 


1.852 


1.863 


a-^nh 

— h){x -- h — h){x — b — 2 J 1 ) . . . . {x — b - k — iK) 

a 

^ {a — b nh) {a — b n — xli) . . . . {a — b n — kli) 

(k + i)k 

(a — b) (a — b — k) . . . . (a — b — kk) 

{k -h i)h 


a-\-nh 

^^^(x - d){x — a — il) 


{x — a — h — iH) 


a 

n{n — i){n — 2 ) . . . . (n — k)jj^ 

(k + i) 


1.864; If f(x) is a polynomial of degree m it can be expressed: 

J(x) = Ao + Ai(x — a) -b A 2 (x — a)(x — a - h) . , 


a’\~nh 


+ Ani{x — d){x — a - h) , . {% — a — m — lA), 




+ -4, 


n{n ■ 


2 

i) 


{n — rn) 


(m + i) 




1.866 Ji fix) is a polynomial of degree (m — i) or lower, it can be expressed 
fix) = ^ 0 + + mh) + Atix + mK) ix-{-m — iK) 

and, 


+ .... + Am^iix + mh) , . , ix + 2h) 


ar\-nh 


fix) 


fx(x + h)(x + 2 h) . . . (a: + mh) 


Aq 

mh 


aia + k) . . . ia m — iH) 
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{a + nh) {a n m — ih) 

Ai { I 


{m — i)h I a{a + h) . . . (a-^^ m — 2 h) (a + nh) ... (a + w + w 

, -^TTl— 1 f I I 


- 2A) } 


h [a a + nh 

1.866 If /(it:) is a polynomial of degree m it can be expressed: 


and, 


f(x) == ^0 + Ai(x 4- mh) -h A 2 {x + mh) {x + m — iJi) , . . . 
-f Am{x + ... (it: + A) 


a-\-nh 


fix) 




•x(x + /f) ... (it: 4* ifih) mh \ a{a + /j) . . . . (a + w — lA) 

I 


(a + nh) (a m + n — ih) 


4. 


4 


Am—l f I 




h \ a a + nh 




where, 




2“ = ”4-^4— ^4 4 


. 4 a 4 2^ 


a 4 w 


1.86 Euler’s Summation Formula. 

5 




+ + {/(”-« (6) -/(»-*) (a) }, 

x — b 

J rh d'Y(it: 4^-2) 7 

o « = a 


— 7n Jf» 7 nr-X ^ 

(,»- l)! + (w-2)! + ■*■ 

w!<^m(z), with h = 1 , is the BemouUian poljoiomial. 

A].= -i, Aih + i = o', the coefficients Aih are connected with Bernoulli’s 
numbers (6.902), Bk, by the relation, 

”i ~ ^ 12’ 720’ 30240 



26 

1.861 


MATHEMATICAL EOEMUL^ AND ELLIPTIC PUNCTIONS 


1.862 


2 /^^) = -/(«) I + ~{/w -/w 

V"(&) -rw I - ^ 

I 






= C + ^ 


30240 

I dux I d^Ux 


-h ■ 


dx 720 30240 dx 


SPECIAL FINITE SERIES 

1.871 Aritlimetical progressions. If ^ is the sum, a the first term, 5 the common 
difference, I the last term, and n the number of terms, 

5 s= ^ 4- (a + 5 ) + + 2 S) -f* . . . . 4 " (^ — i) 53 

/ == a 4- (^ — i) 3 


s * 4 - (^ - i)5] 


1.872 Geometrical progressions. 

$ ^ a-\- ap + 



If p<i, n ~ <x>f 


s ^ 


a 

I - 


4 - 


1.873 Harmonical progressions. a,h,Cjdy , . . . form an harmonical progression 
if the reciprocals, ija, ijb, ijc, ijd, . . , . form an arithmetical progression. 


1 . 874 . 


»= n 


I 



n(n 4- i) 
2 


X=I 



n{n -h i) {2n -h i) 





1 


6 


a: « I 
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1.876 In general, 


jX^ = 


k + 


ifk 


i/k 


I + 7 + III j - ilsj ‘ • 


Bij Bzj Bsj ... are Bernoulli's numbers ( 6 . 902 ), are the binomial 

coefiScients ( 1 . 61 ); the series ends with the term in w if ^ is even, and with the 
term in if ^ is odd. 


1.876 


■7 + 7+ 7 + T + - •• • + -= 7 + log;^ + — - 
I 2 4 n 2n 


CL2 


2n n(n + i) 


az 


n(n +1) {n -\- 2) 

7 = Euler’s constant = 0.5772156649 . . 

I 

02 = — 

12 

I 

az = — 

12 


04, = 


^5 = 


11 

80 

J 9 

20 


Ok 


‘If 


x(i—x) (2 — x) (^ — I - x)dx 


1.877 


“2 H — 2 — 2 * 

l2 2^ 32 


I 

• + 77 = “T “■ 


h 


6 ^ + I (n + i) (^ + 2) 


h 


(n +1) (^ + 2) (;^ -f 3) 


1.878 


h+h+\+ 

l 3 2$ 2® 




C3 


Cl 


{n +1) (m + 2) 


(n +1) (w + 2) (« + 3) 
^ = 1-2020569032 

(l + 2 + 3‘^ 


Ch = 


i = 1 

(k~x)'/l , I I 
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1.879 StiiXiiA5 , 


L o X vj..u.jLu.xa<. 


log («!) = log \/ 2 T + ” ~ 

^2 , ... - 4) 1 


n 


j±2 j 

H {-••.. Hh ^2fc— 2 

n 

X 

o<0<i. The coefficients ^ a are given in 1.86. 


v,2k—Z 


1.88 

1. i + i!+ 2-2! + 3-3! + . . . . + «•«' = (w + i)! 

2 . I- 2-3 + 2 - 3 - 4 + 3 - 4-5 + . . - . + n(n+i) in + 2 ) =jn(n + i) in + 2 ) (n + s)- 

3 . I- 2-3 . . . . »■+ 2 - 3-4 . . . (r + i) + + nin+i) in + 2 ) 

. ... {n + r - 1 ) 

• njn + 1 ) jn + 2 ) . . . . jn + r) ^ 
r + i 

4 . i-J> + 2 (p + i) + 3 (p + 2 )+ + n(p + n - i) 

= \n(n + i ) izp + 2 n- 2 ). 

0 

5 - p-il+ (^ - 1 ) (9 - i) + (? - 2 ) (? - 2 ) + ip -n) iq — n) 

= i n[6pq - in - 1 ) isp + 39 - 2 W + i)3. 

, , b , bjb + x) , bjb + i) (& + W- i) 

^ o a(a + i) ■ ■ ■ ■ a(a + i) . . . • ia + n-i) 

bib + i) . . . . jb + n) a - I 

" (6 + I - a)aia + 1 ) . . . . ia + n — i) b + 1 — a 



II. GEOMETRY 


2.00 Transformation of coordinates in a plane. 

2.001 Change of origin. Let Xj y he o. system of rectangular or oblique coor- 
dinates with origin at O. Referred to x, y the coordinates of the new origin O' 
are a, b. Then referred to a parallel system of coordinates with origin at O' 
the coordinates are x', y', 

* X = x' + a 

y ^ y + b. 

2.002 Origin unchanged. Directions of axes changed. Oblique coordinates. 
Let CO be the angle between the x — y axes measured counter-clockwise from 
the X- to the y-axis. Let the x'-axis make an angle a with the x-axis and the 
/-axis an angle /3 with the x-axis. AU angles are measured counter-clockwise 
from the x-axis. Then 

X sin CO = x' sin (co - a) -h y' sin (co -- /3) 
y sin CO = x' sin a + y' sin j8 
co' ^ /3 ~ a. 

2.003 Rectangular axes. Let both new and old axes be rectangular, the new 
axes being turned through an angle 0 with respect to the old axes. Then 

CO = a = 0 , |3 = — + 

2 2 

X == x' cos 0 — y sin 0 
y = x' sin 0 4- y' cos 0. 


2.010 Polar coordinates. Let the y-axis make an angle co with the x-axis and 
let the x-axis be the initial line for a system of polar coordinates r, 0. All angles 
are measured in a counter-clockwise direction from the x-axis. 

r sin (co — 0) 

X =. r 

Sin CO 

sin 0 

y = r 

Sin CO 

TT 

2.011 I£ the Xj y axes are rectangular, 

X = r cos 0 
y = r^sin 0*. 

29 
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2.020 Transformation of coordinates in three dimensions. 

2.021 Change of origin. Let y, z he a. system of rectangular or oblique coor- 
dinates with origin at 0. Referred to y, z the coordinates of the new origin 
O' are a, b, c. Then referred to a parallel system of coordinates with origin at 
O' the coordinates are y', z\ 

X =: a 

y - y' H- 
z z' c 

2.022 Transformation from one to another rectangular system. Origin un- 
changed. The two systems are x, y, z and x' y' s'. 

Referred to x^ y, z the direction cosines of x' are /i, wi, ni 

Referred to x^ y, z the direction cosines of y' are h, nh^ rh 

Referred to x^ y, z the direction cosines of 2 ' are 1%^ nz 

The two systems are connected by the scheme : 



x' 

y' 

z’ 

X 

h 

h 

h 

y 

mi 

W 2 

Mz 

z 

ni 

fh 

fiz 


X = hx^ + hy' + fe' 

x' = lix -h miy - 1 - niz 

y = niix' -h rmy' -h ^ 32 ' 

y' = hx 4“ m2y 4- ^ 2 ; 

z == nix' -f- rhy' + nzz^ 

z' = kx -j- mzy + nzz 

+ m^ -h = I 

li 4“ li li 1 

li‘ ni - 1 

mi 4- mi -i- mi = i 

li + mi 4 - = I 

ni -i- ni ni ^ 1 

hmi + hm2 + hmz == 0 

lih 4- mifTh 4* nin> 2 , = 0 

mini 4 - nhrh 4- mzuz = 0 

liz 4“ m^mz "b n^nz — 0 

4“ 4“ 'yhh ” 0 

Hi 4- mzmi -h nzni = 0 

2.023 If the transformation from one to another rectangular system is a rotation 
through an angle d about an axis which makes angles o', /3, 7 with x, y, z re- 


spectively, 


2 cos 0 = /'i -H W 2 + ^ ~ I 
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cos^ a cQs^ j8 cos^ y 

m2 + nz — h — 1 nz + h — m2 — 1 h + m2 — nz — J 


2.024 Transformation from a rectangular to an oblique system. Xj y, z rec- 
tangular system; x', y\ z' oblique system. 


cos xx' = h 
cos yx' - mi 
cos zx' ^ ni 


cos xy' = I2 
cos yy' = m2 
cos 2y' = ^ 

X = -f 4y' + fe' 

y = + rrhy' + Wss' 

2 ^ nix^ + fi^y^ + nzz' 


cos xz' = h 
cos yz' = mz 
cos zz^ = flz 


cos y's' = hh + nhmz + fhnz 
cos z^x' = 4^1 + mzmi + nzni 
cos x'y^ == hh + mifrh + nifh 


1-? + + ni^ = 1 

+ mi fii ^ X 
+ ^ 3 ^ = I 


2.025 


Transformation from one to another oblique system. 


cos xx' = h 
cos yx' = mi 
cos zx^ = ni 


cos xy' = h 
cos yy' = m2 
cos zy' = n2 


cos xz' 
cos yz' 
cos zz' 


A = \li I2 h 


mifThmz 


nifhnz 


X = hx' + hy^ + l^' 

y = mix' + W2y' + mz^' 
z = nix' + nzy' + nzz' 


h 

mz 

flz 


A-x' = {m2nz — mzfh)x -f {fi4z — fhl^y + (fews - 

A-y' = {mzfii - mifi^x -f {nzh — nilz)y + {hffii *- hnt^Zj 

A' 2 ' = (min2 — mzfi^x + {nih — «2^i)y + — hffi^z- 


H + m^ + -f cos yz -f 2fiili cos zx -f- 2limi cos xy = i, 

^2^ + ffii + + 2^2^ cos y2 + 2^/2 cos zx + 2l2ffh. cos xy = i, 

+ mi + ni -f 2 fnznz cos yz -f 2 nzlz cos zx + 2lzmz cos xy = i. 


a; -f y cos 4 - zcosxz = lix' -f fey' + Iz^'y 
y X cos xy z CDS, zy - mix' + w^y' + 

2 + ^ cos 0:2 + y cos zy = nix' + ^y' + W32'. 



32 MATHEMATICAL FORMULAE AND ELLIPTIC FUNCTIONS 

2.026 Transformation from one to another oblique system. 

li Uxy ny, Uz are the normals to the planes yz, zx, xy and ny\ nz the 
normals to the planes z'x\ x'y\ 

X cos xux = cos x'fix + y' cos y'nx + s' cos z'nx- . 
y cos yriy = x' cos x^fiy -h y' cos y'fiy + s' cos z'riy. 
z cos zfiz = cos x'fiz 4- y' cos y'rig + s' cos z'fiz* 

x' cos ^x = 00 cos xnj + y cos yux + s cos znj. 

y' cos y'uy = x cos xuy -\-y cos yny + z cos zny. 

s' cos z'fiz == X cos xuz + y cos ynj + s cos zriz . 


2.030 Transformation from rectangular to spherical polar coordinates. 

r, the radius vector to a point makes an angle d with the s-axis, the projection 
of r on the x-y plane makes an angle with the rc-axis. 


+ y^ + 

6 = cos~^ —/7-~’7^= = 

y'^2 -f y 4- s^ 

<j£> = tan’"^ - 

X 

2.031 Transformation from rectangular to cylindrical coordinates. 

p, the perpendicular from the s-axis to a point makes an angle d with the 

x-z plane. 

X - p cos d p - \^x^ + y^ 

y = p sin 0 0 = tan”^ - 

X 


X = r sin 6 cos (j) 
y = r sin 0 sin 
s = r cos 0 


s = s 

2.032 Curvilinear coordinates in general. 

See 4.0 


2.040 Eulerian Angles. 

Oxyz and Ox^y'z^ are two systems of rectangular axes with the same origin 0. 
OK is perpendicular to the plane sOs' drawn so that if Os is vertical, and the 
projection of Os' perpendicular to Oz is directed to the south, then OK is directed 
to the east. 

Angles s'Os = 0, 
yOK ^ (t>, 
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The direction cosines of the two systems of axes are given by the , following 
scheme : 



X 

3^ 

z 

z 

cos (j) cos ^ cos - sin sin p 
- cos (j) cos 6 sin p — sin p cos p 
cos p sin d 

1 

sin p cos 6 cos p + cos p sin P 
— sin p cos 6 sm p -{■ cos p cos p 
sm (/> sin ^ 

1 

— sin 6 cos p 
sin 6 sin p 
cos 6 


2.050 TriKnear Coordinates. 


A point in a plane is defined if its distances 
from two intersecting lines are given. Let CA, 
CB (Fig. i) be these lines : 

PR ^p, PS = q, PT = r. 

Taking CA and CB as the y-axes, including 
an angle C, 



y = 


g 

sin C 


5 



Fig. I 


Any curve f{xjy) = o becomes : 


•' \sin C sin Cj 


= 0 . 


If j is the area of the triangle CAB (triangle of reierencej, 

2S — (Ip "f" h(l "j“ CTj 

a = BC, 
b = CA, 
c = AB, 

and the equation of a curve may be written in the homogeneous form : 

f ( 2_sp ^ 2sq \ 

•' \(ap + bq + cr) sin C (ap -^bq-^- cr) sin C) 


2.060 Quadriplanar Coordinates. 

These are the analogue in 3 dimensions of trilinear coordinates in a plane 
(?.060). 
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0(^1, X2, Xbj Xi denote the distances of a point P from the four sides of a tet- 
rahedron (the tetrahedton of reference), /i, wi, h, n^\ h, mz, nz\ and 
^4, W4, Ui the direction cosines of the normals to the planes Xi = o, X2 = o, xs = o, 
:r4 = o with respect to a rectangular system of coordinates x, y, z', and di, d2, dz, 
dA the distances of these 4 planes from the origin of coordinates : 


(i) 


Xi ~ hx + miy 4- fiiz — di 
0C2 = hx -h nhy + fhZ — d^ 
Xz hx + mzy + nzZ - dz 
xa = + W 4 y + ^43 — dA. 


si, S 2 j S 3 , and Sa are the areas of the 4 faces of the tetrahedron of reference 
and V its volume : 

37 = rTi^i + .^2^2 4- ^3^3 4- ^4^4- 


By means of the first 3 equations of (i) x, y, z are determined : 


X = A.1X1 4 “ P1X2 4 “ CiXz 4 “ Pip 
y — -^2^1 4“ P 2 X 2 4“ ^*2^3 4“ P^p 
z = AzXi 4 “ Pzx^% 4 “ ^3^3 4 “ Pz* 
The equation of any- surface, 

F{x,y,z) = o, 

may be written in the homogeneous form : 


F ’I 1^-4 1:^1 4- B 1 X 2 4 CiXz 4- ^ (^i^T 4- ^ 2^2 4- ^ 3^3 4- ^ 4 :^ 4 )^, 
4" B 2 OC 2 4“ ^2^3 4" (<^1^1 4" S 2 X 2 4" 'S's^s 4“ '^ 4 ^ 4 )^? 


[ 


Pz 


AzXi 4- BzXi 4- CzXz 4 - -77 (^ 1^1 4- ^ 2 :si ^2 4- 4- 


54X4) 


= o» 


PLANE GEOMETRY 

2.100 The equation of a line : 

4 - By 4 - C = o. 

2.101 If p is the perpendicular from the origin upon the line, and a and /3 the 
angles p makes with the x- and y-axes : 

^ = ii;: cos O' 4 - y cos / 3 . 

2.102 If a' and / 3 ' are the angles the line makes with the x- and y-axes : 

p = y cos - X cos jS'. 

2.103 The equation of a line may be written 

y ax 

a = tangent of angle the line makes with the ^c-axis, 
b intercept of the y-axis by the line. 
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2.104 The two lines: 

3; = + hiy 

y ChPO + h, 

intersect at the point : ^ 

QQ - ~~ _ ^ 1^2 — 

ai - 02 ^ Oi — 02 


2.105 


If (j) is the angle between the two lines 2.104 : 


tan <?5) = zt 


Oi — O 2 
I - f * 01O2 


2.106 Equations of two parallel lines : 

( j^ix By -f- C\ = o 
I Ax -j- By + C *2 = o 

2.107 Equations of two perpendicular lines : 

f Ax By -i- Cl = o 
\ Bx - Ay + C 2 ^ o 


(y=^ax + bi, 
\y - ox b 2 . 


’ y = ax + bi, 

y 1 - ^ 2 * 

a 


2.108 Equation of line through xi, yi and parallel to the hne : 

Ax By C o or y ^ ox A-b, 

A(x - Xi) A B(y — yi) - o or y - yi ^ a(x — X}). 

2.109 Equation of line through xi, yi and perpendicular to the line 

Ax A By A C = o or y-oxAb, 

^ ^ 

B(x - xi) - A(y - yi) = o or 3 ^ “ 3^1 ^ • 


2.110 Equation of line through xi, yi making an angle with the line y - ox A b: 

a + tan <p 


y-yi 


{x — Xi). 


1—0 tan (/) 

2.111 Equation of line through the two points, Xi^ yx, and 0 C 2 , yi : 

y-yi = — — — (x - xi). 

• X2 — Xi 

2.112 Perpendicular distance from the point xi, yi to the line 

Ax A By aC = o or y = ox A b, 




Axi A Byi A C 


or 


•\/ A 2 A B 2 

2.113 Polar equation of the line y = ax A b: 

b cos a 


P- 


yi — axi — b 

Vi + 


r = 


sin {d — ay 


where 


tan a^ 0 
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2.114 If p, the perpendicular to the line from the origin, makes an angle jS 
with the axis: 

= f cos (0 — /3). 

2.130 Area of polygon whose vertices are at xi, yi; x^, 

yn = A, 

2A = yii^Xn - X2) + y 2 fe - ^z) + ^3(^2 - Xa) + + yn(^n-l - ^l)‘ 

PLANE CURVES 

2.200 The equation of a plane curve in rectangular coordinates may be given 
in the forms: 

(a) y=fix). 

(b) X =fi{t), y = The parametric form. 

(c) . F{x,y) = o. 

2.201 If r is the angle between the tangent to the curve and the x-axis: 

(a) tanr = g = y. 

dm 

dt 

dF(x,y) 
dy 

In the following formulas, 
y' = ^ tan T (2.201). 

Fig. 2 

2.202 OM ==x, MF == y, angle XTF = r. 

TP = y CSC T = ^ = tangent, 

TM = y cot T - ^ == subtangent, 

PN = y sec r = y V i + y '2 = normal, 

MN = y tan t — yy' = subnormal. 

2.203 OT = ~ = intercept of tangent on a;-axis, 

OT' - y — xy' = intercept of tangent on y-axis, 

ON = X + yy' = intercept of normal on ac-axis, 

ON' = y + y = intercept of normal on y-axis. 
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2.204 OQ = - - = distance of tangent from origin = PS = proj 

y radius vector on normal. 

Coordinates of Q: ^ ^ ~ ^ 2 ' * 

^ I 4- ^ I 4_ 3;'2 

“4" 

2.206 0*5 = — = distance of normal from origin = PQ = piuj 

Vi + 3 ^ ^ radius vector on tangent. 

j- ^ r o + 3^3^' (:^ + 3'3'03'' 

Coordinates of S: — Sa • 

2.206 O-R = = polar subtangent, 

FE = (^ + f)vp7f ^ 

%-\ryy 

Coordinates of S: 

X + yy’ % 4 - yy' 

2.207 OF = ^ polar subnormal, 

y — ^^ 3 ) 

PF = = polar normal, 

y — xy 

Coordinates of F: ilt+M, _ j(i±}^ . 

^ — xy y - 7 - ^^ 3 ; 


|CV,UU11 


2.210 The equations of the tangent at yi to the curve in the three forms 
of 2.200 are: 

(a) y-yi - ^i)* 

(b) ( 3 ^ - yi)fi'{ti) = (^ - 0 Ci)f 2 '(ti). 

(0 

2.211 The equations of the normal at Xi, y\ to the curve in the three forms 
of 2.200 are: 

(a) , j'{x^ {y - yi) + {x- x^ = o. 

(b) ^ {y - yi)f 2 '(ti) + (a: - Xi)fi(ti) = o. 
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2.212 The perpendicular from the origin upon the tangent to the curve 
F{x, y) = o at the point a:, y is: 


P = 




2.213 Concavity and Convexity. If in the neighborhood of a point P a curve 
lies entirely on one side of the tangent, it is concave or convex upwards according 

as A)" = ^ is positive or negative. The positive direction of the axes are shown 

dx^ 

in figure 2 . 


2.220 Convention as to signs. The positive direction of the normal is related 
to the positive direction of the tangent as the positive 3 ;-axis is related to the 
positive ^-axis. The angle r is measured positively in the counter-clockwise 
direction from the positive rr-axis to the positive tangent. 


2.221 Radius of curvature - p; curvature = i/p. 

1-^3 

ds 

where 5 is the arc drawn from a fixed point of the curve in the direction of the 
positive tangent. 

2.222 Formulas for the radius of curvature of curves given in the three forms 

of 2.200, 


(a) 


(b) 


I + 


1 I 


( 1 +^ 


\Jt 




d^y 
2 1 i 


dx d^y dy dH 
dt df df df 


fd^Y /^Y ' 

W/ wj ~ [dfy . 


If ^ is taken as the parameter t: 

^ ^ p ^ ds ds^ ds ds^ \ \ds^) \ds^) 

(c) p = - 


2 1 i 


4 . (§1] 
dx) \dy) 


'd^(dFY_ ^ 

dx^\dy) ^ dxdy dx dy dy^ \dx) 
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2.223 The center of curvature is a point C (fig. 2 ) on the normal at P such 
that PC = p. If p IS positive C lies on the positive normal (2.213) ; if negative, 
on the negative normal. 

2.224 The circle of curvature is a circle with C as center and radius = p. 

2.225 The chord of curvature is the chord of the circle of curvature passing 
through the origin and the point P. 

2.226 The coordinates of the center of curvature at the point x, y are t]: 


^ = X - p sin r 


7} = y + p cos T 


tan r 


dx 


l£ w! are the direction cosines of the positive normal, 

^ = X -\-Vp 

7} = y + Tn'p, 


2.227 11 h m are the direction cosines of the positive tangent and V, those 
of the positive normal, 

ds~' p ds ^ p 
V - m, m' = — 

dV I dm' _ m 

ds p ds " p 


2.228 If the tangent and normal at P are taken as the x- and y- axes, then 

___ limit ^ 

^ X—X^ 2y 


2.229 Points of Inflexion. For a curve given in the form (a) of 2.200 a point 

(Px dP'x 

of inflexion is a point at which one at least of ^ and — exists and is con- 

(Px (Px 

tinuous and at which one at least of ^ and ^ vanishes and changes sign. 

If the curve is given in the form (b) a point of inflexion, h, is a point at which 
the determinant: 


/l''(^l) /2"(4) 

/i' (i^i) (^i) 


vanishes and changes sign. 


2.230 Eliminating x and y between the coordinates of the center of curvature 

(2.226) and the corresponding equations of the curve (2.200) gives the equation 
of the evolute of the curve — the locus of the center of curvature. A curve 
which has a given curve for evolute is called an involute of the given curve. 
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2.231 The euvelope to a family of curves, 

I. Fix, y, a) = o, 

where a is a parameter, is obtained by eliminating a between (i) and 

dF 


da 


= o. 


2.232 If the curve is given in the form, 

1. x=fyit, a) 

2 . y=Mt, a), 

the envelope is obtained by eliminating t and a between (i), ( 2 ) and the func- 
tional determinant, 

3- 


^(/h I'd 


= 0 (see 1.370) 


dit, a) 

2.233 Pedal Curves. The locus of the foot of the perpendicular from a fixed 
point upon the tangent to a given curve is the pedal of the given curve with 
reference to the fixed point. 


2.240 Asymptotes. The line 

y ^ ax 

is an asymptote to the curve y ==f(x) if 

limit 


a = 


b = 


X—>a> 

limti 


fix) 

[/(x) - X^'ix)'] 


2.241 If the curve is 

* =fiit), y =Mi), 

and if for a value of t, ti, fi or fi becomes infinite, there will be an asymptote if 
for that value of t the direction of the tangent to the curve approaches a limit 
and the distance of the tangent from a fixed point approaches a limit. 

2.242 An as 5 mLptote may sometimes be determined by expanding the equation 
of the curve in a series, 






If 


Umit t 

X—^ 00 ^ ^ 

S'— I 

the equation of the asymptote is 


y = 


f ajtpo 
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If of the first degree in x, this represents a rectilinear asymptote; if of a higher 
degree, a curvilinear asymptote. 


2.260 Singular Points. If the equation of the curve is F {x, y) = o, singular 
points are those for which 

dx by 

Put, 

bo^ \d:r by) 

If A<o the singular point is a double point with two distinct tangents. 
A>o the singular point is an isolated point with no real branch of the curve 
through it. 

A = o the singular point is an osculating point, or a cusp. The curve has two 
branch^^ h a common tangent, which meet at the singular point. 

Tf ££, ££, £JL, - — - simiiltaneously vanish at a point the singular 

b% by bx^ bf bx by 

point is one of higher order. 


PLANE CURVES, POLAR COORDINATES ' 

2.270 The equation of the curve is given in the form, 


r-m- 

In figure 2 , OP = r, angle XOP = B, angle XTP = r, angle pPt = 

2.271 B is measured in the counter-clockwise direction from the initial line, 
OX, and s, the arc, is so chosen as to increase with B. The angle <t> is measured 
in the counter-clockwise direction from the positive radius vector to the positive 
tangent. Then, 

T= 6 + <(>. 
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2.274 


sin 6 + r cos d 

tan T = j 

cos 6 - r sin 0 



PR = r\J~i~+\ 

= polar tangent 

PF= + l 

= polar normal 

Oi2= 

dr 

= polar subtangent 

11 

O 

= polar subnormal. 


2.276 0(2 = 


dr 


= /> = distance of tangent from origin. 


05 = 


"'Td 


= distance of normal from origin. 


2 276 If M = -, the curve r = fid) is concave or convex to the origin according as 

f 

(Pu 

is positive or negative. At a point of inflexion this quantity vanishes and changes 
sign. 


2.280 The radius of curvature is, 


P == 


^2 


/^Y 

Kde) 


r + 21 


/dry dh 
\^/ 


2.281 If - the radius of curvature is 
r 
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2.282 If the equation of the curve is given in the form, 

r =/(s) 

where 5 is the arc measured from a fixed point of the curve, 


p = 


cPr /di 


/^Y _ 

\ds/ 


2.283 If p is the perpendicular from the origin upon the tangent to the curve, 


I. 


2.284 If w = - 
r 


p = r 


dr 

dp 


2. P = ^’ + ^ 




[dej 

O OQK _L - 

dd^ U/ • 

2.286 Polar coordinates of the center of curvature, ri, 6i: 


= • 


'^Y 1 ^ / (§L 

le) ~^d¥] tylfg, 


:Y 




+ 2 


/^Y ^ 

[dd) ~^de^ 


tan X 


01= 6 + X, 

( dry , 

( 50 j ^ ^ 


dd^ 


2.287 If 2 c is the chord of curvature (2.226),: 

dr p 

2C=2Pj^=2p-, 


W + 


= 2 ■ 


X W 


2.290 Rectilinear Asymptotes. If r approaches e» as 0 approaches an angle a, 
and if r{a — 6) approaches a limit, b, then the straight line 

r sin (a — 6) = b 

is an asymptote to the curve r =/(0). 
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2.295 Intrinsic Equation of a plane curve. An intrinsic equation of a plane 
curve is one giving the radius of curvature, p, as a function of the arc, s, 

P =f(s) 


If r is the angle between the x-ends and the positive tangent (2.271) : 


dr 




T = ro + 



X = Xo 



cos r-ds 


y yo + 



sin T-ds. 


2.300 The general equation of the second degree: 

dnx^ -f- 2 anxy + chzy^ + 2 aizx + 20233^ + ^133 = 0 


^11 


O'lZ 

Chi 

^22 

Cl2S 

O'Zl 

^32 

dZZ 


Ahk = Minot of ahk- 

Criterion giving the nature of the curve: 



Am 4: 0 

-^33 ” 0 

A 4:0 

A 

0 

Ass^O 

Parabola 

Hyperbola 

0 

V 

or OiiA 

>0 

Ellipse 

Imaginary 

Curve 

A=0 

i433<0 

-433!>0 

A 

0 

or A 22 

>0 

B 

Pair of 
Real 
Straight 
Lines 

Intersectic 

Pair of Imaginary 
Lines 

)n Pinite 

Real 

Pair of 

Imaginary 

Parallel Lines 

Double 

Line 


(Pascal: Repertorium der hoheren Mathematik, II, i, p. 228 ) 
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2.400 Parabola (Fig. 3 ). 

2.401 0, Vertex; F, Focus; 
ordinate through D, Direc- 
trix. 

Equation of parabola, 
origin at 0 , 

^ax 

X = OM, y = MP, 

OF a 

FL ^ 2a - semi latus 
rectum. 

FP = D'P. 

2.402 FP^FT^MD 
== x-\- a. 

Fig. 3 

NP = 2V a(G + x), TM - 2X, MN = 2a, ON - x-^- 2a. 

ON' = \/f (^ + 2a), OQ = OS = (;. + 2 a)v/^- 

FB perpendicular to tangent TP. 

FB = V rP = 2rP = 2Vx{a + x). 
yW ^ FTxFO=^FPx FO. 

The tangents TP and UP' at the extremities of a focal chord PFP' meet 
on the directrix at U at right angles. 

r = angle XTP. 

tan r = \/- • 

The tangent at P bisects the angles FPD' and FUD\ 

2.403 Radius of curvature: 

___ 2 (x + a)^ _ I NP ^ 

Va “ 4 a* ' 



Coordinates of center of curvature: 


I 


= + 2a, rj — — 2x 



Equation of Evolute: 

2^a'f - \{x — 20)^. 
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2.404 Length of arc of parabola measured from vertex, 

5 = Vx{x + a) + log + f + \/^) ■ 


Area OPMO = -xy. 


2.405 Polar equation of parabola: 

r^FP, 

e = angle XFP, 
aa 

I — cos 6 

2.406 Equation of Parabola in terms of p, the perpendicular from^F upon the 
tangent, and r, the radius vector FP: 

JL - £ 

^ r 

I = semi latus rectum. 


2.410 Ellipse (Fig. 4). 

Y 



2.411 0, Centre; F, F', Foci. 
Equation of Ellipse origin at O: 





I 


x^OM,y^ MP, a^OA,h^ OB. 
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2.412 Parametric Equations of Ellipse, 

X - a cos (p, y - h sin 

4> = angle XOP\ where P' is the point where the ordinate at P meets the 
eccentric circle, drawn with O as center and radius a. 

2.413 OF == OP' = ea 


e = eccentricity = 


■s/a^ - 


IP 

FL = — = < 2(1 - = semi latus rectum. 

a 

F'P ^ a ex, FP = a — ex, FP + P'P = 2 a, 
T - angle XPP'. 
bx 


tan T = - 


aV 


Px 




— x^ 


NM ON = e% OT = OP' = ^-, MT^ 


ab 


PT ^ ^- - ON' = PS = . , 

X ’ b ’ Va^ - ^x? 


OS = 


eH's/ cP — oP 


Va^ — eV 

2.414 DD' parallel to T'T; DD' and PP' are conjugate diameters: 
OD^ ==a^-^x? = FPx P'P. 

0P^ + 01P = a^ + IF. 

PS X OD = ab. 

Equation of Ellipse referred to conjugate diameters as axes: 

'f OL = angle XOP 

' iS = angle XOD 


a'^ b'^ ^ 


a' = OD' 
b' = OP 


aW 


(P sin^ a-\-b^ cop a 


tan a tan p = — ^ 
(P 




(P sin^ jS + cos^ /3 
2.416 Radius of curvature of Ellipse: 




^ {jPf + __ {cP - Px^r 


oPb^ 


ab 


angle FPN = angle F'PN = co, 
eay 


tan CO = 

U- 

2 I 


+ — 
^ 77 'P* 


P cos CO PP P'P 
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Coordinates of center of curvature: 




Equation of Evolute of Ellipse, 





= I. 


2.416 Area of Ellipse, irdb. 
Length, of arc of Ellipse, 



I — sin^ 0 dcj). 


2.417 


Polar Equation of Ellipse, 

r *= E'P, 6 = angle XP'P, 


a(i - e^) 

1 — e cos 6 


2.418 r = OP, 6 = angle XOF, 

b 

^ Vi - ^ cos^ 6 

2.419 Equation of Ellipse in terms of p, the perpendicular from F upon the 
tangent at P, and r, the radius vector PP: 

I 2 1 

r a 

I = semi latus rectum. 


2.420 Hyperbola (Fig. 5 ). 

2.421 0, Center; P, P', Foci. 

Equation of h 5 q)erbola, origin at 0, 

'f 

^^0M,y = MP, a = 04 = 04'. 

2.422 Parametric Equations of hyperbola, 

x = a cosh u, y - h sinh u. 
or ^ 

= a sec (^, y = 5 tan (p, 

(j> ^ angle XOP\ where P' is the point where the ordinate at 1 meets tne 
circle of radius center 0 . 
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2.423 OF = OF' = ea. 


e = eccentricity = — ^ - 

a 

Y 
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FL = — = — i) = semi latus rectum. 


F'F - ex + a, FP — ex — a, F'P — FP — 2 a, 
T = angle XTP. 


tan T = 


bx 


a-s/o^ — (P 


72 

= ^. oiv = or = or' = 


Mr = pr = ~ oN'=t±^-^. 

X X 0 


PS = 


a2> 


V 


r, 05 = 


g^xV x^ — (P 
y/ ^0^ 


2.424 


0C7 = Asymptote. 


tan XOV = - « 


b s* distance of vertex A from as 3 nnptote. 
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2.425 Radius of curvature of hyperbola, 

(eV ~ d?)^ 

^ ~ ah 

angle F'PT = angle FPT, 
angle FPN = co = ^ - FPT. 

angle F'PN = w'= ^ + F'PT. 

X 

tan CO = ~ 

¥ 

2 ^ I 

p COS CO ~ FP F^P 

Coordinates of center of curvature, 

f. eV 

^ = -^> 

Equation of Evolute of hyperbola, 

2.426 In a rectangular hyperbola b ^ a] the asymptotes are perpendicular to 
each other. Equation of rectangular hyperbola with asymptotes as axes and 
origin at 0: 

a2 


2.427 Length of arc of hyperbola, 

sec^ 0 d<j> 


=— r 

” aejo 


^ ^ = i, tan (j> - 
Vi — sin^ ({> e 


2.428 Polar Equation of h3^erbola: 

r^F'P, B^XF'P, r = a 




e cos t7 — I 


b^ 


r^OP, d^XOP, = ^ ^ . 

^ ^ cos^ d - 1 

2.429 Equation of right-hanci branch of hyperbola in terms of the perpen- 
dicular irom F upon the tangent at P and r, the radius vector FP, 

f a 

I - semi latus rectum. 
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2.460 Cycloids and Trochoids. 

If a circle of radius a rolls on a straight line as base the extremity of any 
radius, a, describes a cycloid. The rectangular equation of a cycloid is: 

X = a((j> — sin <j>), 
y = a(i — cos cf)), 

where the :r-axis is the base with the origin at the initial point of contact. </> is 
the angle turned through by the moving circle. (Fig. 6.) 





A = vertex of cycloid. 

C = center of generating circle, drawn tangent at A, 

The tangent to the cycloid at F is parallel to the chord AQ 
Arc AP = 2 X chord AQ. 

The radius of curvature at F is parallel to the chord QD and equal to 2 x chord QD. 

FQ = circular arc AQ. 

Length of cycloid* 5- = 8 a; a => C A. 

Area of cycloid 

2.451 A point on the radius, b>a, describes a prolate trochoid.^^A^^ojiit,^ 
b<a, describes a curtate trochoid. The general equation of tir^olHs;^^ 
cycloids is 

X = a4> — (a + d) sin </), 
y - (a + d) {i — cos (/>), 
d = o Cycloid, 
d>o Prolate trochoid, 
d<o Curtate trochoid. 

(2ay 4 - d^)^ 


Radius of curvature: 
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2.462 Epi- and Hypocycloids. An epicycloid is described by a point on a 
circle of radius a tbat rolls on the convex side o a fixed circle of radius h. An 
hypocycloid is described by a point on a circle of radius a that rolls on the con- 
cave side of a fixed circle of radius b. 

Equations of epi- and hypocycloids. 

Upper sign: Epicycloid, 

Lower sign: Hypocycloid. 

X = {b ± a) cos 4> =l3(cos (j), 


y = (i ± a) sin — a sin 


a 

b ±a 
a 


cj). 


The origin is at the center of the fixed circle. The x-axis is the line joinmg the 
centers of the two circles in the initial position and <i> is the angle turned through 
by the moving circle. 

Radius of curvature: 

2a(5± a) . a , 

p _ —A L sin -- <p. 

J zfc 2a 2b 

In the epicycloid put & = a. The curve becomes a Cardioid: 

+ y2)2 _ + 3,2) + SaH = 

Catenary. The equation may be written: 

I. ^ - a(e® + e ®). 


2.453 


2.454 


2 , 


y = a cosh 


X - a log 


y zfc Vy - 


The radius of curvature, which is equal to the length of the normal, is: 

cc 

"tr p = a cosh^ — 

2.45fr^ Spiral of Archimedes. A point moving uniformly along a line which 
rolJtfeJ* uniformly about a fixed point describes a spiral of Archimedes. The 
§guarti(5i isT . 

V« ^ r ^ aB, 
or. 

^ “V 'f — tan“^ - • 

The l^lar' su^ngent = polar subnormal = a. 

Ramus ofl^vature: 

■"^1. "J' r(i + 6(2)® (r^ + dF)^ 

^ “ d{2 


2.456 Hyperbolic spiral: 


rd = a. 
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= a^d. 


2.467 Parabolic spiral: 

2.468 Logarithmic or equiangular spiral: 

r - 

n = cot a - const., 

a = angle tangent to curve makes with the radius vector. 

2.469 Lituus : 

f'V d = a, 

2.460 Neoid; 

2.461 Cissoid: 


2.462 Cassinoid: 


r = a-\-hd, 

(x^ + y^)x = 2ay^, 

r = 2a tan 6 sin 6. 

{x? + -\~ a^y = 4a^x^ + 

— 2a?r^ cos 26 — 


2.463 Lemniscate {b = a m Cassinoid) : 


2.464 

2.466 

2.466 


Conchoid: 

Witch of Agnesi: 

Tractrix: 


(x^ + y^y = 2a^(3(? — y^)j 
= 2 a^ cos 20 . 

x^y^ ~ (b + yy(a^ — 'f), 

o?y = ^o?{ 2 a - y). 


a + Va2 - 3;^ ^ ; 

X dialog Va^ - f, 

^ _ y 

dx 




P = 


a's/ — y^ 


SOLID GEOMETRY 

2.600 The Plane. The general equation of the plane is: 

Ax By Cz D ^ 0 , 

2.601 I, w, n are the direction cosines of the normal to the plane and p is the 

perpendicular distance from the origin upon the plane. 

, A, B, C 

I, m, n = -r=^====, 

Va^ + + C2 

p - lx my + nZf 

' ■/ ^ j' ' P-- ^ ' ' 


va^ + b^ + c^ 
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2.602 The perpendicular from the point xi, yij zi upon the plane Ax By + 
C2 + jD = o is; 

^ Axi -{- Bvi -f- Czi -f- D 

2.603 6 is the angle between the two planes: 

Aix + Biy + Cxz Di = o, 

A 2 X + B2y + C 2 Z + A - o, 

^ A1A2 A" B1B2 + C1C2 

VAi^ -h Bi^ + Ci^ VA2^ + B2^ + 

2.604 Equation of the plane passing through the three points {xi, yi, Si) (x 2 , y 2 , Z 2 ) 

(ocz, yzj zz): 


X 

yi 2 x I 

+ 

Zx Xx I 

+ 2 

Xx yx I 

= 

Xx yi Zx 


y2 22 I 


Z 2 X 2 I 


X2 y2 1 


X2 y2 Z2 


ys Z3 I 


Zz Xz I 


yz I 


Xz yz Zz 


THE EIGHT LINE 

2.620 The equations of a right line passing through the point Xi, 3^1, Zij and whose 
direction cosines are I, m, n are: 

X - Xi __ y — yi z — Zi 
I m n 

2.621 e is the angle between the two lines whose direction cosines are /i, mi, 
and h, m 2 , fh- 

cos 6 = hh -b minh + ^1^22, 

sin^ 6 « Qim2 - hmiY + (^1^2 — ni^niY + (fiik — 

2.622 The direction cosines of the normal to the plane defined by the two lines 
whose direction cosines are h, mi, ni and J2, m^fh are: 

miTh m2ni n-J>2 — 'yidx lxm2 — hmx 
sin 0 ’ sin 0 ^ sin 0 

2.623 The shortest distance between the two lines: 

X — xx y — yi z — zx j X — 002 y — y2 z — Z2 

* 7 — ' and ”7 " ~ ' , 

h mx fix kfyhfh 

is; 

^ _ fai - X2) (mifh - nhfii) + (yi ~ y^ (nxh - fkh) + (zi - ^2) (hffh - hm^ 

{ {mxfh — nwiY + {nxk ~ f^hY + {hff^ — hm>\Y\^ ’ 

2.624 The direction cosines of the shortest distance between the two lines 
are: 

{mxfh — fhm-^, {nxh — {liffh — hffii) 
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2.625 The perpendicular distance from the point 3^2, 22 to the line: 

X — xi _ y — ji _ z — zi 
h mi ni 


is: 

d =-{{x^- xiY + {y 2 - yiY + (22 - - {/ife -■ xi) + mi (3^2 - 3^1) 4 - ” ^1)} . 


2.626 The direction cosines of the line passing through the two points xi, yi, Zi 


and X 2 , y 2 , ^2 are: 


(X 2 -X 1 ), (3^2 -yi), fe-gi) ^ 

{ (X2 - Xi)^ + (y2 - yi)^ + (Z2 - Sl)2}^ 


2.627 The two lines: 

= miz + pi, X = nhz + p2, 

and 

3^ = + gi, 3^ = 4 - g2, 

intersect at a point if, 

(mi - m2) (gi - ^2) - {ni - {pi - p^ = o. 

The coordinates of the point of intersection are: 

^2^1 _ niq2'-n2qi ^ _ p2 — pi _ SIILSI, 

^”mi — m2 ’^ fii — n 2 ^ mi — m2 ni — fh, 

The equation of the plane containing the two hnes is then 

{ni {x — miZ - pi) = (mi - m2) (y- niz - g{). 


STTREACES 

2.640 A single equation in x, 3;, s represents a surface: 

F(x, y, z) = o. 

2.641 The direction cosines of the normal to the surface are: 


dF 

dF 

dF 

dx 

dy 

dz 


^dFV / 

dFY ) i 

{©+( 


-s)} 


2.642 The perpendicular from the origin upon the tangent plane at x, y, 2; is: 

p = lx •i’ my 4- nz. 

2.643 The two principal radii of curvature of the surface F (x, y, z) - o are 
given by the two roots of: 
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k 

d-^F 

d^F 


p dx^ 

dxdy 

dxdz 

dx 

d^F 

k d^F 

d^F 


dxdy 

p dy^ 

dydz 

dy 

d^F 

d^F 

k dW 
p^ dz\ 


dxdz 

dydz 

dz 



dF 


dx 

dy 

dz 

0 


dFV /d£ 
dx) 

/dFV 

i+y ■ 



= O, 


where: 


2.644 The coordinates of each center of curvature are: 


^ k dx’ 


dF 

^ = y+-kTy> 


^ ^ k dz’ 


2.645 The envelope of a family of surfaces: 

I. F{x, y, z, a) = 0 

is found by eliminating a between (i) and 

dF 


2 . 


da 


= o. 


2.646 The characteristic of a surface is a curve defined by the two equations 
(i) and ( 2 ) in 2.646. 

2.647 The envelope of a family of surfaces with two variable parameters, 
a, jS, is obtained by eliminating a and /? between: 


I. 


2 . 


F{x, y, z, a, )3) = o. 
dF 

— = o. 
da 

dF 

= o. 


3 - 

2.648 The equations of a surface may be given in the parametric form: 


• X=fi{u,v), y=Mu,v), 2 = 
The equation of a tangent plane at xi, yi, Zi is: 


> »)• 


where 


(x — Xi") + (v - Vil + (z - Zi") = o 

d{u, z) + diu, v) + diu, v) °> 


Kh, /a) 
d{u^ v) 


cj/2 d/2 
du dv 

d/3 ^ 
du dv 


, etc. See 1.370. 
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2.649 The direction cosines to the normal to the surface in the form 2.648 aje: 

aC/2, h) 3(f,, h) e(/i, /,) 

d{Uj v) ^ d{u, v) ^ d {u, v) 


I, m, n == 


( S(f,, /3) Y , / a(/3, /i) Y / a (A, A) V 1 ^ 
V a(M, \ a(M, ») / "^ \ a(M, u) / J 


2.650 If the equation of the surface is: 

Z = fix, y), 

the equation of the tangent plane at xi, yi, zi is: 

" - 

2.651 The direction cosines of the normal to the surface in the form 2.650 are: 

+ I 


_ /£Di _ 

\dxj’ \dyj^ 

f / d/Y f dfY 1 ^ 

r+te) +fe) } 


l, nif n = 

\ 

2.652 The two principal radii of curvature of the surface in the form 2.650 
are given by the two roots of: 

(rt - s^)p^ - { (i + q^)r - 2 pqs + (i + p^)t]V i + ^2 p _j_ ( 3 . ^2 ^ ^ 2)2 ^ 

where 

df „ df ^ , ay ay 

- s-—, < = — - 


dx' dy' ' dx^' '' dxdy" " dy^ 

2.653 If pi and P 2 are the two principal radii of curvature of a surface, and p 
is the radius of curvature in a plane making an angle (j> with the plane of pi, 

I _ cos^ 4> ^ sin^ cj) 

P Pi P 2 

2.654 If p and p' are the radii of curvature in any two mutually perpendicular 
planes, and pi and p 2 the two principal radii of curvature: 

I4. JE = JE4. JE. 

P P' Pi P 2 

2.655 Gauss’s measure of the curvature of a surface is: 

I i_ 

P P 1 P 2 


SPACE CURVES 

2.670 The equations of a space curve may be given in the forms: 

(a) y, z) = o, F 2 (xy y, z) = o. 

(b) a: = /i( 0 , y = f 2 (t)y z = Mf). 

(c) y = <l>(x), z = ^p(x). 
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2.671 The direction cosines of the tangent to a space curve in the form (a) are; 

dFi dF^ dFi dF<2, 

7 By dz dz dy 

dfi dF<2. dFi dF^ 

dz dx dx dz 

m ^ 


dF\ dF2 dF\ dF^ 
dx dy dy dx 


where T is the positive root of: 

f dFi dF2 dFi dF^ dFi dF^ 

I dx dx dy dy dz dz 

2.672 The direction cosines of the tangent to a space curve in the form (b) are: 

Ij m, n ^ 




where the accents denote differentials with respect to t. 

2.673 If the length of arc measured from a fixed point on the curve is the 
parameter, t: 

. dx dy dz 

^’^’^-Ts’dsTs' 

2.674 The principal radius of curvature of a space curve in the form (b) is: 

p - - z'y"f + {z'x" - x'z"y + {x'y" - y'x''y}i 

~ {x''^ + y'^ + z''^-s"^)i' 

where the double accents denote second differentials with respect to t, and 
the length of arc, is a function of t 


2.676 When t = s: 

1 _ /W ’ 

p [ \dsy \dsy \dsy J 

2.676 The direction cosines of the principal normal to the space curve in the 
form (b) are: 

„ 2;'(2'x" - x'2j'0 - y'ix'y'^ - y^x^') 

. - 1 » 

, ~ - 2'(3;'2" -- s't") 

m = 7 ; 
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, y{y'z'' - z'y'') - - x'z") 

n 7 , 


L = {x'2 + y'^ + 2'2}^{ (;y'2" - z^y^'Y + (sV' - + (x'3;" - 

2.677 The direction cosines of the binormal to the curve in the form (b) are: 

^ y'g'' - ^'y'\ 



S 

} 



r // 

Z X 

— 

X % 






J.J 

X y 



yx 

> 


S = {{y'z" - z'y'^Y + ( 2 '^" - ^' 2 ")' + W' - yx"YY. 

2.678 If s, the distance measured along the curve from a fixed point on it is 
the parameter, t: 

d?x f d^y f dh 

where p is the principal radius of curvature; and 

,n . p® * . * a 

\ds ds^ ds dsy 


fdz ^ ^ 

~ ^\ds ds^ ds dsy 

/dx d^y ^ d^x \ 

^\ds ds^ ds dsy' 


2.679 The radius of torsion, or radius of second curvature of a space curve is: 

(^'2 + yf2 + 2'2)I 

_ x' y' s' 
rr" ;y" s" 

^/// yff ^rn ^ 

where S is given in 2,677. 

2.680 When t = s: 


m 


i+m' 



6o 


MATHEMATICAL FORMULiE AND ELLIPTIC FUNCTIONS 




dx 

ds 

ds^ 

d?x 

ds^ 


dy 

ds 

d^y 

d? 

d^ 


dz 

ds 

dh 

ds^ 

ds^ 


2.681 The direction cosines of the tangent to a space curve in the form (c) are: 


I, m,n-- 


I, 3^ 


Vi + 3^'^ + 2'2 
where accents denote differentials with respect to x: 


y = 


d4>(x) 
dx ’ 


, ^ d^jx) 

dx 


2.682 The principal radius of curvature of a space curve in the form (c) is: 


P = 


(i -f y'^ + 


2.683 


{y'z'' - z'yy + 

The radius of torsion of a space curve in the form (c) Js: 

(i + y'^ + z'^Y 


r = 


p2(:y"2'" - 


2.690 The relation between the direction cosines of the tangent, principal 
normal and binormal to a space curve is: 


1 

m 

n 

V 

m' 

n' 

1" 

m" 

V' 


2.691 The tangent, principal normal and binormal all being mutually perpen- 
dicular the relations of 2.00 hold among their direction cosines. 



III. TRIGONOMETRY 


^ sm X I I ^ 

3.00 tan x = ^ sec x = > esc x = > cot x = 9 

cos X cos X sin x tan x 

sec^ = I + tan^^c, csc% = i + cot^r^c;, sin^rt: -f cos^^x; = i, 
versin x ^ t — cos x, coversin x ^ i — sin x^ haversin x = sin^ 


« \ 4 — cos 2 X _ 

3.01 sm ix: = - sm = y ^ cos^“ - cos^-> 


. X X tan X 
= 2 sin - cos “ = — ====: 
2 2 Vi + tan^x 


4- ^ 

2 tan “ 

2 

I + tan^ - 
2 


Vx + cot^:v ^ ^ _j_ ^ 

2 2 

it? X 

= cot -• (i — cos it?) = tan -• (i + cos x), 

2 2 

= sin y cos (it? — :y) 4* cos y sin (x — y)^ 

— cos 3/ sin (x + y) — sin 3; cos (x -f- y), 


3.02 cos it? = cos (~ it?) 


-v/ 


I 4- cos 2it? 


1 — 2 Sim 


o it? . „ it? 9 it? I 

= cos^ sim -^ = 2 cos^ I = — 7== , 

2 2 2 VI + tan^ X 

I — tan^ “ 

21 I 


it? it? ^t? 

I 4- tan^ - 1-4- tan it? tan ~ tan it? cot i 

2 22 


4. ^ 4. ^ 

cot tan - 

2 2 


cot it? 


sin 2it? 


cot - + tan - Yi + cot^^ 2 sm * 

2 2 

= cos y cos (a; + y) + sin y sin, (x + y), 
= cos y cos (a; — 3») — sin 3; sin (x — y), 
= + e-*®), 
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3,03 


tan X = — tan 


(- x) = 


sin 2X 
I 4- cos 2 X 


I — cos 2 X 
sin 2x ^ 


s/- 


I — COS 2 X _ sin (a; + 3 ^) + sin {x — y) 
I + cos 2X cos {x + y) cos {% — y) 


cos {x — y) - cos {x 4- y) 
sin {x 4- y) - sin (x - 3;) 


= cot X — 2 cot 2 Xf 


^ X . ^ ^ 

tan - tan - 2 tan - 

2,2 2 


I ~ tan - I + tan - i - tan^ 
222 


I I 

I - tan - I 4 - tan - 
2 2 

. I — 

“ * r+e^’ 


3.04 The values of five trigonometric functions in terms of the sixth are given 
m the following table. (For signs, see 3.06.) 



3.06 The trigonometric functions are periodic, the periods of the sin, cos, sec, 
CSC being 27 r, and those of the tan and cot, tt. Their signs may be determined 
from the following table. In using formulas giving any of the trigonometric 
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functions by the root of some quantity, the proper sign may be taken from this 
table. 




TT 

0 

2 

TT 

2 

TT 

TT 

2 

TT 

TT — -TT 

2 

2 

“TT ~ 27 r 

2 

27 r 


0° 

0 — 90° 

90° 

- 180° 

180° 

180° — 270° 

270® 

270° - 360^ 

360“ 

sin 

0 

+ 

I 

-H 

0 

- 

-I 

- 

0 

cos 

I 

+ 

0 

- 

— I 

- 

0 


I 

tan 

0 

+ 

±00 


0 

+ 

±00 

- 

0 

cot 

Too 

+ 

0 

- 

Tco 

+ 

0 

- 

Too 

sec 

I 

+ 

±co 

- 

— I 

- 

±00 

+ 

I 

CSC 

Too 


I 

4 - 

±<x> 

- 

— I 


Too 


3.10 Functions of Half an Angle. (See 3.06 for signs.) 


3.101 


3.102 


sin 


fi — cos> X 


cos 


= i I ± V I + sin =F Vi — sin x | 

7=i_) 

▼ 2\ I ^ tan^ x* 


(1 -h cos X 


= ” 1 ±V I + sin a; ± Vi - si 


sin :x: r ^ 


tan 


lx = V 


z V I + tan^ 


;)■ 


I — COS X 

r J_ r^nc. -v. 


3.103 
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sin X __ I — cos X 
I -i- cos X sin X ’ 

=E V I + tan^ X — I 
tan X 


3.11 Functions of the Sum and Difference of Two Angles. 

3.111 sin (x zi=y) = sin ^ cos ;y =h cos x sin y, 

= cos X cos y (tan ± tan y), 
tan X zt tan y 


tan X =F tan y 


sin (x=^ y), 


= - < cos (ic + 3 ^) + cos {x ~ y) 
2 ' 


(tan X ± tan y). 


3.112 


cos (xzhy) = cos X cos y^ sin sin y^ 

= cos X cos y (i ^ tan x tan y), 

cot ic =F tan y / -r- \ 
cot ic zh tan 3 ^ ^ 

cot y tan x . / ^ 

sm (x =i= y), 

cot y tan =F i 

= cos X sin y (cot y =F tan x). 


3.113 


3.114 


tan (x d= y) 


tan X zh tan y 

f 

1 =F tan X tan y 


cot y db cot X 
cot X cot 3 / =F I 

sin 2X dz sin 23 / 
cos 2x + cos 2y 


cot (x =b y) 


cot cot y ^ I 
cot 3 ; ± cot X ’ 

sin 2 X =F sin 2 y 
cos 2 X — cos 2 y 


3.116 THe cosine and sine of the sum of any number of angles in terms of the 
sine and cosine of the angles are given by the real and imaginary parts of 
cos {X1 + X2+. . . . + iCn) + sin iXi + X 2 + . . . . + OCn) 

= (cos Xi + i sin xi) (cos ^^2 + ^ sin (cos Xn + i sin Xn) 
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3.12 Sums and Differences of Trigonometric Functions. 

3.121 sin X ± sin y = 2 sin ± y) cos |(:r y)j 

= (cos X + cos y) tan ^{x zt y)j 
= (cos y — cos x) cot ^ y)j 


tan ^(x =b y) 
tan i{x=F y) 


(sin X =F sin 3;). 


3.122 


cos a; + cos 3^ = 2 cos ^(x + y) cos |(x - y). 


sin X rh sin y 
tan |(x db 3^) 


cot ^(x + y) 
tan |(x — 3^) 


(cos y — cos x). 


3.123 cos X - cos 3; = 2 sin ^(y + x) sin ^{y - x) 

= -(sin X ± sin y) tan |(x =F 3;). 


3.124 


3.126 


tan X ± tan 


sin (x =fc y) ^ 
cos X • cos y 


sin (x ± y) . N 

^ (tan x =f tan 3^), 

sm(x=F3;) 

= tan y tan (x d= y) (cot y =F tan x), 


” cot (x ± 3;) ’ 

= (i tan X tan y) tan (x d= y). 


cot X ± cot y = ± 


sin (x db y) ^ 
sin X sin y 


3.130 

I. 


2. 


sin X ± sin 3; 
cos X 4- cos y 

sin X d= sin 3; 
cos X — cos y 

sin X + sin y 
sin X — sin y 


tan |(x ± 3^). 

- cotK^^^}') 

tan|(x 4- y) ^ 
tan |(x - 3;) 


3 * 
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3.140 

1, sin^ X + sin^ ^ = i — cos (x + y) cos {x — y), 

2. sin^ X - sin^ y = cos^ - cos^ x 

= sm {x + 3^) sin {x - y). 
cos^ a; — sin^ y = cos (x + 3/) cos (a; — 3;). 

4 . sin^ + 3 ^) + sin^ - 3 ^) = i - cos 2X cos 2 y. 
sin^ + 3^) - sin^ - 3^) = sin 2X sin 2y. 

5. cos^ + 3^) + cos^ (x — 3;) = I + cos 2X cos 2y, 

y. cos^ (x y) - cos^ (x — y) = - sin 2X sin 2y. 


3.160 

1. cos nx cos mx = i cos - w)x + i cos (w + m)x. 

2. sin sin mx = ^ cos — m)x — | cos (n + w)x. 

3. cos nx sin. mx ^ i sin + nz)x — | sin (/z — m)x. 


3.160 

1. 

2. 

3 - 

4 * 

5 - 

6 . 

7 - 

8. 

9 * 


(“QQg ^ -j- ^ sin ^ , 

{cos (y log a) + i sin (3; log a)]. 
(cos X ± i sin x)^ = cos nx ± i sin nx 

[^De Moivre’s Theorem], 
sin (x ± iy) == sin x cosh 3^ =b cos x sinh y. 
cos (x =b iy) = cos x cosh y^i sin x sinh 3^. 
cos X = -(- 

sin X = - “ 

2 

e*® = cos X + i sin x. 
g-ix _ X — i sin X. 


3.170 Sines and Cosines of Multiple Angles. 

3.171 n an even integer: 


(n^ — 2^) " 2 ^) — 4^) • R 

sin nx - n cos x < sin x ; — sin^ x -1 -; r- sm® x • 


51 


cos wx = I ; sin^ X + 

2! 


- 2 ^) ^ _ w>(n^ - 2 ^) - 4 ^) 


6! 


sin® x + 


4 ! 
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3.172 

sin nx 

cos nx 

3.173 

sin nx 


cos nx 

3.174 

sin nx 

cos nx 

3.176 

sin nx 

cos nx 


n an odd integer: 
^ n I sin a; - 


sins ^ .-.5 


'f 


sin'^ X 


(^2 — i2) (^2 

cos X ^ I - ; sin^ X ^ 

2! 41 


— i^) {n^ ~ 3^) .4 

^ sin^ rr - 


n an even integer; 

--I f (n - 2) 

= (“i)^ cosx < sin””^ sin^”® 


II 


X 


2! 3! 


+ . . . 


(-i)i \ 2”'~^ sin^ X . sin^"“^ x + 


n(n — i) - . 

'2L 0^—5 cm 


II 


2! 


2^-0 sm X 




2^“^ sin”'“‘' x + . . , . 


vi an odd integer: 

: (_i)“r I 2^"^ sin"^ - “1 2^”^ sin’"'’^ 2^"® sin ’^""^ x 


n{n - 3) 
2! 


^(” - -3),(^-5) .n-^sin"-«^ + . . 
3! 


n — 2 


(-1) 2 cos ic I 2”“^ sin’^"^ X 2"^“'® sin"^“® x 

+ — — ^ 2^“® sin’^"® X — ^ — - ^SV : — ^ 2^“^ sin^“^ x 

2! 3! 


^ any integer: 
sin X < 2^”^ cos^"^ X 


n — 2 


2n-3 cos^”® X 


(n - 4) {n- 5) (w - 6) 

+ . . . . 


_(» — 3)J« — ^ cos”-* ic - ^ ^ 2”-' cos”-' * 

2! 3! 


2”—^ cos” X — ^ 2"—* cos”-* a: + — — ■ — - 2” * cos” ^ x 
ll 21 

w(» - 4) (^ - 5) ,„-7 


2^“^ C 0 S”“® X + . . 
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3.176 


3.177 


3.178 


sin 2x 2 sin x cos x. 
sin == sin x(3 — 4 sin^ x) 

= sin x(4 cos^ x — i). 
sin 4x = sin x(8 cos® x — 4 cos x). 
sin sx = sin a; (5 — 20 sin^ x 16 sin^ x) 

= sin ^(16 cos^ X — 12 cos^ x + i). 

sin 6 x = sin x(^2 cos® x — ^2 cos® + 6 cos x). 

cos 2x = cos^ X — sin^ x 
= 1 — 2 sin^ X 
= 2 cos^ a; — I. 
cos 3^ = cos it: (4 cos^ ^ — 3) 

= cos ik:(i — 4 sin^ x). 
cos 4X = 8 cos^ it: — 8 cos^ ic + i. 
cos 5it: = cos it: (16 cos^ x — 20 cos^ + S) 

= cos it:(i6 sin^ it: — 12 sin^ it: + i). 

cos 6ii: = 32 cos® it: — 48 cos^ it: + 18 cos^ it: — i. 


tan 2it; = 


2 tan it: 

I — tan^ it? 


cot 2it? = 


cot^ it? — I 

2 cot it? 


3.180 Integral Powers of Sine and Cosine. 

3.181 n an even integer: 


. (-1)2 < / \ “ i) 

5in^ X = [ cos nx — n cos (n - 2)it: ^ j — - 


cos (n — 4)it: 


n(n - 1) (n - 2) . , v- 1 

fr cos (« - 6)a: + + (-i)“ '^7^/n 


:os" X = i 

jn-l I 


cos nx + n cos (n — 2)it: d — — - cos — 4)it: 


21 


— i) ^ 2) 


-^cos (fj — 6)it: + . . . + 




w IS 
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3.182 n an odd integer: 


sin^ X = - j sin nx — n sin {n - 2)x + sin - 4)x 


n(n — i) 
2! 


n(n — i) (n — 2) . 


•sin (n - 6)x +.... + (-1) 2 


nl 


cos 


" '■ ■’ (^)- (^‘)> 

I I *yi\fi ~ i) 

n ^ = — — I COS nx 4 " n cos {n — 2)x ^ ; — - cos {n - 4)x 

on i 2 1 


sm X 


+ ^(^-i)(^ , -2) co,(^_6)^^ ^ 

3 * 


3.183 

sin^ a; = " cos 2x), 

sin^ a: = i(3 sin rr - sin 3a[;). 

sin^ X = |(cos 4^ - 4 cos 2x + 3). 

sin® X = tV(sin - 5 sin $x + 10 sin x). 

sin® a: = — -^(cos 6x — 6 cos 4 x 4 - 15 cos 2X - 10). 



3184 

COS^ = |(l + cos 2x), 
cos® X = i(3 cos X + cos 3^). 

COS^ = I (3 + 4 cos 2X 4- cos 4 %) . 

cos® X = -3^(10 cos + 5 cos 3:^ -1- cos 5^). 

cos® X - -^(lo + 15 cos 2X + 6 cos 4X + cos 6x), 


INVERSE CIRCULAR FUNCTIONS 

3.20 The inverse circular and logarithmic functions are multiple valued; i.e., if 

o<sin”^ x<—, 

2 

the solution oi x = sin d is : 

6 = 2nw + sin”'^ x, 

where w is a positive integer. In the following formulas the cyclic constants are 
omitted. 
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sin“^ ^ = — sin“^(~^c) = - — cos~^:^ = cos"^ Vi - 


= ~ — sin”*^ V I — ^ ^ 'E sin“^ (2x^ — i) 
2 42 

= - cos”^ (i — 2 x^) = tan~^ - / ^ 

2 Vi ^ 


= 2 tan“^ 
= COt'^ 


— 'n/i — 


X 


= - tan^^ 
2 


-I / 2 :yV I — x^ ] 

\ I — 2 X'^ ) 


V 1 — X^ TT 


X 


= ~ i log (x + V:s ;2 _ j) , 


3,22 


TT I 

cos'^^ X ^ TT — cos'”^ {—x) = ~ ” sin^*^ x ^ — cos”^ (2:^:2 — i) 


== 2 cos 


= 2 tan 


-i y/ ? -,. = sin~^ v^i ~ 0^ = tan~^ 

, . /i - X I ^ _ 

V — ; — = - tan- 

V I 4 - 2 


iVi — 


V I — 


V I — 


= i log _ j) _ -3T-_ ^ iQg (-x/^a _ j „ 


3.23 


tan""^ X = — tan“^ = sin~^ 


X , I 

■ ;: — — = COS“^ —7= 
V I + VI 


4 

: - sin™^ — ^^“5 = — — cot~^ == sec~^ \/ 1 
2 14^2 

TT ^ 1 I I - I — 

taii“^ - = - cos”^ — ^ ^ 

2 a; 2 14^ 


[ 4 xP- 


f I 4 Vi 4 1 ^ 

! cos ^ { —"•.■■■• 7 — ) 

I 2'\/l 4 i 


I 4 

. __i / Vi 

2 sin ^ < 


4 — i 1 * 


2 Vi 4 


^ - 2x . , / Vi 4 - I 1 

1 - x^ [ X j 

• tan“^ c 4 tan”^ 

I — I 


« cx 

I., 1 — ix I., i + X 

-■ -t log — == - ^ log T 

2 ^ 1 -{- tx 2 ^ ^ — X 


I . , 1 + ix 

- 1 loe: r- • 
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I. 

sin"^ X ± sin~^ y = sm~'^{x^/ 1 — =]= yV i — x^]. 

2. 

cos“^ db cos""^ y == cos~^{a;y =F \/(i - (i ~ y^)}. 

3- 

sin"^ X ± cos“^ y = sin“^{a;y ±V(i — x^) (i ~ y^)} 


= cos"”^ {yV i — x^=f xV I “ y^} . 

4- 

X 1 i. r XI x:hy 

tan“^ X ± tan ^ y - tan”^ • 

I =F a;y 

5- 

xy rt I 

tan“^ X =b cot~^ y = tan“^ — 

y^x 


y^x 

- cot ^ 

xy ±1 


HYPERBOLIC FUNCTIONS 

3.30 Formulas for the hyperbolic functions may be obtained from the corre- 
sponding formulas for the circular functions by replacing x by ix and using the 
following relations: 

1. sin ix = — e~^) = i sinh x. 

2 . cos + e”®) = cosh X. 

i{(?^ — i) 


3- 

4- 
S* 
6. 

7- 

8. 


lO. 


tan ix = 


+ I 


= i tanh x. 


g2a; _j_ I 

cot ix = -i -ir — i coth x. 


sec tx == 


e^® — I 
2 


e® + 

2i 


sech X. 

- = — i csch X, 


CSC = — ■ 

— e~ ^ 

sin”^ ix = i sinh""^ x ^ i\og {x -{■ Vi + 

^ - 

cos”^ ix = i Cosh“^ X i log (x + \/i x^) 


tan”^ ix ~ i tanh“^ x = i log 


. /r+ 

V I — 


I — X 


j ^ _L j 

cot”^ ix ^ i coth“^ re = — Hog y 

' * X — I 
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3.310 The values of five hyperbolic functions in terms of the sixth are given in 
the following table : 



3.311 Periodicity of the Hyperbolic Functions. 

The functions sinh x, cosh it;, sech x, csch x have an imaginary period airi, e.g. : 
cosh X = cosh {x -h 27rf^), 

where n is any integer. The functions tanh x, coth x have an imaginary period iri. 

The values of the hyperbolic functions for the argument Trf, 

are given in the following table : 



0 

TT . 

— 1 

2 

Tci 

TT . 

3-, 

sinh 

0 

i 

0 

— i 

cosh 

I 

0 

— I 

0 

tanh 

0 

cjo 

0 

00 ‘i 

coth 

oo 

0 

00 

0 

sech 

I 

00 

~ I 

00 

csch 

00 

— i 

00 

i 
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3.320 

I. 

sinh -X = 
2 

^cosh X — 1 


2 . 

n 

0 

II 

y/ cosh X + 1 



II 

1 

cosh X — 1 sinh x , 

/ cosh rc — I 

3- 

sinh X cosh x-h 1 ' 

r cosh + I 


3.33 


I. 

sinh (it; ± y) 

2. 

cosh {x zb 3^) 

3- 

tanh {x zb y) 

4- 

coth (it; ± 3^) 


3.34 

I. 

sinh it; + sinh 

2. 

sinh it; — sinh 

3 - 

cosh X + cosh 

4- 

cosh X — cosh 

S- 

tanh it; + tanh 

6. 

tanh X - tanh 

7- 

coth X + coth 

8, 

coth it; — coth 


= sinh X cosh y ± cosh x sinh y. 
= cosh X cosh y ± sinh x sinh y, 

__ tanh X db tanh y 
” I =t tanh X tanh y 

_ coth X coth y ± 1 
~~ coth y db coth x 


y ^ 2 sinh ^{x 4* y) cosh ^(x — y), 
y = 2 cosh ^(x + y) sinh |(x — y), 
y - 2 cosh |(a; + y') cosh ^{x — y). 
y ^ 2 sinh ^{x + y) sinh ^{x — 3;). 

_ sinh (x + y) 

^ cosh X cosh y 

sinh (x-y) 

^ cosh X cosh y 

- sinh (x + y) 

^ sinh X sinh y 

sinh {x - y) 

^ sinh X sinh y 
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3.35 


I. 

sinh 

2. 

sinh 

3- 

cosh 

4- 

cosh 


5 - 

6 . 

7- 

8 . 


{x + y) + sinh (x — y) 
{x + y) — sinh (x — y) 
{x + y) cosh {x — y) 
{x y) — cosh {x — y) 

tanh ^{x ^y) 

coth i(x zfc y) 

tanh X + tanh y 
tanh X — tanh y 

coth X + coth y 
coth X — coth y 


2 sinh X cosh y, 
2 cosh a: sinh y. 
2 cosh X cosh y. 
2 sinh X sinh y. 

sinh X dz sinh y 
cosh X + cosh y 

sinh X sinh y 
cosh X — cosh y 

sinh (^ + y). ‘ 
sinh {x — y). 

sinh {x + y) 
sinh {x — y) 


3.36 

1. sinh (x + y) + cosh {x + y) 

2. sinh (x + y) sinh {x — y) 

3. cosh (x + y) cosh (x — y) 

4. sinh X + cosh x 

5. (sinh + cosh x)^ 


(cosh X + sinh x) (cosh y + sinh y), 

sinh^ — sinh^ y 

cosh^ X — cosh^ y. 

cosh^ X + sinh^ y 

sinh^ X + cosh^ y. 

I + tanh |x 
I — tanh |x 

cosh nx + sinh nx^ 


2.n 


= cosh X + sinh x. 
= cosh X — sinh x. 
sinh X = 
cosh X = 
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3.33 

1. 

2 . 


3- 

4* 

S- 

6 . 


sinh 2x = 2 sinh x cosh x, 

2 tanh X 
1 — tanh^ X 

cosh 2 X - cosh^ X + sinh^ x = 2 cosh^ cc - i, 
= 1-1-2 sinh^ X, 

- I + tanh^ X 
I — tanh^ X 


tanh 2 x = 


2 tanh a; 

I -J- tanh^ X 


sinh = 3 a; + 4 sinh^ 
cosh 30; = 4 cosh^ rjc; — 3 cosh x» 


tanh 30: = 


3 tanh X -h tanh^ x 
1 - 1-3 tanh^ X 


3.40 Inverse Hyperbolic Functions. 

The hyperbolic functions being periodic, the inverse functions are multiple 
valued (3.311). In the following formulas the periodic constants are omitted, 
the principal values only being given. 

1. sinh*”^ X = log {x + Vx^ 1 ) - cosh~^ Vx^ -f i. 

2. cosh“^ X = log {x -h - i) = sinh"^ - i. 

3. tanh-i X = log 

4. coth“^ X = log ^ tanh”^ - • 

T X — I X 


sech“^ ^ ^ ^ ~ 

csch-i X = log + i) = sinh-i |- 


3.41 

1. sinh~^ X d= sinh“^ y = sinh“^(iuV i + ± yv i -h 

2. cosh~^ X ± cosh"^^ y = cosh*"^ {xy ± v (x^ — i) (y^ - i)). 

tanh“~^ X ± tanh-^ y = tanh~^ 

I =b x:y 


3- 
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3.42 


I. 


2 . 


3- 


4- 


cosh-i i(:r + 0 = sinh 

= tanh-i ^ ~ ^ = 2 tanh-i 

H- I ri: + I 

= log X. 

cosh“^ CSC 2x = — sinh^^ cot 2X — — tanli“^ cos 2 X, 
= log tan X, 

tanli-i tan^ ^ + f ) J 

tanh“^ tan^ - = i log sec x. 

2 2 


3.43 

The Gudermannian. 



If, 




I. 

cosh X == 

sec 

e. 

2. 

sinh X - 

tan 

d. 

3* 


sec 

9 + tan 6 = tan ^ 



log 

fir 6\ 

4- 

X = 


5- 

0* = 

gd 

X, 


3.44 



I. 

sinh X - tan gd x. 


2 . 

cosh X = sec gd x. 


3- 

tanh X - sin gd x. 


4 . 

tanh - = tan - gd x- 
2 2 



I + sin gd a: 

I — cos + gd 0 ^ 

5- 

COS gd X 

sin gd ' 



6 . 

7 - 


3.50 


Given 
a, b, c 


a, b, a 


a, a, /3 


TRIGONOMETRY 
tanh”^ tan x = | gd 2x. 
tan~^ tanh x gd“^ 2 Jc. 


SOLUTION OF OBLIQUE PLANE TRIANGLES 


a, b, c = Sides of triangle, 
a, T = angles opposite to a, b, c, respectively; 
A - area of triangle, 
s = -^(<2 + ^ 


Sought 

a 


A 

/3 


Formula 

. I 4 / (-^ — — c) 

2 y he 

1 4 Isis — a) 

cos -a = V 

2 y he 


tan 


1 

- a = 

2 


cos O' = 


.l {s-b){s'^ 
V - a) 

2 bc 


A ^ Vs^s - a) (s - b) {s - e)* 


sin j8 = 


b sin a 
a 


When a>b, / 3 <~ and but one value results. 
2 

jS has two values. 

^ 7 = i8o° - (a + |8). 

a sin 7 

C C = — ; 

Sin a 


A .4 = I sin 7. 

I j^ajinJ 

, sin a 

7 7 = 180° - (a + /S). 

c z ^ "y 

sin OL sin a 
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When b>a 
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Given Sought 
A 


a, b, y 


Formula 

. I , . I „ sin iS sin 7 

^ sin y = - r 

2 2 sm a 


a 

a, 13 


tan a = 


a sin y 


b - a cos y 
^(a + 0 ) = 90 ° - 37 - 

a — b 

(O' - 0j = 

2 


. I / ON a - b ^ . 
tan -(a - -7 cot §7 


0/ -f“ h 

c = {a^ + 1 ^ — 2ab cos 7)*. 

= { (tf + - 40 ’b cos^ I7}* 

= { (a - 6)^ + 4ab sitf |7}^. 

= - — “ where tan 0 = 
cos 9 a — 0 

sin a 

^ = I a& sin y. 


SOLUTION OF SPHERICAL TRIANGLES 

3.61 Right-angled spherical triangles. 

Cj b, c sides of triangle, c the side opposite 7, the right angle. 

O', jS, 7 = angles opposite a, b, c, respectively. 

3.611 Napier’s Rules: 

TT 

The five parts are a, b, co c, co a, co jS, where c: = — — c. The right angle 
7 is omitted. 

The sine of the middle part is equal to the product of the tangents of the 
adjacent parts. 

The sine of the middle part is equal to the product of the cosines of opposite 
parts. 

From these rules the following equations follow: 

sin = sin c sin a, 

tan a = tan cos /8 = sin b tan a, 

sin & = sin c sin j8, 

tan b = tan r cos a =i= sin a tan jS, 

cos a = cos a sin / 3 , 

cos /3 = cos } sin a, 

cos e; = cot O' cot /3 = cos a cos b. 
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3.62 Oblique-angled spherical triangles. 

a, h, c = sides of triangle. 

7 - angles opposite to a, bj c, respectively. 
s ^ {a b c)y 
<r = Ha + /3 + 7), 

€ = a'-|-/3-|-7“-i8o = spherical excess, 

S = surface of triangle on sphere of radius r. 


Given 

(ij bj c 


a, A 7 


a, c, a 

Ambiguous case. 
Two solutions 
possible. 


a, 7, 

Ambiguous case. 
Two solutions 
possible. 


Sought 

a 


sin^ ^ a 


tan^ - a == 
2 


Formula 
haversin a, 

sin {s — b) sin {s — c) 
sin b sin c 

sin {s ~ b) sin {s — c) 
sin ^ sin {s — a) 


cos 


haversin a = 


I sin s sin {s - d) 


- a = 


sin sin c 
hav a ~ hav (b - c) 


sin b sin c 
sin^ \ a = haversin a, 

__ — cos (j cos {a — a) 
sin jS sin 7 

, „ I - cos (T cbs (or — a) 

2 cos (cr - p) cos ((7 - 7) 

1 - cos (<r - j8) cos (cr - 7) 

cos^ -a — 5 — : 

2 Sin p sm 7 


sin 7 = 


s m a Sin c 
sin a 


tan 6 = tan a: cos c. 

sin (/3 -h 0) = sin 6 tan c cot a 

cot (j) ^ tan c cos a, 

. ,, .. cos a sin d) 

sm + 6) ^ • 


cos c 


sm c = 


sm g sm 7 
sin ce 



8o 


MATHEMATICAL TORMUL^E AND ELLIPTIC FUNCTIONS 


Given 


Sought 


Formula 


a, by y c 

tan 6 = tan a cos y 
tan 0 = tan b cos y c 


a 




tan 6 
sin (b — 6) 


tan - b 
2 


cot (j) 
sin (/3 - 0) 


cot ~ /3 
2 


cos c 

cos c = 

have = 
tan a = 


: tan 

a cos 

T- 

= cot 

a tan y 

sin 

+ 

■ 7) 

sin 

1(0!- 

7) 

cos 

i(a+ y) 

cos 

hioc- 

■ 7) 

= cos 

a tan 

T 

cos 

a sin 

0 


cos 7 


sin 


f. 

sin 

|(a - 

c) 

cos 

+ 

'^) t 

cos 

- 

c) 

cos 

a cos 

J + 

cos 

a cos 

(&- 


tan ^{a — e) 
tan J(a + e). 


cos 0 

cos ^ cos (g — 0) 
cos 0 

hav (a — J) + sin a sin & hav y 


sin jS = 


tan jS = 


sin 

0 tan 

7 

sin 

(b- 

0) 

sin 

7 sin 



sin e 


sin 

a sin 



sin a 


sin 

0 tan 

‘ 7 

sin 

(a - 

0) 


c, a, ^ y 

tan 0 = cos e tan a 
tan 0 = cos c tan jS 


tan “(a + jS) 

2 

tan -(a - j3) 

2 

cos Y == 
cos y = 

tan a = 


cos \{a — h) cot §7 
cos |(a + 5) 
sin |(a — 6) cot ^y 
sin f (a + 

— cos a cos jS + sin a sin /? cos e. 

cos a cos (/3 + 0) 
cos 0 

cos jS cos {OL + 0) 
cos 0 

tan c sin 0 
sin (d + 0) 
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a, J, 7 

Q/^ c 


Sought 


tan h = 


tan 1 (^ + 6 ) 


tan \{a -h) 


cot ie = 


Formula 
tan c sin (j> 
sin {a + (t>) 

cos ^{oi - tan 
cos + / 3 ) 
sin |(a - jS) tan 
sin i(aj + / 3 ) 

cot cot + cos y 


tatf Je = tan tan ^(5 — a) tan — Z>) 

tan ^(s — d;). 


riNITE SERIES OE CIRCULAR FUNCTIONS 

3.60 If the sum, / (r), of the finite or infinite series; 

/ (r) = oo + ^ + 02 + 

is known, the sums of the series: 

51 = ao cos ic + oi r cos (x -j- y) + 02 cos (x 2y) , 

52 = oo sin + ai r sin (;r + 3/) + 02 sin (x + 2y) + , 

are: 

S2= - -{e^^fire^y) -e-^^Jire-^y)}. 


3.61 Special Finite Series. 


[. sin kx = 


, nx , ^ + 1 

sin — sm X 

2 2 


2. cos kx = 


nx . n + 1 

cos — sm X 

2 2 
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12 , 


13 - 


n 

, n cos {n + i)^t: sin nx 
2 ^ sm^ kx = - — — 


k~ 1 


2 sm X 


4 . 


, cos^ kx = 


k = o 

n—n 


k sin kx = 

k— I 


6 . 


; .... , _j._ 

2 

n 

sin 

2 

cos 

sin 

~ . 0 ^ 


X 

4 sim- 

2 

sm - 

2 


2 

. f 2 n — 

l\ 


fz sm ( ^ 

“jo; 

I — cos nx 


yfe=i 


/y* 

2 sin - 
2 


4 sin^ 


. / 7L N sin^ nx 

k=-L 

. ( ny\ . + I \ 

” sm Mc -1 — sm y 

8. sin {x + ky) = — — ^ 


k~o 


• :v 

sm ~ 
2 


cos (x + ky) = 


cos 


/ , . /m + I \ 

(^x + -yjsm(^-^:yj 


^=o 

M+I 


• y 

sm — 
2 


lo. (— i)*~^sin (2* — i)x = (— i)’ 


k=X 


sin (2n + 2):x; 
2 cos X 


II, ( — 1)* cos kx = — (—1)” 


cos 


(^*) 


k — z 
n—z 


2 COS 


r* sin kx = 

^=i 

n—z 

r* COS kx = 


r sin a;(i — cos nx) — (i — r cos sin nx 
I ~ 2r cos X -p 

(i — r cos x') (i — cos nx) + sin x sin nx 
I — 2r cos X 


CSC 

15 - 2 Sj ^ J “ 


Sim X, 


k=z 
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jLd 2^ 

k = o 


-7 tan -1 = — : cot —r - 2 cot 2X. 


n— I 

k^27r \/n f rnr . mv 

17- 2^cos— =— (^i + cos— + sin — 


k~o 
n—i 

18. Sin 

k=J. 
n—i 


. F 2x ^/nf , . ^7r\ 

- = I + cos sm — 

2 V 2 2 ) 


S . kT ^ TT 
sm — = cot — 
n 2n 

k=x 


n 

S T T o2n+2 j IX 

^ = , -- r + 4 COt^ cot - ■ 


k—o 


3.62 



ife=I 


Watson (Phil. Mag. 31, p. in, 1916) has obtained an asymptotic expansion 
for this sum, and has given the following Approximation: 

Sn = 27^10.7329355992 logio(2w) - 0.1806453871} 

0.087266 0.01035 _ 0.004 , 0-005 _ 

n 


Values of Sn are tabulated by integers from = 2 to = 30, and from 7^ = 30 
to 7^ = 100 at intervals of 5. 


The expansion of 



WilClC 

is also obtained. 


</ 3 < 

n 


27r 
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3.70 Finite Products. 


I. 


2. 


4 - 

5- 

6 . 


sin nx ^ nsmx cos X I I f i — 


Hi 


k=i \ sm^ 


sin^ X ^ 


n even. 


n , 


Hi 


COS == I | / i — 


sin^ X 


k-=xA sin^ 


2 k — I 

2 n 


n even. 


"TT J 


sm ^ sin X I I / i — 


ni 


sin^ X 


k=x\ sin^ 


kir 


n odd. 


cos nx = cos X l I / I “ 


Hi 


sin^ X 


k=i \ sin^ 


. ^ 2 k - 1 


n odd. 


2 n 


TTi 


n—i ^ 

cos nx - cos ny = 2"”^j|rj | cos x - cos | 

k-o 

«— 1 

^2n _ 2 a^b^ COS nx + — 2 ab cos ^ x + 


ROOTS OF TRANSCENDENTAL EQUATIONS 

3.800 tan x = x. 

sin X 

The first 17 roots, and the corresponding maxima and minima of 
are given in the following table (Lommel, Abh. Munch. Akad. (2) 15, 123, 1886): 


n 

Xn 

Max sin x 
Min X 

I 

0 

I 

2 

44934 

—0.2172 

3 

77253 

+0.1284 

4 

10.9041 

-0.0913 

5 

14.0662 

+0.0709 

6 

17.2208 

—0.0580 

7 

20.3713 

+0.0490 

8 

23-5195 

-0.0425 

9 

26.6661 

+0.0375 

10 

29^116 

-0.0335 

II 

32-9564 

+0.0303 

12 

36.1006 

—0.0277 

13 

39.2444 

+0.0255 

14 

42.3879 

-0.0236 

IS 

45 -S 3 II 

+0.0220 

16 

48.6741 

—0.0205 

17 

51.8170 

+0.0193 
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3.801 


tan X 


The first three roots are: 


2X 

2 — 


Xi = o, 


X 


^. = 119.26 — , 


= 340.35 


If is large 


X 

180 


Xn = nTr — 


16 


+ 


rnr 3w^x^ 

(Rayleigh, Theory of Sound, II, p. 265.) 


3.802 

The first two roots are: 

3.803 

The first two roots are: 

3.804 

The first seven roots are: 


tan X = 


x^ — gx 

4^-9 


Xi = o, 

^2 = 3 - 3422 . 


(Rayleigh, 1. c. p. 266.) 


tan X = 


1—0^ 


Xi = o, 

X2 = 2.744. 

(J. J. Thomson, Recent Researches, p. 373.) 


tanrr = 


3 - 


Xi = o, 

X2 = 1. 8346 X, 

Xz = 2 . 8950 X, 

Xi = 3-9225^, 

Xi = 4-938S’r, 

»:« = 5.94897r, 

X7 = 6.9S637r. 

(Lamb, London Math. Soc. Proc. 13, 1882.) 


3.805 


tan X = 


4 X 


4-32^ 
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The first seven roots are: 

Xi = o, 

xz = o.8i6o7r, 
x$ = 1.928571, 

Xi = 2 - 9359 ^j 
*■5 = 3 965871, 
xe = 4.972871, 

= S-97747r. 

(Lamb, 1 . c.) 

3.806 

cos X cosh X = I. 

The roots are: 

xi = 4.7300408, 
xa = 7.8532046, 

X3 = 10.9956078, 

Xi = 14.1371655, 

276 = 17.2787596, 

Xn = i( 2 w + i) 7 r n>s. 

(Rayleigh, Theory of Sound, I, p. 278.) 

3.807 

cos X cosh a: = — I. 

The roots are: 

xi = I 875104, 
xi = 4.694098, 

27 s = 7-854757, 

274 -= 10.995541, 

27 $ = 14-137168, 


276 = 17 . 278759 , 


3.808 

The roots are: 


27 „ = |( 2 w — i) 7 r n> 6 . 

I — (i + 2;^) cos X = o. 

Xi = 1.102506, 

X 2 = 4 - 754761, 


a's = 7-837964, 


2:4 = 11.003766, 


xs = 14.132185, 


3.809 The smallest root of 
is 


276 = 17.282097. 

(Schlomilch: XJbungsbuch, I, p. 354.) 
6 — cot 6 — 0, 
d = 49° 17' 36".5. 

(1. c. p. 355.) 
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3.810 The smallest root of 
is 


0 — cos 0 = o, 

6 = 42° 20' 47"-3- 


3.811 The smallest root of 
is 


xe^ — 2 = 0, 
X = 0.8526. 


3.812 

is 


The smallest root of 

log (i + ^) - = o, 

X = 0.73360. 


3.813 


The first roots are: 


tan X — X = 0. 

X 

xi = 4.480, 

X 2 = 7*723, 


(1. c. p. 353.) 


(1. c. p. 353.) 


( 1 . c. p. 353 .) 


Xz = 10.90, 

X4 - 14.07. 

(Collo, Annalen der Physik, 65, p. 45, 1921.) 

3.814 

cot X + X — - = o. 

X 

The first roots are: 


Xi = 

0, 

X2 = 

2.744, 

Xz = 

6.117, 

X4 — 

9 - 3 '^ 7 , 

Xb = 

12.48, 

Xz = 

15-64, 

X 7 = 

18.80. 


(CoUo, 1 . c.) 


3.90 Special Tables. 

sin 6 , cos d: The British Association Report for 1916 contains the following 
tables: 

Table I, p. 60. sin 0 , cos 0 , 0 expressed in radians from 0 = o to 0 = 1.600, 
interval 0.001, 10 decimal places. 

Table II, p. 88. 0 - sin 0 , i — cos 0 , 0 = 0.00001 to 0 = 0.00100, interval 
0.00001, 10 decimal places. 
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Table III, p. 90. sin 6, cos 6; d = o.i to 6 = lo.o, interval o.i, 15 decimal 
places. 

J. Peters (Abh. d. K. P. Akad. der Wissen., Berlin, 1911) has given sines and 
cosines for every sexagesimal second to 21 places. 

hav 6, logio hav 6: Bowditch, American Practical Navigator, five- place 
tables, 0° — 180°, for 15" intervals. 

Tables for Solution of Spherical Triangles. 

Aquino’s Altitude and Azimuth Tables, London, T918. Reprinted in Hydro- 
graphic OfEice Publication, No. 200, Washington,. 1918. 


Hyperbolic Functions. 

The Smithsonian Mathematical Tables: Hyperbolic Functions, contain the 
most complete five-place tables of Hyperbolic Functions. 

Table I. The common logarithms (base 10) of sinh u, cosh u, tanh coth u: 
u = 0.0001 to u - o.iooo interval 0.0001, 

u = 0.001 tou - 2> 000 interval 0.001, 

u - -GO to u - 600 interval o.oi. 

Table II. sinh u, cosh u, tanh Uj coth u. Same ranges and intervals. 

Table III. sin w, cos w, logic sin w, logic cos u: 

u = 0.0001 tou = O.IOOO interval 0.0001, 

= 0.100 to M = 1.600 interval 0.001 . 

Table IV. logioe^ (7 places), and (7 significant figures): 
u = 0.001 to u - 2.950 interval 0.001, 

u = 2 >'Go to w = 6.00 interval 0.0 1, 

w = i.o tou = 100 interval i.o (9-10 figures). 

Table V. five-place table of natural logarithms, log u, 
w = I o to ~ 1000 interval i.o, 

u = 1000 to w = 10,000 varying intervals. 

Table VI. gd u (7 places) ; u expressed in radians, u = 0.001 to 3.000, 
interval 0.001, and the corresponding angular measure, u = 3.00 to u ^ 6.00, 
interval o.oi. 

Table VII. to o'.oi, in terms of gd u in degrees and minutes from 

o® i' to 89° 59'. 

Table VIII. Table for conversion of radians into angular measure. 
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Kennelly: Tables of Complex Hyperbolic and Circular Functions. 
Cambridge, Harvard University Press, 1914. 

The complex argument, x-\-iq = pe’^. In the tables this is denoted p Z 5 . 
p = Voi? + q^, tun 8 = q/x. 

Tables I, II, III give the hyperbolic sine, cosine and tangent of (pZo) 
expressed as rZy: 

5 = 45° to 5 = 90° interval 1° 
p = 0.01 to p = 3.0 interval o.i. 

Tables IV and V give ^ expressed aarZy, 6 = pZ 8 , 

p = O.I to p = 3.0 interval o.i, 

5 = 45° to 5 = 90° interval 1°. 

Table VI gives sinh (pZ45°), cosh (pZ45°), tanh (pZ4$°), coth (pZ45°), 
sech (pZ4S°), csch (pZ4S°) expressed as rZ 7: 

p = 0 to p = 6.0 interval 0.1, 
p = 6.05 to p = 20.50 interval 0.05. 

Tables VII, VIII and IX give sinh (» + iq), cosh (x + iq), tanh (x + iq), 
expressed as m + iv: 

jc = o to jc = 3.95 interval 0.05, 
q = o to q = 2.0 interval 0.05. 

Tables X, XI, XII give sinh (x + iq), cosh {x + iq), tanh (x + iq) expressed 
asrZ7: 

a; = o to a: = 3.95 interval 0.05, 
q = o to q = 2.0 interval 0.05. 

Table XIII gives sinh (4 + iq), cosh (4 + iq), tanh (4 + iq) expressed both 
2LSU + iv andrZ 7: 

g' = o to 5' = 2.0 interval 0.05. 

Table XIV gives — and logio — 

2 2 

X = 4.00 to a: = 10.00 interval o.oi. 

Table XV gives the real hyperbolic functions: sinh 6 , cosh 6 , tanh 6 , coth 6 , 
sech 6 , csch 6 . 

0 = 0 to 0 = 2.5 interval o.oi, 

0 = 2.5 to 0 = 7.5 interval 0.1. 
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Pernot and Woods: Logarithms of Hyperbolic Functions to 12 Significant 
Figures. Berkeley, University of California Press, 1918. 

Table I. logio sink with the first three differences. 

X = .0000 to X = 2 018 nterval o.ooi. 

Table II. logio cosh x. 

X = 0.000 to X = 2.032 interval o.ooi. 

Table III. logio tanh :s;. 

ri; = 0.000 to = 2.018 interval o.ooi. 


Table IV. 


logio 


sinh X 

X 


X - 0.00 to X = 0.506 interval o.ooi. 

_ , . . tanh:r 

Table V. logio 

X = 0.000 to X - 0.506 interval o.ooi. 

Van Orstrand, Memoirs of the National Academy of Sciences, Vol. XIV, 
fifth memoir, Washington, 1921. 

I 

Tables of — > e^, e 360, sin x, cos x, to 23-62 decimal places or 

significant figures. 



IV. VECTOR ANALYSIS 

4.000 A vector A has components along the three rectangular axes, x, 3/, z : 

^ xj yj s* 

A = length of vector. 

A = VaJ^TaTTaTk 

Direction cosines of A, 

AL ./x ./i 

4.001 Addition of vectors. 

A + B = C. 

C is a vector with components. 

C X — A X A" ^ X* 

C y == A y B y 

C z — A z B z> 

4.002 6 = angle between A and B. 

C = V A'^ A- + 2 AB cos 6. 

PA" fi A xB X A- A yB y A^ A zB z 
^ “ AB 

4.003 If a, b, c are any three non-coplanar vectors of unit length, any vector^ 
R, may be expressed: 

R = aa + + cc, 

where a, b, c are the lengths of the projections of R upon a, b, c respectively. 

4.004 Scalar product of two vectors: 

5AB - (AB) - AB 

are equivalent notations. 

AB = AB cos AB, 

4.005 Vector product of two vectors: 

FAB = A X B = [AB] = C. 

C is a vector whose length is 

C = AB sin AB, 

The direction of C is perpendicular to both A and B such that a right-handed 
rotation about C through the angle AB turns A into B. 

9 ^ 
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4.006 i, j, k are three unit vectors perpendicular to each other. If their direc- 
tions coincide with the axes x, y, z of a rectangular system of coordinates: 


4.007 

4.008 


4.009 

4.010 


A = A J. + A yj + A 

ii = = jj = = kk = = i, 

ij = ji = jk = kj = ki = ik = o. 

Fij = - Fji = k, 

Fjk = - Fkj = i, 

FH = - Fik = j. 


AB = BA = AB cos AB = AxBx + AyBy + AxBg, 


FAB = - FBA 


i j 

Ax Ay 
Bx By 


k 

Ax 

Bx 


= (A yB X ~ A xB A’ {A xB x ~ A xB -(- (.4 xB y ~ A yB a!)k. 


4.10 IfA,B,C, are any three vectors: 

AFBC = BFCA = CFAB 

= Volume of paraUelepipedon having A, B, C as edges 
= A X A y A X 

Bx By Bx 
Cx Cy Cx 

4.11 

1. FA(B + C) = FAB + FAC. 

2. F(A + B) (C + D) = FA(C + D) + FB(C + D). 

3. FAFBC = Bi-AC - C5AB. 

4. FAFBC + FBFCA + FCFAB = o. 

5. FAB FCD = AC BD-BC-AD. 

6. F(FAB-FCD) = C5(DFAB) - D5(CFAB) 

= C6'(AFBD) - Di'(AFBC) 

= B5(AFCD) - ASCEFCD) 

= 8.5(0 FDA) - A.S'(CFDB). 
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4.20 

1. <fAB = Ac^B+ B(iA. 

2. dVAS = VAdB + FiAB 

= VM-R - FBdA. 


4.21 

1. V = i^ + ]3-+k — • 

ax ay az 

dA:^ dAy dAz 

2. VA = div A = -r h • 

ax ay az 

3 . V<^ = grad.^ = i|^ + j^+k|^. 

4. FVA = curl A = rot A 
i j k 

AAA 

dx dy dz 
Ax Ay A z\ 

dy dz ) \ dz dx J \ dx 


= 11 


, d^ 02 


dAA 
dy )' 


4.22 

1. curl grad 4 > = curl V<^> = FVV<^> = o. 

d^cb d^d> d^d) 

2. divgrad</» = VV</) = V^<i> = ^ + ^+-^- 

3. div curl A = o. 

4. curl curl A = curP A = V div A — V^A. 

5. V"A = i V^A X + j VM J, + k 

AV = A,:^^ + Ay^^+.Az^’ 


6 . 
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4.23 

1. VAB = grad AB = (AV)B + (BV)A + F.A curl B + F.B curl A, 

2 . V fab - div FAB = B curl A ~ A curl B. 

3 . FV fab - (B V)A - (AV)B + A div 3 - B div A. 

4 div (j)A = (p div A + AV</>. 

5. curl (pA = F \7<pA 4- p curl A = F -grad p.A + <p curl A. 

6. VA2 = 2(AV)A + 2FA curl A. 

7. C(AV)B - A(CV)B + AFC curl B. 

8. BVA2 - 2A(BV)A. 


4.24 R is a radius vector of length r and r a unit vector in the direction of R. 


I. 


2. 


3- 


4 - 


S- 

6 . 

7- 

8 . 

9- 


10. 


R = rtj 

+ y 4- 



r 


V?' = •- R == r = grad 

v^?- = -• 

r 

FVR = curl R = o. 
VR = div R = 3. 


dr 


xV<t>’ 


(RV)A=rf. 

(rV)A = f . 
(AV)R = A. 


4.30 dS = an element of area of a surface regarded as a vector whose direction 
is that of the positive normal to the surface. 
dV = an element of volume — a scalar. 
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ds = an element of arc of a curve regarded as a vector whose direction is 
that of the positive tangent to the curve. 


4.31 Gauss’s Theorem: 

fff div AdV - ffAdS. 


4.32 Green’s Theorem; 

2 . - ypy‘^4>)dV = - ^v<l>)ds. 


4.33 Stokes’s Theorem: 

SS curl AdS = J*Ads. 


4.40 A polar vector is one whose components, referred to a rectangular system 
of axes, all change in sign when the three axes are reversed. 

4.401 An axial vector is one whose components are unchanged when the axes 
are reversed. 

4.402 The vector product of two polar or of two axial vectors is an axial vector. 

4.403 The vector product of a polar and an axial vector is a polar vector. 

4.404 The curl of a polar vector is an axial vector and the curl of an axial vector 
is a polar vector. 

4.406 The scalar product of two polar or of two axial vectors is a true scalar, 
i.e., it keeps its sign if the axes to which the vectors are referred are reversed 

4.406 The scalar product of an axial vector and a polar vector is a pseudo-scalar, 
i.e., it changes i^j. sign when the axes of reference are reversed. 

4.407 The product or quotient of a polar vector and a true scalar is a polar 
vector; of an axial vector and a true scalar an axial vector, of a polar vector 
and a pseudo-scalar an axial vector; of an axial vector and a pseudo-scalar a 
polar vector. 
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4.408 The gradient of a true scalar is a polar vector; the gradient of a pseudo- 
scalar is an axial vector. 

4.409 The divergence of a polar vector is a true scalar; of an axial vector a 
pseudo-scalar. 


4.6 Linear Vector Functions. 

4.610 A vector Q is a linear vector function of a vector R if its components, 
Qi, Q 2 , Qz, along any three non-coplanar axes are linear functions of the com- 
ponents Rii R 2 , Rz of R along the same axes. 

4.611 Linear Vector Operator. If co is the linear vector operator, 

Q = wR. 

This is equivalent to the three scalar equations, 

Ql == ^ 11-^1 + ^uR^ + 

Qi = 0)2iRi + ^22R2 + 0)2zRZ} 

Qz = coziRi + COZ 2 R 2 "f 0)zzRz^ 

4.612 Ifa, b, c are the three non-coplanar unit axes, 

con = S.si&eiy 0)21 = 5.bcoa, CO31 = 5.C(ia, 

CO 12 = 5.aaib, a ;22 = 5.ba;b, CO 32 = 5.c£b, 

coi 3 = 5.acoc, CO 23 = ^.bcoc CO 33 = 5.ccoc. 

4.613 The conjugate linear vector operator co' is obtained from a; by replacing 

00 hk by Cjojchl h, k = 2 , 3 . 


4.614 In the symmetrical, or self-conjugate linear vector operator, denoted 


by 0 ), 

Hence by 4.612 


0 ) = 

5.acob == 5.bcoa, etc. 


4.616 The general linear vector function S)R may always be resolved into the 
sum of a self-conjugate linear vector function of R and the vector product of 
R by a vector c: 

<SR = coR -h F.cR, 

where 


and 


CO = + (S'), 

C = i-(C 032 -- C 023 )i + J(c 0 i 3 — C 03 i)j + i(C 02 l — C 0 i 2 )k, 


if i, j, k are three mutually perpendicular imit vectors. 


4.616 The general linear vector operator So may be determined by three non- 
coplanar vectors, A, B, C, where, 
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and 


A = acoii -{-> bwi2 + CCO13, 
B = aco2i + bco22 + CW23, 
C = aco3i + bco 32 + CCO33, 

CO = SiS.A, -f- b»S*.B -j- CikS'.C. 


4.617 If CO is the general linear vector operator and So' its conjugate, 

(SR = R(S', 

(S'R-Rw 


4.620 The S 5 Tnmetrical or self-conjugate linear vector operator has three 
mutually perpendicular axes. If these be taken along i, j, k, 

CO = IS.coii -f j 5 .C 02 j + kS'.cosk, 

where coi, CO 2 , CO 3 are scalar quantities, the principal values of co. 

4.621 Referred to any system of three mutually perpendicular unit vectors, 
a, b, c, the self-conjugate operator, co, is determined by the three vectors (4.616): 

A = coa = acoii + bcoi 2 -j- CCO 13 , 

B = cob = aco 2 i + bco 22 + CCO 23 , 

C = coc = aco 3 i + bco32 H- CCO33, 

where 

CO/ifc = 0)kh, 

CO = slS.A. -|- biS*.B C/S'.C. 

4.622 If n is one of the principal values, coi, CO 2 , CO 3 , these are given by the roots 
of the cubic, 

- n\S Asi -h 5.Bb 4 - 6 '.Cc) -|- tj(5.aFBC + 5.bFCA -h S.cFA^) 

- 5.AFBC = o. 

4.623 In transforming from one to another system of rectangular axes 
the following are invariant: 

S Aa -f- jS.Bb ~|- fS-Cc == coi -J- CO 2 4* CO 3 . 
iS'aFBC -f- iS.bFCA -j- »S*.cFAB = CO 2 CO 3 4“ CO 3 CO 1 -}- CO 1 CO 2 . 

5.AFBC = CO 1 CO 2 CO 3 . 

4.624 

coi -f- CO2 + C03 = coii 4 - CO22 + CO33, 

CO2CO3 4 “ CO3CO1 4 * CO1CO2 = CO22CO33 4 * CO33COH 4 " CO11CO22 “ co ^23 ^^31 4 " co^i2j 

CO1CO2CO3 = CO11CO22CO33 -|- 2C023^03iCOi2 — COii 60^23 ” C 022 C 0^31 C033C0^12. 
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4.626 Referred to its principal axes the equation of the quadric is, 

(jOix^ + (j02y^ + co3S^ - const. 

4.627 Applying the self-conjugate operator, co, successively, 

CUR = -|- jC02^2 “f* 

cocoR = co^R = o^^Ri H- + kcos^i^s, 

coco^R = co^R = 4- io^iR^ + kcos^i^a, 


-i-D • Ri , . R 2 . Rs 

CO ^R = 1 h J 1- k — 

COi CO 2 CO 3 


4.628 Applying a number of s'elf-conjugate operators, a, jS, . . . all with the 
same axes but with different principal values (aia 2 a 3 ), (jSiftjSs), .... 

ttR = ict Ri 4 jct2i?2 “b ktt3i?!3, 

/3aR = UjSR = iaijSiRi + jct 2 i 82 i ^2 + kaz^sRz. 


4.629 


5 .QC 0 R = ^'.RcoQ, 

= C0i<2i-^i "b CO 2 Q 2 R 2 "b COsQs-^S* 



V. CURVILINEAR COORDINATES 


6.00 


2. 


3* 


4. 


Given three surfaces. 

■ ^ =/2(^, 2), 

=fs(x, y,z). 

( X = (j)i(u,v,w), ' 

I y = 02 (^, ZJ, 

I 2 = (ps(u, V, w), 

JL ^ (^Y . a- 

\du) ‘^\du) ^\du)' 

± ^ (^Y . (iM 4. f^Y 

' hi \dvj ’^\dv) 

jl^(^Y4-(^W(^Y 

hi \dw) \dw) \dw)' 

_ B(j>x d<j>i d4>2 d(i>2 d(j>3 d(t>3 

dv dw dv dw dv dw ^ 

_ , ^<^2 dcl>2 B<l>s B<j>z 

dw du dw du dw du 

- I ^^2 dcj>2 6(^3 d(f>3 

. du dv du dv du dv 


5.01 The linear element of arc, ds, is given by: 

dii^ d’li di^i 

ds^ = dx^ dy^^ + dz^ = — -jj + 2gi dv dw + 2g2 dw du + 2g3 du dv. 


6.02 The surface elements, areas of parallelograms on the three surfaces, are: 

dSv = Vi - hi'h^gi, 

hh 

^v> = Vi — k^higi’ 
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6.03 The volume of an elementary parallelepipedon is: 

dr = 1 1 - - hihig^ - h^h^gi + h^hihz^g\g-^z | 


6.04 coi, CO2, CO3 are the angles between the normals to the surface f^, 
/i, J2 respectively: 

cos coi = hhgh 
cos 0)2 == hzhig2, 
cos 0)3 == hihgz. 


6,06 Orthogonal Curvilinear Coordinates. 

gi = g2^ gz = o, 

,9 du^ ^ dv^ dw^ 
+ To + TT^ 


dSu = 


dr = 


dv dw 


Jhhz 
du dv dw 
hihhz 


dS, = 


dw du 

’HJh' 


dSy, = 


du dv 
life" 


6.06 h^, fe^, fe^ are given by 6.00 (3) and also by: 

\dx) \dy/ \dz ) ^ 
^ \dx) ^ \dyj ^ \dz) ’ 
^ - \dx) + [dy) + Ur 
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6.07 A vector, A, will have three components in the directions of the normals 
to the orthogonal surfaces u, v, w: 

A - VaJTaJT^^ 


6.08 

I. divA = Aife^3 


2. ~ hihh 


3- 



6.09 The gradient of a scalar function, i/', has three components in the directions 
of the normals to the three orthogonal surfaces: 

dyp . dyp , dyp 
hi h. hz - — 
du dv dw 

6.20 Spherical Polar Coordinates. 

{ u = r, 

1. j » = 

[ W = cl>. 

( X = r sin 6 cos cj>. 


2 . 


5- 

6 . 


< y = r sin 6 sin (l>, 

[ z = r cos d, 

^ ^ r r stn u 

r dSf sin d dd d(f>, 
j dSe = r sin 6 dr d 0, 

I dS<f> ^ r dr dd. 


d r - r^ sinB dr d B d<f). 


^ = PIO i ^ Tr W ^ ^ J 

^ ^ l(^ fr) + ^ + iO $ J 
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/A 


■i 


curlr A = 
curl^ A — 


I f dAr a ^(rA,^) \ 


I / <9 / . \ dAr \ 

[cur4A= -W i ■ 


6.21 Cylindrical Coordinates. 


5* 

6. 

7- 


8 . 


hi 



dSr = p dd dzy 
dSe = dz dp, 

. dS z ^ p dp dd, 
dr = pd pd Odz, 




r a / 

pA^ 

dA& , 

dA.\ 

1 dp( 

+ 'W + f' 

dz J 



k I a^ 

a^ 1 

|ap( 

f Sp/ 

' p + 

^ dz^ j 

. I 

dAz 



p 

66 

dz 



curl^ A == 


dAp 

dz 


dAz 

dp 


curlz A = 


d , . . dAp 


6.22 Ellipsoidal Coordinates. 

u, V, w are the three roots of the equation: 

_ 

^ 6 ^ -h 0 ^ 0 

a>b>c, u>v>w. 

6 = u: Ellipsoid. 

6 = v: Hyperboloid of one sheet. 

6 = w: Hyperboloid of two sheets. 



2 . 
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7 ^ = 


{a^ - ¥) {aP' — c^) ’ 

( 6 ^ + u) (J- + v) (b^ + w) 
{b^ - c^) {a^ - b^) 

{c^ + u) (c^ + v) {c- + w) 

{a^ - c^) (62 - c^) 


2 ^ + y ) (6^ + 

^ — z;) (2^ — zy) ’ 

4(^2 -f v) (62 -{- {c^ -f v) 

{v — w) (j) — u) ^ 

4(^2 _|_ 2e>) (62 + (<:2 _|_ 


fe2 = 
^32 = 


4. div A = 2 


{w — u) {w — v) 
V (a2 + u) (62 + {c^ -\- u) d 


(u — v) {u — w) 
4" 2 


du 


{u - v) {u — w) 

V(<." + .)w+.)«=+rt |.(^v{;r:ir5r:^)-4.) 


+ 2 


(z; — ze^) (z^ — z;) 

V (^2 + z£;) (62 H- z£;) (c2 + w) d 


5- V'=4 


(z^ - ze;) (z; - w) 
V (^2 + u) (62 + z^) (^2 + u) d 


— ( V(^^ - (z) — ze^) ^ 




(z^ - z;) (z^ - ze;) 


^ {a^'+ u) (62 + u) (c2 + z^) 


+ 4 


V (^2 -}- z)) (2 + v) (bc^ + z)) (9 


(z^ — z^) {v — w) 


dv 


— V (^2 + z;) (62 + v) (c2 4- z;) — 


dz; 


+ 4 


V ia^ + w) {¥ 4- {c^ 4- ze;) ^ 


{a-w) {v-w) 


dw y. 


6 . 


curL A = 


curl„ A = 


V — w 


I y/ (<»‘ + »)(y + »)(»■ + ■) « 

. I {a^ ’{’ w) (62 + ze;) {c^ + w) d / , . 

- V -^[wv - w Av 

V u - w dw\ 


u — w 


(a^ + w) (62 + w) (c2 -^w)d / \ 

V - w dw\ 

_ y'(?^nE±3JZ±3 1. } 


curL A = 


u — v 


w — u du\ / 
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6.23 Conical Coordinates. 

The three orthogonal surfaces are: the spheres, 


1. 

the two cones: 

2 . 


^2 _j_ ^2 _j_ ^2 ^ 




+ • 


, J2 _ ^2 • 2,2 _ ^2 

it;2 ^2 ^2 

c^>v^>b^>w^. 


V.2 — 


f = 


2^ = 


*2^2 ’ 

- b^) {ixP- - P) 
b^ib^ - c^) 

— c^) (w^ — c^) 


5 - h = i, h^= '-" .JJ h^ = 


- P) 

(c^ - g^) _ (52 — te)2) _ ;t)2) 

^ U^{'i? — vP) 


i j- A I ^ / 2^ \ , V(d‘‘ - 6^) (c^ - 2^) 3 / ^-5 5 ^ 

^ to 


+ 


V (6^ — 2e^2) (c‘^ — w^) d 


u{v^ — -ze^^) 


dw 




^ ^ du\ du) - w^) \ ^ dv) 


+ 


8 . i 


curlzi A = 


u{i^ — w^) 


y (y - vp) {c^ - uP) ± /^_-___^^ j_\ 

- IP) (c2 - ^) ^ ^■v/i;rr^2 
— V (6^ — w^) (c^ — w^) A ^ 2 / ip — Tip I 


curlv A 


V (b^ ~ -ze;^) — w^) dAu I d 


i/\/ 


dw u du 


i^A^ I , 


curL A 


“ u L (“^'’) 


\/{v^ —b^) (c^ - ^) dAu 




dv 


6.30 Elliptic Cylinder Coordinates. 

The three orthogonal surfaces are: 

I. The elliptic cylinders: 

0^ 'f 

C^{l^ — l) 


= I. 
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2. The hyperbolic cylinders. 

cV c^(i — 1?) 

3. The planes: z ~ w, 

2 c is the distance between the foci of the confocal ellipses and hyperbolas: 


y = “ I Vi — 


. =r, I I 




curL A = 


9. ] curU A = 


curl z A 


I dAz dAy 

- dv dz ' 
dAu I dAz 

Cs/ — if' 

I { d f — 


c{u^ — if)\du 


' if A 


) ~ I ( 


\/if — if Ay 


6.31 Parabolic Cylinder Coordinates. 

The three orthogonal surfaces are the two parabolic cylinders: 

= 4CUX + 

2. y^ = —4CVX 4- 


And the planes: 

3- 


X = c{v — u). 
y = 2cV^* 

I U-\-V I u +v 


, *3 = I. 


7. div A = 


y/m ! d A ju + 


w + Z) I ^ 




8 ^ / -i 


^ ^ \ I /n 1 I . 

© I V ZJ du) ^ dv \u dv) j dz^ 
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curlt^ A = 

V — 

dA, 

V 

dAv 


V u + 

V dv 

u + v 

dz ’ 

A 

u 

dAu 

/ u 

dAz 

CTJ.rl'y Ak, — 

U+ V 

dz 

y 

“to’ 

curh A = 

“s/m 

(l-fv 

! ® A, 



u + v 

[ du \V 

u + v 

7 dv 


u 


u-\-v 



6.40 Helical Coordinates. (Nicholson, Phil. Mag. 19, 77, 1910.) 

A cylinder of any cross-section is wound on a circular cylinder in the form of 
a helix of angle a. a = radius of circular cylinder on which the central line of 
the normal cross-sections of the helical cylinder lies. The ;s-axis is along the 
axis of the cylinder of radius a. 

u = p and y = are the polar coordinates in the plane of any normal section 
of the helical cylinder. is measured from a line perpendicular to z and to the 
tangent to the cylinder. 

w - 6 ^ the twist in a plane perpendicular to z of the radius in that plane 
measured from a line parallel to the a;-axis: 

= (a + p cos (t>) cos 6 + p sin a sin d sin (/>, 

= (a + p cos (p) sin d — p sin a cos 6 sin cp, 

= a 6 tan a + p cos a sin cp, 

= 1, 

I 

sec^ a -h 2 ap cos (p + p‘^(cos^ p -h sin^ a sin^p) 



6.60 Surfaces of Revolution. 
z-Sixis == axis of revolution. 

p, 9 = polar coordinates in any plane perpendicular to 2-axis. 

1. ds^ = dz^ + dp^ -h p2J(92 

__ ^ ^ d^ 

In any meridian plane, 2, p, determine u, v, from: 

2. f{z ’\'ip) = -w -h iv. 

*3. w - 9, 

Then u, v, 9 will form a system of orthogonal curvilinear coordinates. 
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5.51 


2. 


Spheroidal Coordinates (Prolate Spheroids): 

z ip = c cosh (u -h iv). 

I z = c cosh u cos V, 

\ p = c sinh u sin v. 


The three orthogonal surfaces are the ellipsoids and hyperboloids of revolution, 
and the planes, 0: 


cosh^ u (? sinh^ u 


= I, 


cos sin^ z; 


= I. 


With cos u cos V = IX : 


4 - 


5* 




— I 


( Z = c\ /JL, 

( p = c\/(X2 - i) ( I- 

^2 _ 1L2 I 

~ (X2- p?y - 1) (i - p') 


5.52 

I. 


2. 


3 - 

4. 


Spheroidal Coordinates (Oblate Spheroids): 

p-\-iz = c cosh(z^ + vo). 

z — c sinh u sin v. 
p = c cosh u cos V, 

cosh u = \, cos z) = p. 




1 — pp- 
c^QP - p2)’ 




X^- I 
c^Qp ~ ppy 




I 

^^(X^ - i) (i — p^) 


5.53 Parabolic Coordinates: 

I. z + ip = c(u + ivy, 

^ I z = c(m2 - iP), 

\ p = 2cm). 

3. = \ iP = p. 

With curvilinea,r Coordinates, X, /i, 0: 



io8 

4‘ 
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M 


X + M 


h. 


3 


V XjW 


2C 


6-64 Toroidal Coordinates: 

I. 


u VD — log 

z — a 'ip 

a sinh u 


2 . 


P = 


Z — 


cosh u — cos V 
a sin V 

cosh u — cos V 


j , cosh u — cos V , cosh u — cos v 
hi ^ h% — y hz — 


a ' a sinh u ' 

The three orthogonal surfaces are: 

(a) Anchor rings, whose axial circles have radii, 

a coth 

and whose cross-sections are circles of radii, 

a csch u\ 

(b) Spheres, whose centers are on the axis of revolution at distances, 

dr a cot Vj 

from the origin, whose radii are, 

a CSC V, 

and which accordingly have a common circle, 

p ^ a, 0 o; 


(c) Planes through the axis. 


w 6 ^ const, 



VI. INFINITE SERIES 


6.00 An infinite series: 

00 

+ + . . . . 

n=t 

is absolutely convergent if the series formed of the moduli of its terms: 
is convergent. 

A series which is convergent, but whose moduli do not form a convergent 
series, is conditionally convergent. 


TESTS FOR CONVERGENCE 

6.011 Comparison test. The series ^Un is absolutely convergent if [ Wn | is 
less than C \ Vn\ where C is a number independent of n, and Vn is the ^th term 
of another series which is known to be absolutely convergent. 

6.012 Cauchy’s test. If 


Un 


<1, 


Limit 

n~^co 

the series Xun is absolutely convergent. 

6.013 D’Alembert’s test. If for all values of n greater than some fixed value, r, 
the ratio 


^n+l 

Un 


is less than p, where p is a positive number less than unity 


and independent of n, the series '2un is absolutely cpnvergent. 


6.014 Cauchy’s integral test. Let/(^c) be a steadily decreasing positive function 
such that, 

f{n)^an- 

Then the positive term series is convergent if, 



is convergent. 

6.016 Raabe’s test. The positive term series S^n is convergent if, 


It is divergent if, 



log 



no 


MATHEMATICAL EORMUL.E AND ELLIPTIC EUNCTIONS 


6.020 Alternating series. A series of real terms, alternately positive and nega- 
tive, is convergent if an+i^cin and 

limit 


In such a series the sum of the first .s terms differs from the sum of the series by 
a quantity less than the numerical value of the (s + term. 


6.026 If 


limit 


Un 


= I, the series will be absolutely convergent if 


00 

there is a positive number c, independent of n, such that. 


limit 

^-^co 


Un 


- 1 } = -1 - C 


6.030 The sum of an absolutely convergent series is not affected by changing 
the order in which the terms occur. 

6.031 Two absolutely convergent series, 

= + 

T = z;i + % + % + 

may be multiplied together, and the sum of the products of their terms, written 
in any order, is ST, 

ST ^ UiVi -{- 'U2'^i “h 'IC 1 V 2 “1” 

6.032 An absolutely convergent power series may be differentiated or inte- 
grated term by term and the resulting series will be absolutely convergent and 
equal to the differential or integral of the sum of the given series. 


6.040 Uniform Convergence, An infinite series of functions of x, 
S(x) = Ui(x) + U2(x) + Uz{x) 4- 


is uniformly convergent within a certain region of the variable xii a, finite number, 
N, can be found such that for all values oin^N the absolute value of the remain- 
der, I Rn I after n terms is less than an assigned arbitrary small quantity e at 
all points within the given range. 

Example. The series, 


2^ 

n=ci 


X^ 

+ x^y 


is absolutely convergent for all real values of x. Its sum is i 4 - if x is not zero. 
If X is zero the sum is zero. The series is non-uniformly convergent in the neigh- 
borhood of = o. 
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6.041 A uniformly convergent series is not necessarily absolutely convergent, 
nor is an absolutely convergent series necessarily uniformly convergent. 

6.042 A suf&cient, though not necessary, test for uniform convergence is as 
follows : 

If for all values of within a certain region the moduli of the terms of the 
series, 

S - Ui{x) -h U2(x) + 


are less than the corresponding terms of a convergent series of positive terms, 
T = Ml + ~h Mz -j- . . . . 


where Mn is independent of rr, then the series S is uniformly convergent in the 
given region. 


6.043 A power series is uniformly convergent at all points within its circle of 
convergence. 


6.044 A uniformly convergent series, 

S = Uiix) + + . • . . 

may be integrated term by term, and, 

00 

f S dx f Unix) dx. 

n=x 


6.046 A uniformly convergent series, 

S = ui(x) + 'ihioc) + . . . . 

may be differentiated term by term, and if the resulting series is uniformly 
convergent, 


00 



n=i 


6.100 Taylor’s theorem. 

If lf2 l,n 

fix + h) =/(x) + ^/ix) + W + R, 

6.101 Lagrange’s form for the remainder: 

* IjU+X 

=/<»+*> ix + dh)- o<e<i. 

6.102 Cauchy’s form for the remainder: 

=/(»+*) ix + eh) o<e<i. 



II2 
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6.103 

/(x)=/(A)+/(A).^+rw- 


(x - hy 
2 ! 




(x — h)^ 
nl 


+ i?n 


+ o<e<i. 

6.104 Madaurin’s theorem: 

m =/(o) +/(o) ^ +/"(o) ^ + . . . . +/W(o) ^ + Rn 


/y.n-ri 

22„ =/(»+O(0a;) (l - ey- 0<d<I. 

6.106 Lagrange’s theorem. Given: 

y ^ z + x^{y). 

The expansion of J{y) in powers of rx: is: 


f{y) =/(2) + x<piz)f(z) + |j ^ 


/Jn—l 

+ + |,|^CW^)ITO] + .. 


SYMBOLIC REPRESENTATION OE INFINITE SERIES 

6.160 The infinite series: 

f(x) = I + ~ i asx^ + .... + || akX^ + . . . . 

may be written: 

fix) = e“» 


where is interpreted as equivalent to ak. 

6.161 The infinite series, written without factorials, 

f{x) = I 4- + + CLk^^ + 

may be written: 


fix) = 


1 — ax 

where is interpreted as equivalent to ak. 

6.162 S 5 nnbolic form of Taylor’s theorem: 


f{x + h) = dx f{x), 

6.163 Taylor’s theorem for functions of many variables: 

fixi 4- ^1, . . . .) = ' ' f{xi, x^, . . ^ 

m 


= /(%, Xi, 




+ 

+ 




9 ®/ 2 , , 

— Ta "t" Tt 


2! ' 2! 


dxidxi 2! 5 x 2 ® 
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TRANSFORMATION OF INFINITE SERIES 

Series which converge slowly may often be transformed to more rapidly 
converging series by the following methods. 

6.20 Euler’s transformation formula: 

S = Oo "b 4" 


where: 


k=l 

Aa^o — di — doj 

A^dQ = Adi - Ado == (h- 2di + doj 
A^do = Ahi - A^dQ = as - 3^2 + 3ai - do, 


A%n= 


dk-\-n—m* 


The second series may converge more rapidly than the first. 
Example i. 


Example 2. 


OC I ) dj( —• 


2k + l 


2 ^ I • 3 • s • . • 


3-5 . . .{2k + i) 




= log 2 , 


X = -I, ajt = 


^■2 


6.21 Markoff’s transformation formula. (Differenzenrechnung, p. i8o.) 

n n m m 

S “ (r^) 2 (i - ^ (i - 
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6.22 Kummer’s transformation. 


^0, Ai, ^2, .... is a sequence of positive numbers such that 


and 


Xm ~ Am Am-f-l ' 


Limit 


^m-rl 

am ^ 


»co 

approaches a definite positive value. Usually this limit can be taken as unity 
If not, it is only necessary to divide by this limit: 

Limit 


Oi — Am am* 

m-^co 


Then: 


Example i. 


'^, am — (A nan — Oi) “H (l “■ ^m)an 

m—n m=n 

CO 


. m Limit > 

Am — — } Am — Ij 


m + 


a = o 

I 


^ (m + i)m^ 

ma=i m = i 

Applying the transformation to the series on the right: 


^ w ^ m 

Am j Am — , 

2 m + 2 


q: = o, 


^ ^ i) {m + 2) 

m= I m ~ 1 

Applying the transformation n times: 

00 00 

2 i -»2 


»»=w+i 

Example 2. 


m^{m + i) (w + 2) . . , . (m + n) 


2 W — I 


Am — y Xm — 


2m 


2 m I 


, a = o, 




4W^ - I 
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Applying the transformation again, with: 


. I 2W + I ^ + I 

A.fn ^ j Am — ^ , OL — Oj 

2 2m — 1 — i 




Applying the transformation again, with: 


. I 2m + I 'k n“ ^ 

= "> Am = 7 ? Ci — 


4 ^^ + 3 


2 2W — 3 


4 W^ 9’ 




(4^2 _ i)2 ^^^2 __ g) 


Example 3. 


^ (2w - ly 


A _ ^ -x _ 4^^ - 4 m + I _ 

2 (2m - 3)’ (2m - 3) (2m + l)^ ^ 




(2m - i) (2m + 3) (2m H- i)^ 


6.23 Leclert’s modification of Kummer’s transformation. With the same 
notation as in 6.22 and, 

Limit > 

Am = CO, 




m+l C^m+l’ 


Example i. 




ao = o, Am-i, CO = 2, a = o, Xm = 


2W + I 


s = ^ + 




m(2m + i) (w + i) 
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Applying the transformation to the series on the right, with: 

CO == 4, a = o, 


^ 2W + I ^ (2W + lY 

^0 o, , A7/1 y N / I 

m X (m — i) (w + 2 ) 




+ 2) (2W + l)^ {2m + 3)2 


6.26 Reversion of series The power series: 

z ^ — h\^ — h2X^ — hzx^ — 

may be reversed, yielding: 

X ~ Z -i- CiZ^ + C2Z^ + CsZ^ + 

where : 

Cl — hi, 

c^2 = ^2 + 2^1^, 

cz = hz^- shih2 + 5^l^ 

^^4 == ^4 + ^hihz + 3^2^ d" 21^1^62 + i 4 ^iS 

C5 = ^5 + 7 (^1^4 + W3) + 28(^1^53 + + 84&i®62 + 42&1®, 

= ^6 + A{2hihz + 2^254 + ^3^) 4- 12(3&l2^>4 + dJiWs + ^2^ 

+ 6o{2hYhz + 4 - 33^hi% + I 325 i®, 

(77 = d~ 9 (^1^6 + ^2^5 4* W4 ) + 45(^i^^5 + hih^ + h^hz + 2hih2h^ 

H- i65(Z>i^Z>4 + W 2® + 2^3%^) + 495 A + 

H- 1287^1^62 + ^2ghiJ 

Van Orstrand (Phil. Mag. 19, 366, 1910) gives the coefficients of the reversed 
series up to 012. 


6.30 Binomial series. 

n\ 


{n-k)\k\ 


»* + . . . . = I + 


n{n - i) (w - 2 ) ,, , 
3' + 
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6.31 Convergence of the binomial series. 

The series converges absolutely for \ x \ <i and diverges for | 1 >i. 

When X ^ 1 , the series converges ioi n> — i and diverges for — i. It is abso- 
lutely convergent only for n>o. 

When X = — i it is absolutely convergent for n>o, and divergent for n<o. 


6.32 Special cases of the binomial series. 

(a + = a^(^i + ^ • 

If - < I put - in 6.30 ; if - > i put f in 6.30. 
a a a b 


m2 \m^ 3 \m^ 

. . n(m — n) ( 2 m - n) — i)m — nl . 

+ ^ 


2 . (i -i- = 1 — X x^ — x^ + x"^ — 

3 . (i 4- x)~'^ = I - 2 :^ 4- 3:r^ - 40 ;^ + 5^^ - . . . . 


+ . . . 


/ ♦ I 9 . 1 * 1*3 ^ . . 

4. — ^ + + 

Vi + x 2 ?-4 2-4 6 2-4-6-8 

^ / M I 1*2 o . I'2-5 , I*2*3* 8 , 

6 . (i 4 - = I 4 - - 7 ^ + 

33-63 6-9 3*6 9*12 


33-6 3-0-9 3 6-9-I2 

2 2*4 2'4*6 2-4-6-8 2-4-6-8-IO 

9. (i + a:)-^ = i- -a; + — 

^ 2 2*4 2 - 4-6 


x^ . 


10. (i 4- = I 4- “ a; — ~x^ x^ ^ 4“ . . . 

4 32 128 2048 

11. (i 4 - == i-“x 4 '~^ — ^ oc^ 4 - x^ — , . . 

4 32 128 2048 

12. (i = I 4- - X — ~ X® — 4- . . . . 

5 2S I2S 625 
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13. (i + 


-X ^ X^ + 

S 25 125 


44 

625 


x^ — 


14. 


(i + " 1 + 7 ^ ~ ~ 

0 72 


OC^ - 

1296 


3II04 


15. (i + x)-i = 



72 1290 31104 


6.350 


+ 


2 X^ 


+ 


4 X^ 


; + : 




1 -- X iH-x 1 + 1+^^ 14-^^ 




2. 


X 


X 


1 — X 1 — X 
I 


,+ 


x^ 


1 - I - X? 


+. 


^ + 77 ^ 4 - 71 ^ + 


X - 1 :^+i x^ + i x^ 1 

6.361 

., (i + vTTi:!' 


[2:^<i]. 


/ 


+ 


2! 


n(n - 4) (w - 5) fxV 


n may be any real number. 




/ \ ^ ^2 

2. f x + Vi + j = I + ^ + 


2 «^(w^ — 2^) . — 2^) {f^ — 4*) 


X* + 


6! 


w w(w^ — i^) , , n{n^ — i^) {n^ — 3®) . 

+ + -x? + -^ ^*5 + . . 


I! 


5! 


C^<i]- 


x” + . . . 


[.'ic^<l]. 


6.362 If a is a positive integer: 

I , I , ^ 

a a{a + i) a (a + i) + 2) 


x^ + . 


(a - i) ' 


O' — i 

n\ 


6.363 If Or and I are positive integers, and a<h: 
. a(a+i) a{a + i) (a + 2) , 

■*■ &(i + i) + i) (J + 2) 


\a — 1 


5 - i\ J log (i - x) 




(i - xy-^'-'^ 


b-'a a-\-h—i 

k=^i w=i 


+ 


> 71—10 


(Schwatt, Phil. Mag. 31, 75, 1916) 
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POLYNOMIAL SERIES 

6.360 ; ; 2~^ 3- = —(^^0 + CiX + C 2 X ^ + . 

ao + axx + a 2 X^ + a^x^ + . . . 

Cq — bo Oj 

Codi 
do 




Cl + 


-bi = o, 


Cidi Co(h , 

C 2 + — + - 52 = 0 , 

do do 


c%di Cid2 Codz , 

C 3 + — + — + — 03 = O. 

do do do 


6.361 


6.362 


Cfi 


(-1) 

do^ 


(dibo — dobi) do o o 

(d^bo — ^^ 0 ^ 2 ) d’l do o 

(dzbo — dobs) d2 di o 


(dn—lbo dobn^i) d'n —2 dn—Z ...... fl’O 

{drJ^O dobn) CLn—l dn—2 dl 


(do + diX + (hX^ + . . . .y = Co + CiX C2X^ , . . . 

Co = do'^j 

doCi “ 'FldiCoj 

2doC2 = (n — i)diCi + 2na2Coj 

^doCz ^ (n - 2)d\C2 + (2n - 1)^2^! + '^ndzCo^ 

cj, 6 . 37 . 


y ^ diX-\- d2X^ + dzx^ + . . . . 
hy + b 2 y^ + bzy^ + .... = Cix + C 2 X^ + Czx^ + . . . 

Cl = dibij 

C% = d^i -f“ d-^b2’i 

Cz = dzbi + 2 did 2 b 2 + di^bzj 

C 4 , = d^bi 4 “ d^h 2 4 " 2 didzb 2 4 " 4 “ dx^bj^. 


^ix + a^ + as:^ + ,. . ^ , 

Cx = dX} 

C 2 = (h + - dx^, 

2 


6.363 
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1 

C3 == as + aia2 -f ^ ai% 

^4 = ^4 + aiGs H — 02^ H — 0^2^!^ H — ai^ . 

2 2 24 


6.364 

log (i + aix + o/i^ + as%^ + . . . ) = + Cs%^ + . • • 

ai = Cl, 

202 = <^1^1 4“ 2(^2j 

Saz = a2Ci + 2aiC2 -h 3^3, 

4<i4 = CzCi + 2£Z2^2 4" 4“ 4^4* 


6.365 


Cl = ai, 

1 

C2 — ch Cidi, 

2 

I 2 

Cz ^ as Cia 2 C 2 au 

3 3 

I ' 2 3 

^4 = (2-4 C2a2 Csdi. 

4 4 4 

^ 4- asx^ 4- . - . 

z ^ bix-\- b 2 X^ + bzx^ 4- . . . 

yz = ^ 20 ;^ + Csx^ 4- C 4 X^ 4“ . . . 

C 2 ~ dibi, 

Cs = aib 2 4“ a 2 bij 
C 4 — dibs 4“ 4” Ozhi. 


Ck — dibk-i + aJ)k-2 4" dsbk-s 4- • . » ^*-1 &i. 

6.37. The Multinomial Theorem. 

The general term in the expansion of 

(1) {do 4- aix 4- chx^ + asx^ 4- . . . . )” 
where n is positive or negative, integral or fractional, is, 

(2) - i r aoPdfWW^- . . ^ci+2c2 +3 c3 + ^ ^ ^ 

cMcz^ . . . 

where 

^ 4-4^1 4- <^2 4- ^3 4- n. 

Cl, C 2 , C3, . . . . are positive integers. 

If n is a positive integer, and hence p also, the general term in the expansion 
may be written, 
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I 2 I 


(3) 


nl 

p \ Ci \ c^l , . . 




/^ci4-2c2-f3c3-f 


The coef&clent of {k an integer) in the expansion of (i) is found by taking 
the sum of all the terms (2) or (3) for the different combinations of p, CijC 2 j 
C3, . . . . whicxi satisfy 


Cl + 2 C 2 + 3^3 + 

• • • = w. 

cf. 6.361. 


In the following series the coefficients Bn are Bernoulli’s numbers (6.902) 
and the coefi&cients En, Euler’s numbers (6.903). 


6.400 




. smx ^ X i + — f ; + 7. (— i)’^ 7 ^ , 

3! 5! 7!^ ' (2»+l)! 

n~o 


/^2 /y4 /y& 

^ ^ %A/ 

2. cos = I i + — , - t; + • 

2! 4! 61 

n= o 

I 2 17 62 

3. tan X = x + - x^ ■{ — + . . . . 

3 IS 315 283s 


-s 


2^’^(2^^ — l) 

{ 271 ) 1 


B.nX^’ 


I a; I , 2 , I 

4. cot X a:^— or ; 

a: 3 45 945 472 $ 




5. sec o; = I + — x^+ * 

^ 2I 4! 6^ 


I I 


n~i 

{2n)V 


( 2n) 1 * 




[a;®< 00]. 

[-<?]■ 

' [-?]■ 


X 3I 3-51 3-7! 


6. CSC a: = - + a; + a^ + . . . 


= - + 
X 




6.41 

I. sin"i a; = a: + — a;® + ■ ^ - a^ + ^ — a;i + . ... 

2-3 2'4-5 2-4-6-7 




TT 


2 ^ 2^^(w!) 2 (2n + l) 

n=Q 


(2n) I 
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2. tan~^ . . . (Gregory’s Series) i 

3 5 7 L J 


= - - cot -1 ^ 
2 


2^+1 


, X ( 2 X^ 2-4. f X^ V 

3. tan -1 X = — ^ ^ < I H ; — ; H ( — ; — 5 ] • 

1 + X ^[ 3 1 + ^ 3*5 \i + ^7 


rc 2 ^^(nl)^ / Y 

1 + x^ ^ (2;^. + i) ! \i + 0^) 


x^< 00. 


TT I . I I . I 


4. tan-i ^ = + ~-^ 5-1 7-. . 

2 3x^ 5^^ ^x* 


= £_y 

2 ^ ^ (2^ + 1 


(2^ + 




TT I II 1 - 31 , I - 3-5 I 

5. sec 1 a; ^ ~g H 2 — • 

2 X 23 245rr 2*467^ 


CSC--" = — 

2 2 


22 n (^!)2 (^ 2 n + l) 


[.>.]. 


/ • ^2 . 2 X ^ 2-4 X ^ 2 - 4-6 0 ? , 

I. (sin 1 xY x^ A 1 — H h . . . . 

3 2 3 5 3 3 5*7 4 


2^ 

(2% + I 


2271 (^t )2 


{271 + l) f (^ + l) 

n—o 

2. {sin-^ xY = # + ^3^(1 + ^^2:* + ^3V(i + ^8 + ^)2;’ + ... 




p- I /ka-l 


2^0 “f" P 


a = X \ka=l 


[Yix]- 


ka -\- p — a — 2 


(Schwatt, Phil. Mag. 31, p. 490, 1916). 


4. VI — sin-1 X - X 1 od 


s _ _l:±. x’ + . . . 


5 3-S 3-S-7 


* + Z/*' (2 »- i)!(2 «+i)^ l j 


v/l - ; 


2 2-4 , 2-4-6 7 , 

== X + - x^ -\ XT H r H- , . . 


=2 


3 3-5 3-S-7 

' ( 2 n + i)l 


[ 2 ?<l]. 
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I. log sin » = log a; - | ^ ^ a:« + . . . . | 


= loga: - ^ 


n{ 2 n)V 


2. log cos a; = — ^ , 

2 12 45 2520 

S “ 22n-l(22 n^l) 

n(2n)l 

n=x 

3. log tan X = log X ^ x^ -\- x^ + 4* . . • 

3 90 283s 1S900 


- log :x; + ^ 


( 22 n-l _ 1)22 

n{2n)\ 


4. log cos X ^ { sin^ a; + - sin^ rc + - sin® . 

2 1 2 3 


« — - sin^”' X. 

2^J n 


2^ n 

n—x 


[-7]- 




[-?] 


I. log (i + Cl?) = rt; — ~ -I- . . . 

234 




{log (i + cc) } see 7 . 369 . 

2. log {x + Vi + 0(?) = X - x^ 4- — ^ ^ x^ - -- - ^ - 0^ 4 - 

^ 2*3 2'4*3 2*4 0*7 


J.'V r_ ( 2 W- 1 )! a:^"+^ 

* ^ ^ 2^”“%! {n— i)! (2W + i) 


3. logCi + Vi+a;^) =log2 + |4a^-^^*^+f^^a;«-. ■ 


1^— i<a:^ij' 


j^-i^a;^ij- 


00 . _ 
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4. log (i + Vi + x^) = log a; + ^ . 

^ ° X 2'3 24-5 

= log* + i + y(_iV— 

^ ^ x^ ^ 2^““%! {n — i) ! (2W + i) 




5. log X = (a; - i) “ - i)^ + ^ — i)^ — . . . 


= 2 


{x - l)^ 


. T X — X 1 X - lY 1 X - 1 

6. logx=- +- +- 

° X 2 \ X / S\ X 


7. log = 2 


+ • . . . 


X - 1 . I /X — I\‘' . 1 fx — 1 


OC-^ 1 s\x+ 1/ 5 \^ + I. 




I /X — 1 


2n+ 1 \2; H- I 


8. log 2 { X -h - x^ + . . . • 

I - ^ I 3 5 


= ^E-V 

2^+1 


. X+ 1 fill II, 

^ [X ^ x^ $ 


(271 + l):^^”"*"^ 

n=o 

10. -s/i + x^ log {x + Vi + ~ X x^ — y? + - — -- 0 ^ 

3 3'5 3 *S ’7 


2<-)' 


{n — i) 

{271 + i) ^ 


log (2; + Vi + y^) 2 „ , 2*4 , 2*4-6 7 , 

-2-^ — : — — ^ = x--x^ -{ 0 ^ ^ + . . . 


\/i Y 


3 3*5 3 * 5*7 




2J 


I^2;>oJ- 


|^2;^<iJ- 


^x^>i • 




■ •V(-,)w ^-’(« r^<.' 

( 2 W - 1)1 71 L 
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13. 1 1 log (i + a:) i = ^ 51x2 _ i ^2^3 ^ i , 

I J ^ 3 4 

where ==- + - + “+ . . 

123 n 

14. 1 1 log (1+ I * = .ix* - igsi + i.2) 

log (i + a;) / , N /i , I \ 3 C^ 

(i + x)" ^ ” ^ ^ (w'^M+i/a! 

+ «(w+i) (,j + 2)(i + -^ + _^)^-. 

\n « + I « + 2/ 3 ! 




3.446 (See 6.706.) 
^ 3 


4 X 20^ 


■ +^i^log ' 


2 X'' 


X 


I-X I-2-3 234 34-5 


■ + ^ 


I f I + X, I + Vx , , , S I I , X 

4 »l Vx I-Vx J 1-23 3 - 4-5 


X‘‘ 


3 . — ( I - log (i + x) - tan“* X > = 

2x\ ® Vx J 1-2 3 3 - 4 -S 


■*■ 5 . 6-7 

I X 


+ . . . 


+ 


x^ 


5 . 6.7 


[x 2 <lj- 

(See 1.876). 

. [x 2 <ij- 

j^x2<ij- 

j^X^<lj- 

J^O<X<lj. 

^ 0 <X^lJ- 


6.466 

I. -log (i + x) -log (i - x) = x 2 + i ^ 


• [H- 


I . . , I + X ^^2 


2. -taii”^x*log 

2 ^ 1 — X 


6.456 


=x^ + \ 


I I 

\x^ / 

' I I 

l- ” 


I — 1 " "I “ 

3 5 . 

/3 N 

. 3 5 


f I 

, I ,i\x® 


I + - 


i /3 

^ 2 

3 4/5 


I I\X- 


+ . . . 


I. cos \ k log (x + Vi + ^) \ ^ ^ ^ 


. . kHk^ + 2 ^) 


k^(k^+ 2^) (*=J^4=) e 


6 ! 


X® + . 


Cx 2 <l]. 

j^X^<lj. 


X*<I. 
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k may be any real number. 

. f , , , / 1 k + i') , 

2 . Sin I k log (a; + Vi + * 2 ) I = Jj * ^ 

, kKi? + i^) {k-^ + 3^) 

+ ^ 


1 5 = I + 

:os OL-^ ^ 


I - 2:r cos a + r 


where, 


A. - (-.)- 2 <-)‘(^) ( 

k—o 




Jn -h k 




I. = I + X + —. + —. + . 

2' 3! 


S £| 

m! 


log. + 

2! 3! 


+ • • • 


3. e^* = e 4- » + X* + ^ a:‘ + . . . j • 


05^ 3 *'^ 8 a;® , 3 a:® s 6 a;^ , 


[ ai^ aa:^ 31 X® , \ 

aa;® oa:* 37a;® 

6. ^<- = 1 + ^+-+^ + ^ + ^ + .... 

,. + . + ^ + 


21 31 4' 

/y <2 /y »3 >, /y^A 

2 6 24 


j^a:2 <a>j- 

|^a;2< CO J. 


, /y *3 yy 5 vy *7 

I. sinh X == X + — i + — , + ”"f + • * 

3 ! S! 7 ! 


' (2B + l)! 


H”]' 
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I 2! , 7 


CO 

x^" 

+ ■ • ■- ^ (2»)! 
n=o 

X-< CO 

315 


»=I 

TT^ 
JC2< — 

4 J 

4 — — X® — . . 

94S 


M=I 


CO 

n=i 


H 

1 

H 

- ^ 
10 ^ 

, 0 

n. 

+ 



j^x^<7r2j 


2 ^ 2* 2® 

1. cosh a: COS * = I ; + Ti “ 77 i ' * 

41 O ; 12 i 

2 ^ 2^ 2® 

2. sinh a: sin a: = — I — 


CO 

a / • m '^x”^cos>n6 

1. gx coo ^ CQS (^x sm 6) = 7 ^ — — 

n=o 

CO 

R ^ r • m ^ sin nd 

2. gxcost/ — 

n=^X 

3. cosh (x cos d) ■ cos (x sin 6) = ^ ^ (2^)^^^ 

«=o 

00 

, , nN COS (an + i)0 

4. sinh (x cos 0) ■ cos (x sin 0) = ^ (^^T+T)! 

»=o 

n' • r • ^ x^n+i sin ( 2 M + i)0 

5. cosh (x cos 0 ) - sin (x sin 6) = ^ (2» + 1)] 

M=0 

nv . / . o\ sin 2W0 

6. sinh (x cos 0) • sm (x sm a) = ^ — 


|^x2<ij- 


^x^<i • 
[*■<’]' 
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6.480 

I, sinh""^ X = X x^ 4 - - ^ — 

2*3 2 * 4*5 


( 2 ^) 


2) ^ 2 ^”(wI )2 ( 2 ;^ + l) 

/i=o 


^n-hl 


2. sinh ^ a: = log 20? + ~ ~ + . . * 

^ 2 2x^ 2*4 4 ^ 1 ;^ 


= log 2» + ^ (-l)" 


( 2 ^)! 

2^^(niy2n ^ 


3. cosh”^ it; = log 2rv — - 

^ 2 20:2 2*4 ^^4 


= log 2X ~ 


(2;z)l 


«=o 

4. tanh*"^ o: = c\; 4 "~o;^ 4 --o:®-f-ix^ 4 -. . .== Xv ~ 
3 5 7 ^ 2 ;? 


.2n+l 


• -L 1 I I II. 1*3 I 

5. sinh ^ - -„-\ — r - . • • . 

X X 2 30:^ 2*4 50:® 


2 n 'j- 1 


(2n ) ! 


csch 1* (2n + i) 

w=o 


. - - I , 2 I r 1.3 ^4 

6. cosh ^ - = log ^ ... 

X ° X 2 2 2-4 4 


-ix=iog ^-2 


= sech’ 


• T_ 1 I 1 2 1 i '3 , 

7. smh”^ - - log - -1 h • • 

X X 2 2 2*44 


{2n) I ^ 
2^'^(n 0 ^ 2 ^ ' 


- csch 1 a; - log ^ ^ ( i)" ' 


8 . tanh~i — — , 

X X 3x® 


= coth"^ X 


__ x~ 


^mJ 2% + 1 




j^a^> ij • 

[>?<,]. 

[’'>*]• 

[*’<’]■ 
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2 sinh X 




i iv g— «(2»+i) 

COSh^'Z/'- ® 


3. - (tanh X - x) - (-1)" e 

n=i 

00 

4. - i log tanh - = e~^ {2n+i) ^ 

^ 2 ® 2 2^ + 1 

«=o 

6.491 


By means of this formula a slowly converging series may be transformed 
into a rapidly converging series. 


I. tan X = 2XS /w 


i . I + I + , . . , 

> ^ / \ 5 -r . . . . 


?)■-*■ (fj- 


\2n — i)V — 4X^ 


_ ^ 2 :^ 2 X __ ^ . 

2. cot ^ ^ >;j-2 _ ^2 (27r)2 — (37r)2 _ ^^^2 • • • • ^ ^2^2 _ ^2 

w = I 


3. sec x — 2 


X 37r , 5^ 

(f)’^ 


S _j_4^2Wj-2)x_ 

^ ^ (2?2^ - l) V “ 4.C(^ 


I 2X 


4 * ^ ^ ^ “ T2^~x^ 'U~wy^^ - — 


X JLJ r^TT — ; 


By replacing x by ix the corresponding series for the h37perbolic functions 
may be written. 
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INFINITE PRODUCTS 


I. Sin cc = I I I - 


2. sinh % = a; j[J[ (i + 


3. cos X 


cosh X ^ JJ 


(2n + 


{2n -f i)^7r2 


JJ (1+ a^”). 




I. cosh ^ - cos >- = 2 (i + ^) sin* 2 + (2«2r - 


2, COS - COS 3 ; = 2 sm^ - 


“■inf- 


(2wr + y)V V (2»7r - y)*, 


6.66 The convergent infinite series: 

00 




INPINITE SERIES 


may be transformed into the infinite product 

(i -1- ^;i) (i + ^^2) (i + I’s). 


= JJ (1 + ®»), 


I + 2/1 + + . . . • + «n-i 


6.600 The Gamma Function: 


rw-i]! 




0 J-J- 2 
w=i I + - 

n 


z may have any real or complex value, except o, — i, — 2, — 3, 






Limit 1,1,1, , I , 

7= •^iH 1 logw 

jw— [23 m 


" / _ !I‘ 

1 I - e-‘ t 


dt = 0.5772157. . 


Ffz + 1) = zT(z), 
r(0)r(i - z) = 

^ ^ ^ sm 7r;5 

6.604 For z real and positive = x: 

r(jc) = ^ 

logr(l+2:) = {x + ^\ogX-X+-^\og2'K^- 

6.606 If 2; = a positive integer: 

r(w) = (»- 1)!, 

t/„ , i\ I-3-5- . • ■ (2«- i) ^ 


r(i) = v^. 
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6.606 The Beta Function. If x and y are real and positive: 

■D/ ^ -D/ ^ rfx) r(y) 

Bix, y) - B(y, x) - , 


B(x,y) = 
B(a:+ L,y) = 


X 


B{x,i-x) =;t 


x-\-y 

TT 


lx-1 (i _ 

B(x, y), 


sm irx 


6.610 


6.611 


6.612 


For X real and positive: 

n=o 

}p(x + i) = i + }J/(x), 

^(l — x) = 4'i^) + cot TTX. 

^(i) = -y - 2 log 2, 

V^(i) = -y, 

4 '( 2 ) = I - Y, 

^( 3 ) = 1 + f - T, 

^( 4 ) = I+ | + |-T. 


6.613 




dt 


« -T + 



I — 


dt» 


X — t 



INFINITE SERIES 


6.620 


6.621 


6.622 


/3W = 2 


(-i)” 
x-\- n 




^{x + i) + /3(ar) = 

VG 

/3(x) + /3(i - a:) = -T 


Sin TTX 


/3(l) = log 2 , 


TT 

2 


6.630 Gauss’s 11 Function: 

1. = 

n-i 

2 . n (^, 0 + 1) = n {kj z) • — LdiE — 

I 4- z 

3 . 

4. n (z) = r(z+ 1). 

5. n (-z) n (z — i) = X CSC xz. 

6 . 

6.631 If z is an integer, 

n {n) = n\ 


DEPINITE INTEGRALS EXPRESSED AS INEINITE SERIES 


6.700 




k=o 




2^ 

I-3-5- • • 




fesss o 


i2k + i) 
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Darling (Quarterly Journal, 49, p. 36, 1920) has obtained an approximation 
to this integral: 

^ tan~^ I e'^(i + I 

2 Vt I ) 

Fresnel’s Integrals: 

6.701 £ cos ix^)dx = 2 

k =fi 

S /y2k/Y‘^JC'\-X 

(->‘..3.5 .... (4^1) 

A„= o 

. / ON 

, - +sm(^)2(-^)^.3.5....(4^4rjf 


00 

X sin (a:®)d2: = 


{ 2 k + i) ! (41 + 3) 


= sin (k^) 2 (-0'^ ^" - . ' ; 


3-5 .. . (4^ + i) 


S rt2fc+l,Y*^fc+3 

(-)‘ItXtT 7 wTJ' 




4 - 




iW (a + + i) 2) . . . (a + ^ - i) 

P>o, 

(Special cases, 6.446 and 6.923). 


00 

5.706 e-‘ ««'-! d# = 2 


(« + y) 


' y{y + i) ... {y + n)' 


6.706 If the sum of the series, 


is known, then 


/(^) ~ 


[o< X <i 2 


(a + nb) (a + nb + i) {a nb + 2) {a -{- nb k - 1) 
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00 7r 

S n ^ \ J ~ 2 mr)-dL 


Example i. f{oo) = e”*® 


[^>0]. 


■+2k^ 


I 

^ 


Replacing k by -, and subtracting, 


2 1+ 2^^ (-l)" 


k^ + vj^ — g—^-TT 


Example 2 . With /(^c) = e“^cos /xa? and 6~^sin ixx. 






-s 


X X I __ TTsinh 2\'7r 

X^ + (n — ju )2 X^ + -h fxy I cosh 2 Xx — cos 2 /X 7 r 


J n - /JL n + jJL I ^ TTsm 2/x7r 

— I X^ + (w “ fxy + (n+ fxy J cosh 2X7r - cos 2/x7r ’ 


6.709 If the sum of the series, 


f(x) = 2 


is known, then 


ao + aiy + (hy(y + i) + asyiy + i) (y + 2) + ■ 


J' dt 

” " r ly ) 


6.710 The complete elliptic integral of the first kind: 

dd 

^ 7o V(i - x2) (i - kV) ^ Jo Vi ~ d 




'f ■ 




I-3-5 ■ . ■ (2W- l) Y^an 
2-4*6 . . . . 2n / 




J, ^ I - Vi - k? 
I + Vi — 


7r(i + k') 


I-3-5. . ■ (2W - 
2*4-6 . . . . 2W / 
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6.711 The complete elliptic integral of the second kind: 

sin^ 6 dd. 


^ Vi — sir 

2 1 W I \2*4/ 3 


^ 1 L[ / i*3 - 5 . . . {an — i) ^ 

^ 2 \ jLj \ 2-4*6 . . , . 2n / 2n — 1 


If 




1 — \/i — 


I + Vi - k‘^ 


E- 


t(x - k') 


i + S 


7r(i - k') 


2 

TT 


I + 


2 


(4« + 


k'*+. . 


I- 3 -5 ■ . . ( 2 W - i) V 

4- 6 . . . 2M 


/fe'2- 


2(1 + ^ 

IT 


2(1 + k 




FOURIER’S SERIES 

6.800 If /(ic) is uniformly convergent in the interval: 

—c<x< + c 

f{x) = —^0 4* cos h &2 cos h oz cos h . . . • 


. TTX , . 27rx , . %7rx 

4* ai sm 1-02 sin h az sin - — + , 

c c c 

MTTX 


COS — dx, 
c 


1 r+%, . . mirot j 
dm = - I f{x) SIQ dx. 

C %/ — c 0 


6.801 If /(rr) is uniformly convergent in the interval: 

o<x<c 

/(ic) ~ — Jo 4" cos 1- 52 cos bz cos • 

' 2 c c c 


, . 2TX , . 47ra; , , 6w 

4- Cl sin h ^2 sm h (/a sm h . 

c c c 


hm. 

dm 


-lU*> 


2mTX , 
cos dx, 


c 

2mTX 


dx. 


c 
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6.802 Special Developments in Fourier’s Series. 

f{x) = a from x ^ kc to x == (k + 

f{x) = -a from x = {k -\-^c Xo x = {k -{■ i)c, 
where k is any integer, including o. 


6.803 


6.804 


6.806 


J{x) = — ^ 

X AJ 2n - 1 

n = 1 

f(x) = mxy 
= -m(x- 
= mix-- c). 


. 2 ( 2 ^— i)x 


X. 


^ ^ ^ H — 

4 4 

4 4 




4 

7£ 

4 


«= I 


, 2(2;^ — i)x 


sin 




/(cc) = mx^ 

= mix — c), 

00 


-- <rr < +- 
2 2 

+ ; < ‘ < ¥• 

2 2 


»— I 

fix) = - a, 
a 

“ b 
= 


sin ■ 


2nTX 


{x + 2 b), 


= --(x- 2 b), 


= - a. 


- 5& ^ - 3&, 

- $b ^ X - b, 

- b ^ X ^ + b, 

b ^x ^ 36 , 

3J ^ a: ^ SJ. 


,, , 8\/2(i [ TTx I 37ra; 

/W--^|cos-jj-pCOS^ 


^ cos 


JTTX 

4 b 


4- -XCOS 


7x31; 

4& 


,...} 
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6.806 


6.807 


f{x) =-j^x->rh, 


-I 0 , 


— by X 




TTX 

2l‘ 


f{x)=lx, 


a al 

~b * ~V 

CD 


o^x^bj 

b^x 0 , 


1 . nwh , fiTx 
I I ' 

n~x 


~ TrW-b)'2r 


6.810 

'V (- 1 ) • 

X =: 2 7j - — ^ — Sin nx 
n 

j^-7r<ii;<7rj 


«=i 


6.811 

2 , f I , ^ (•- 1 )’"“^ \ 

cos ax - — SYD. aw { h x v 0 . cos ? 

TT { 2 a ^md rP — J 

« = I 

7r<:^<7rJ 

6.812 

2 . (- 1 )"“^ 

sm ax - sm aT 7, „ „ n sm nx 

TT jLJ fP — cP 

n=: 1 

7r<x<7rJ 

6.813 

00 

TT — X sin nx 

2 , dLd n 

ft— X 

j^O<X<27rJ 

6.814 

CO 

1 I 'V' nx 

2 ® 2 (i — cos x) ^Ld n 

»==i 

j^o<x<27rJ 

6.815 

CO 

TT^ T7X Xp '"S^ COS nx 

6 2 4 Zj 7^ 

n —1 

0 < ^ < 27rJ 

6.816 

00 

Tr‘^x x^ sin nx 

6 4 12 Zd 

n= 1 

0 < X < 27rj’ 

6.817 

00 ^ 

ttV tx^ x^ COS nx [ 

90 12 12 48 dLd 

» = 1 

0 < a; < 27 rJ ’ 

6.818 

00 

TV^x TT^x^ TTx^ x^ sin nx j 

90 36 48 240 Z^ tP I 

”0 < ^ < 27rJ 
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/*OOA 0 ^ 4 ^^^ (- 1 ) 

6.820 ^ 7j - — I — cos 

3 TT^Jh^ c 


C X ^ c\ 


6.821 = i 

gc _ ^-c 2c ^ {mr^ 

n — 1 

00 

+ TT^i-l)”-'- 


I mrx 

(niry + “ 


I - mrx 
{mrY + c 


6.822 e'* = f - i) { ^72 - 2 ')”■ 


+ rr 


6.823 COS 2ii; — — ccjsin 2X 


+ sin® * log ( 4 sin® x) = 


6.824 sin 2 x — (t - 2 ^ 1 ;) sin^ - sin cos x log ( 4 sin 2 

00 

S sin 2(^ 4- i)x 
n(n + i) 


• r - ^ ^ 

1 ^— C <ZX < 


cos 2 (n+~i)x - ; ^ 

n(n 4 - 1 ) T' “ 
[o ^x ^ r]. 


6.826 - — — sin ::\; = 

2 4 ^ 


{271 — i) {2% 4 * i) 




I - 2 r cos X + 


sin nx 


6.831 tan ^ 


I — r cos X dmd n 

n = z 


^ I 1 2 r sin X . 

6.832 - tan"“^ -r = / . sin( 2 ^ - i)x 

2 I — ^ 2n — 1 


i-r cos X 
I — 2r cos X + 


-s 


cos nx 


6,834 ’og /■■ - — — ^--4 = ~ cos nx 

V I ~ 2 r cos X + n 


[h<7 

h']- 

[.<<.]• 
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6.836 = 


COS { 2 n — i)x 


[,•«]. 


NUMEEICAL SERIES 


jn 2 ’’^ * * 


S k”-’ 


^ ~ 1-6449340^'^^ 


^5-79436 


5 r^= — = 1.0823232337 


295.1215 


I , I I , 

TT 

Ul = —7 

4 


6*6 = — - 1,0173430620, 

945 

=2'i^=^°°^3492774 


= 1.2020569032 ^8 = = 1.0040773562, 


5 = 1.0020083928, 

29749-35 • 

Sio = 1.0009945751, 


- •.« 369 > 77 SS. 5„ . ;:»594.® 


-2 (-)*-' (iri 


{ 2 k + 


W2 = 0.9159656 , • . 

W4 = 0.98894455 .... 

“ 0,99868522 .... 

A table of Un from w = i to w = 38 to 18 decimal places is given by Glaisher, 
Messenger of Mathematics, 42, p. 49, 1913. 


6.902 Bernoulli's Numbers. 


(2w) 1 2^” 32^^ 4- 


.^+JL. =yjL. 

. 2 n ^ . 2 n ^ • • * • ^ 


1 j2n “ ^2n ^ ^2n * ^2n ^ * * * * 


(2^+ 1)2^ 


— i) 7 r^^ 


= J L + J L, 

" J. 2 n 22 " ~ ^ 2 n ^ 2 n T" • • • • ~ V, x; 




Bs = — j 
42 


30 
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14I 



Es = 

i-i 

II 

£9 = 

2730 


Br =|, 

Bia = 


3617 
Sio’ 
43867 
798 ’ 
174611 

330 


6.903 Euler's Numbers 

P - T _ ^ I ^ ^ 1 

22n+2(2M)! ” fn+\'^ 


CO 



I 

{2k - 


El = 1, Ei = 1385, 

£2 =5. -Es = 50521, 

£3 = 61, Ee = 2702765. 

6.901 

„ 2»(2M - l) ^ , 2«(2« - l) (2« - 2) (2W 3) ^ 

jEn — ; ^n-l + 7i — . . . . 

2 1 4* 

- + (-l)” = O. 

6.906 


- ■) -i) -ii £_ 

2« 3- 

(2« - l) (2« - 2) (2» - 3) (2« - 4) (2« - 5) T, 

+ ;ri ^ ~ ■ 


6.910 


6.911 



Si = e, 

S3 = 2e, 

S3 = se, 

Si = i5«, 


5s = 525, 
56 = 2036, 
Sr = 8776 , 
Ss = 41406, 



5, = 2 


I 

(4«“ - i)'’ 


o 32 - 3Tr^ 

03 = 2 ’ 

64 


T* - 8 p _ xM- 3oir® - 384 

" 16 ’ 768 
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I- 

« = I 

.. ^-jOog=)’-S;fc- 

*»== I 

6.913 

CD 

I. 2log2-I = 2„-(4;?Zl)* 
n = 1 

CO 

g. f (108 3-I)-Si5;b7)- 

« = I 

CO 

3- -3+flog3+2log2=2„(3Jl-)- 


6.914 




'i-3'5 (2n- i) 


2 

J 2 n - 


u% = 0.9159656 


+ r 
(see 6.901) 


50 = 2 log 2 - ~ 2^2; 

51 = ~ I, 

TT 

52 = - - ^ 

X 2 

53 = — (2M2 + l) - 

2X 3 


54 = 


10 I 
9X “ 4 


5_i = I - 

TT 

5_2=fl0g2 +i-^( 2«2+l), 

I 10 

3 9^’ 

5_4= Jlog2 + ^-^(i8M2 + i3), 

r. I 178 

0—6 ) 

5 22SX 


5 _. - log » + j 2 i_ _ ^ (50^ + „), 


'S's = ^ (18% + 13) - 

c _ ^78 I 
225X 6’ 

5 ,=^(So «2 + 43 )-y 

When is a negative even integer the value w = - is to be^excluded in the 
summation. 

6.916 

A I- 3-5 • • . ■ (2W - i) _ ( 2 n - i)! 

2-4-6. . , . 2n 2^^'''^nl(n — 1)1 


2, I 




4 " 4 .n^ — I 

W=*I 
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3. f-X=S^' 


4. log (1 + v7) - I = 2 (- x)" I 




, 4^+1 

‘ (2W — l) (2« + 2) 


2 iW ^ ” ( 2 » - l) ( 2 M + 2 ) 


7 . “ - X = ^(-i)M„ 3 ( 4 k+ i). 


8. 

2 TT^ 


S 4 . 4^+1 

^ (2^ — i) {2n + 2) 


If w is an integer, and = m is excluded from the summation: 


4^2 ^ ^2 _ ^2 

«S=I 


±nr — vr 


S n - 1 

nl 

W=2 

«=r 

CO 

3 - ^l°g^= 2 /«( 4 «^-iF 


6.918 log i±^ = I + 

V 3 \/2 




3’S-7 • • • • (2«+ x) 2" 


^(l-log 2 )= 2 {«log("^)- 


I. e = I + -, + -, + — I + ... . = 2 . 71828 . 
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2. - = I 

e 


L . 

ll 2l 3! ’ ’ 


^ ^ + 


5 . cos I = I 


L 

2I 4! 


- 0.36788. 


6 + = — + , . . 1.54308. 

ej 21 4' 


= 1.175201. 


= 0.54030. 


6. sin 1 = 1 — = 0.84147. 

3! 5 ^ 


4 I , I I , 

I, “ = i~‘:^ 4 - 74 “‘ 7 fi + 


0 II I , 

2 . = 1 4~T6"f"* 

10 3^ 3^ 3® 

16 II I , 

17 4^ 4* 4® 

2S I , I I , 




■ + e- 9 ’f + e- 257 r + , . , ; r(i) = 3.6256 .... 


6.923 (Special cases of 6 . 706 ) : 


I-2-3 3*4-5 S*6-7 

2 __i i_ I _ 

I-2-3 3-4-s 5 6-7 


= ; (i - log 2). 


2 ' 3'4 4 - 5'6 6 - 7-8 


= - — log 2. 
4 


- log 3 ). 


s- + ' 

^ I . I . I . TT I , 

6. [-7 1" • • • • ^ ~o ^^§2. 

2 - 3*4 6 - 7-8 IO-II-I 2 8 2 ^ 

I I I _ 1 / , tt \ 

i- 2 - 3 - 4 '^ 4 - 5 ' 6 - 7 '^ 7 - 8 - 9 -io ~ 6 \ 2 \/ 3 / 


) - 



VII. SPECIAL APPLICATIONS OF 
ANALYSIS. 


7.10 Indeterminate Forms. 

7.101 If assumes the indeterminate value - for a; = a, the true value 
o F(x) o 

of the quotient may be found by replacing and F{x) by their developments 
in series, if valid for x = a. 

Example : 


sin^ X 
I — cos X 


|_I ~ cos XJx==Q^ 



{ , V 

[x--, + . . .] 

I ; + . . 

\ 3' J 

v 3! / 


2! 


Therefore, 


— + . 
4I 


L 

2! 4I 




[ sin^ X 1 _ 

I — cos XJ x=Q 


X — a IS, 


7.102 L’Hospitahs Rule. If /(a + h) and F{a-\-h) can be developed by Taylor’s 

f(x) 

Theorem (6.100) then the true value of for 

f{a) 

F'{a) 

provided that this has a definite value (o, finite, or infinite). If the ratio of the 
first derivatives is still indeterminate, the true value may be found by taking 
that of the ratio of the first one of the higher derivatives that is definite. 

fix) 

7.103 The true value of iov x ^ a is the limit, for h == o, of 

Jo \ X) s 

/“(«) 

pi. F'<l(o) 

where / (a) and F (a) are the first of the higher derivatives of f(x) and F{x) 

f(x) 

that do not vanish for x ^ a. The true value of -^ ^ - f -for ic is o if p>q, ^ if 


fip) (a) 

p<q, and equal to ■ ■'p ^ H p = q. 


Fix) 


14s 
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Example: 


[ sinh X - X cosh x ~\ __ T -r^sinh^ l 

sin:^-xcos:^ Ja:=o L Jar=o* 

[ sinh _ f cosh 

sin X ja!=^o L cos X Jx ==0 


7.104 Failure of L^Hospitahs Rule. In certain cases this rule fails to determine 
the true value of an expression for the reason that all the higher derivatives 
vanish at the limit. In such cases the true value may often be found by factoring 
the given expression, or resolving into partial fractions (1.61) . 


Example: 


's/ 

. Vx- a 


[]V x-{- d} 


- V 2 a, 


7.105 In applying L^Hospital’s Rule, if any of the successive quotients contains 
a factor which can be evaluated at once its determinate value may be substituted. 


Example: 


r(i ~ - i ~| _ r 1 

L tan^ a: J ar=o ~ tan x sec^ x\ 

= I. 


Hence the given function is, 


f — 1 

Ltan x} 

f- . c . 1 =_i. 

|_ 2sec^:rJa;*:o 2 


0 


7.106 If the given function can be separated into factors each of which is 
indeterminate, the factors may be evaluated separately. 

Example : 

V{e^- 1) tan ^ xl _ F / tan xY - i ~[ _ 

L Ja;=s0 L\ ^ ^ J a:=0 


7.110 


GO 
CX> ' 


written: 


n, for X = a,- 


fix) 

Fix) 


takes the form — , 


this quotient may be 


I 

Fix) 


which takes the form - for x 
0 


fix) 


and the preceding sections will apply to it. 


7.111 L’Hospital’s Rule (7.102) may be applied directly to indeterminate forms 
00 

— , if the expansion by Taylor’s Theorem is valid. 
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Example: 



7.112 

definite 


If f{x) and X approach 00 
limit, then, 

Limit r /(x) “| 


together, and if f{x+ i) -/(x) approaches a 


7.120 o X oo . . If, for X = /(x) X F(x)' takes the form o x^, this product 

may be written, 

/W 

I 

1 

F(x) 

which takes the form ~ (7.101). 


Tr Limit s , Limit . 

7.130 CD - CO. If f{x) =00 and F(x) = co 

X — X — > CO 

fix) - Fix) =fix) 1 1 

If is different from unity the true value of /(x) - F(x) for x = a is 00 . 


If 


X— >co /(x) 
Limit F(x) 


^_^oo f(x) 
may be treated by 7.120, 


= H- I, the expression has the indeterminate form X o which 


7.140 1 00 , 0 °, ooo. If {F(x) is indeterminate in any of these forms for x = a, 
its true value may be found by finding the true value of the logarithm of the 
given expression. 

Example: 

*" ' ' tan xl 
Jx 





= y; log y = -tan xdog X, 
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tan X'log X 
Hence, 




log g: 

Lcot xJ«=o 


I 

X 


tan a:"] 


sm X 

XssQ L ^ 


‘sm X 


= o, 


a;=0 


= I. 


1 0 


fix 4* i) 

7.141 If fix) and x approach “ together, and ■ approaches a definite 

limit, then, 

a;— ^ J X—^QO f[x) 


7.160 Differential Coefficients of the form In determining the differential 

coefficient ~ from an equation /(», y) = 0 , by means of the formula, 
ax 

ii 

dy dx .V 

rr-ji 

dy 

it may happen that for a pair of values, x = a, y = b, satisfying f{x, y) - o, 

^ takes the form 
ix 0 

Writing — = y', and applying 7.102 to the quotient (i), a quadratic equation 

CLdO 

is obtained for determining y', giving, in general, two different determinate values. 
If y' is still indeterminate, apply 7.102 again, giving a cubic equation for deter- 
mining /. This process may be continued until determinate values result. 

Example: 

fix, y) = + fY - cHy = 0 , 

V = _ f ) - c^y 

^ ^y{x^ 'f) - cH 

For X = 0 , y = o, y takes the value 
Appl3dng 7.102, 

, _ i 2 x^ + 4 y^ + (8a;y - Y)y' 

~ + 2,f) + Sxy - 

Solving this quadratic equation in the two determinate values, y' = o,y' = <» , 
result for « = o, y = o. 
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7.17 Special Indeterminate Forms and Limiting Values. In the following the 
notation C/(T)]a means the limit approached hyf{x) as x approaches a as a limit. 


7.171 


I. 1^(1 + 1) J = e° (c a constant). 


2. [Vx + c - V = O. 


3. [Vxix + c) - = -• 


4. [V (x + Cl) (x + d) - a:]co = §(ci + d). 

$. I^y/ (a: + Cl) {x + d) ■ . . . {x + c„) - X j = i (ci + d + ■ . . Cn). 

g pOg (Ci + C2 c ^) 1 ^ ^ 

7. [log(a + ««*)-log(l+i)]_... 

»• [CTE- 

[{log *)"]« " 

■Pl=- 
■ [¥] - “■ 


10 , 


II 


12 


(a>i). 

(x a positive integer). 


13 


14' 


'*■ [sfp -r 

17. r + J*“) J„= (m>o). 
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I. ^ sin ~ = ^. 

L ^JoD 

3. [^(. -cos !)]__- 




X \ = — 

— c 


8. |^sin| • log {a + 

CO. [(i+^tan|)]^=e“ 

[I. I cos - + a sin - ) = 

X Xj Jco 


M- - 

r tan x~\ 

" L“Jo= " 

K sin nx\^'] 

— } Jo= ” • 


7.174 

I. {x^~]q = I. 


2 . + 6 == e 

3 . = e. 

4 . x^ log -^ = o (w ^ i). 

L ^Jo 

5* Dog cos X * cot :r]o = o. 

6. [log tan (I + f) • cotx]^= i, 


4 . ^ * ^ot = I* 

4{“(!n)n= 


’■ [‘"VI- '• 

8. [a:® log xjo = o (m>6). 

Te® — e“® — ax'! _ i 

L (e"’ - i)® Jo 3 

X 

10 . [xe^'Jio = • 


r n _ 

_log (i + :sj)Jo 


" log tan 
^ log tan X . 


~ I. 

^-0 
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7.175 



■■ ['~i ■ 

5 - 

r ^ Tfxi 

cos“^ - * tan — =00 

L 2 cAc 

2. Qtt — 2x)tan = 2, 

2 

6. 1 

l{a + be = ^2, 

2 

3. [log (3-?) 

7 - 

2 

4. 

8, [(tan = -* 

4 ^ 
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7,18 Limiting Values of Sums, 
Limit / ifc -f 2^ + 3^ -f > . . 


2. 




Limit/ I 


^k+l 


)- 4 TT‘ 


- + 


+ • 


na b na 2b 




if k> — I 

cx^if k< — I 
I 


-i)j) 


no. H- 
log (a + 5) - log a 
b 

Limit/ n—T^ ^ n - 2^ ^ n — ^ 

i) 2-3- + 2) 3-4- (^ + 3) 

{n — 7^ 

n- {n 1) ‘{n-^ n) 


+ 


■) = I - log 




VI\2 


>OD 


,^Y. 


n j 


H" I ^ 1 I “ 2 — > 

V ^ J A 1 - a? 2 

if is a positive proper fraction. 


Limit + - + y/a® + - + \/a® + ^ + . . • + \/<^” + ~1 =“> 
if 6>o and a is a positive proper fraction. 


Limit! 

W-»CD 


J a + — +J a^-\- — + sJa^ + ^+ + v/a« 

y x*n y 2’% y 3*^ ▼ 


if J>o and is a positive proper fraction, 

Limitr _ ,4.I_log»l==7 = 0.5772157 . . 

w— ^ooL 23 n J 


I — Va 


+ 2 Vb, 


( 6 . 602 ). 
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7.19 Limiting Values of Products. 
Limit r. 


I. 


2 . 


n — >> 00 1_' 

Limit r 


+ £) f ^ *•••(! + — = 2% 

nj \ n-\- il\ n+ 2 / \ 2 n - i/J ^ 


if c>o. 


-»00 


[(■+^)(’+i 


I + ■ 


na-i- bj \ na+ 25 




Limit!” | 
n — 


li a, b, c are all positive. 

I 

in(m + i) (^ + 2 ) {m n — i)]'n\ 2 


i—X] 

na-\- {n — i)5/ J 


WI + |(w - l) 

if m>o. 







7.20 Maxima and Minima. 

7.201 Functions of One Variable, y - f(x) h di maximum or minimum for the 

values of x satisfying the equation, /'(x) = = o, 

provided that f(x) is continuous for these values of x. 

7.202 If, for X = a, f(a) - o, 

y is a maximum if f'{a)<o 

y -f(a) is a minimum if f"{a)>o. 

Example: 

^ ~ x^H- ax-h jS’ 

f'(x) = - ^ 

^ ^ ^ (x2 + ax + i3)2^ 

/'(x) = o when x = db\//3, 

^ 2x^ 6/3x - 2aj8 

(x2 + QJX + jS)® 

For X = /"(x) ^ Maximum, 

VjS (2Vi8 + a)2 







SPECIAL APPLICATIONS OF ANALYSIS 


153 


For a; = - V/S, f'{x) = - — ■■ ="-- 7 3 Minimum, 

= a + 2V^’ 

I 

ymtn — /— ‘ 

a - 2 V (3 

7.203 If for ii; = a, /'(a) = o and = o, in order to determine whether 
y ^ f(a) is Si maximum or minimum it is necessary to form the higher differential 
coefl&cients, until one of even order is found which does not vanish for x = a, 
y = f{a) is a maximum or minimum according as the first of the differential 

coefadents, (a) j of even order which does not vanish 

is negative or positive. 


7.210 Functions of Two Variables. F(x^ y) is a maximum or minimum for the 
pair of values of a; and y that satisfy the equations, 


dF 


dF 


and for which 


dx dy 


/ d^F Y _ ^ 
\dx dy) dx^ 


d^F 

dy^ 


< 0 . 


d^F d^F 

If both and are negative for this pair of values of x and y, F(x, y) is 
a maximum. If they are both positive F(x, y) is a minimum. 


7.220 Functions of n Variables. For the maximum or minimum of a function 

of n variables, F(xi, 0 C 2 , it is necessary that the first derivatives, 

S F d F SF 

— , — -r — all vanish; and that the lowest order of the higher deriv- 

dxi’ 8x2’ ’ dXn ' 

atives which do not all vanish be an even number. If this number be 2 the 
necessary condition for a minimum is that aU of the determinants, 




fii fn 
/ 2 I /22 


f2k 


A - I, 2, 


.n, 


fkl /fc 2 


fkk 

d^F 


where 
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shall be positive. For a maximum the determinants must be alternately negative 


d'^F 

and positive, beginning with Bi = negative. 


7.230 Maxima and Minima with Conditions. If F(xi, is to 

be made a maximum or minimum subject to the conditions, 



. . ,Xn) = 0 

^ <^ 2 (^ 1 , • 

. . ,Xn) = 0 

l^cjykix^ij 0C2f • . * 

• • J 


where the necessary conditions are, 

k 

where the X’s are k undetermined multipliers. The n equations (2) together with 
the k equations of condition (i) furnish k -\-n equations to determine the k + n 
quantities, ^1, 0:2, oon, Xi, X2, , X^. 

Example: 

To find the axes of the ellipsoid, referred to its center as origin, 
ai\X^ + (hs.'f -f ^^332^ + 2 ai 2 xy + 2023^2 + 2 ai^xz = i. 

Denoting the radius vector to the surface by r, and its direction-cosines by 
/, m, n, so that x = Ir, y ^ mr, z = nr^ it is necessary to find the maxima and 
minima of 

y.2 ^ 1 

anl^ 4 - + za^lm + 2 < 223 ^ -H 2 aizlnn' 

subject to the condition 

4> (/, w, w) = P — I = o. 

This is the same as finding the minima and maxima of 

w, n) = ^11?^ + 022^^ + + 2^12?^ + 2a2zmn + 2^13^. 

Equation (2) gives: 

(^11 + X)/ + a^m + aizn == o, 
ad 4 (022 + X)w 4 a23n == o, 
ad 4 4 ^3 4 X)^ = o. 

Multipl3dng these 3 equations by I, m, n respectively and adding, 


X = 


I 
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Then by (i. 1.363) the 3 values of r are given by the 3 roots of 


I 


O'!! — “1 

^12 

^13 


I 


<Zl2 


(hz 



1 

O'lZ 

Chz 

1 

1 


7.30 Derivatives. 


7.31 First Derivatives. 

de^ 


4. ^ = r^®(i + log 


S- 


6 . 


d logg a? _ I ^ logo e 
dx ^ X log a X 

d log X __ I 
dx X 


7. ; = log X. 

‘ dx 


^(log x) ^ 


g^ ^ — = (log x) I + l<>g ^-log log x}, 

Q/00 


d{^ 

\e. 


II. 


12. 


13' 


14. 


dx 

d sin ^g 
dx 

d cos X 
dx 

d tan X 
dx 

d cotx 
dx 

d sec X 
dx 


log X. 


dcscx 9 

15. — ; — = — csc^ :j;-cos x. 


= cos X, 


= —sin X. 


= sec^ X. 


== -csc^ X, 


= sec^ ik;*sin x. 


16. 

17- 

18. 

19. 

20. 


dx 

d sin~^ X __ d cos~^ x i 

dx ~ dx Vi 

d tan~^ X _ ^ d cot~^ a: _ i 
dx dx 1 x^ 

d sec”^ X d csc”^ x 1 


dx 

d sinh X 
dx 

d cosh X 
dx 


dx 

— cosh X. 

= sinh X, 


x\/o^ — I 
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> 1 . 

d tanh x 
dx 

sech^ X. 

27 . 

d tanh“^ x d coth ^ x 
dx dx 

22 . 

d coth X 

— csch^ X. 

28 - 

d sech“^ X I 

dx " 

dx \ — X? 

23 - 

d sech X 

— sech X* tanh x. 

29 . 

d csch“^ X I 

dx 

dx xVi + 

24 . 

d csch X 
dx 

— csch X • coth X. 

30 . 

d gd X T_ 

— ^ — = sech X, 
dx 

25. 

d sinh“^ X 

I 

31 - 

d gd~^ X 

— 2 : sec X. 

dx 

^/x^ + I 

dx 

26 . 

d cosh~^ X 

I 



dx 

H 

1 

1 




7.32 


I. 


djyiy^yz^ . . . :yn) 
dx 


« y^y2 . 


2, 



du dv 

dx dx 


^2 


3 - 


day 

dx 


.. du T 

a“^loga. 


'L^4.iL^4. . 

ji (ia;: );2 * * ’ Jn dx) 

de^ 

dx ^ dx 


df(u) __ df{u) du 
dx du dx 


7.33 Derivative of a Definite Integral. 

'■ ^ ^ -/(-A («)> ^ 

2. £ r f{x)dx = f{a). li, f 

•/j ^ h 



-/(&)• 


7.36 Higher Derivatives. 
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7.361 Leibnitz’s Theorem. If u and v are functions of 

d^(uv) _ d^v ^ ^ d^~h n(n — i) d^u d^~H 
dx^ ^ dx^ i\dx dx^'“^ 2 ! dx^ dx^~^ 

n(n — i) (n — 2) d^u d^~^v 
^ ! dx^ dx^~^ 


+ 


7.362 Symbolically, 
where 

7.363 


^ Uj iP = V. 

d^e^^u 
dx' 


f , dY 

7.364 If IS a polynomial in 


+ v 


d^u 

dx^ 


7.366 Euler’s Theorem. If is a homogeneous function of the ^th degree of r 
variables, Xi^ . . . Xr, 

where m may be any integer, including o. 


7.36 Derivatives of Functions of Functions. 


7.361 If fix) = Fiy), and y = <^)(x), 

I- - ^p'w + ^’f"w +^F"'W + - • ■ 

where 


TT ^ k 3" j._, , k(k - i) ,3" 


7.362 

I F fiU -i- FM fiU — - FC-i) (^] 


+ 


(w - i) (« - 2 ) w(w - l) rtn-ajA' 


21 


+ ^ 


, , - I ~ / .n fa 


n—1 


^ in - i) in - 2) 


— i) /aV 


2 ! 


+ (^ - i) (^ - 2) in - 3) 


— i) jn— 2 ) ® 


+ . . . . 
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I. 4^ Fif) = {2xYF'^-\x^) + {2xY-‘^ 

I i 


n{n-i) (n- 2} (n_-_s) 

21 

t(n - i) jn- 2) in - 3) (n - 4) (n - 5) |-„,^.^„-6 _ 


t(n - i) n(n - i)(n - 2){n — 3) 




21 ( 4 ^^^;^)^ 


n{n - i) - 2) - 3) (^ - 4) " 5) , 

+ 3 


3. -7~ (l -f Q'^^Y 


jL(,(jic - i) (ju ~ 2 ) . . . . (/X — 4- 1) 

(i + 


n{n — i) (i + gy?) 


i(n - i) - 2) {n - 3) f i + ar 


2^(11 - n + i){fJi - n -t- 2) \ 4ax‘ 


— (x — = (— ^ ‘ : — ll gi^ (m cos”^ isj). 

71—1 \ y ^ ' fM 


d’^ - _ (Vx) _ n(n - i) F‘” jV x) 

( 2 \/ 5 )" " ( 2 V«)"+^ 


( 2 -v/ 2 :)"+’- 

(n + i)w(w — i)(w — 2) F<n-s)(-y/^) 
2 ! ( 2 -v/*)'*+^ 


^ ^ ^ 2” VxV 


I. ^ p(e^) = e»=F'(e*) + + ^ e^-F"'(e-) + . . . 


2. = + (^-2)"- 

I ^ . sin (2 tan-^e-^) - ^ sin (3 tan-^e-^) 


V(i + 


^ ^ .. sin (4 tan-^ ) 

V(i 4- 

. il , _ i?.,x cos (2 tan-%--) ^ cos (3 tan-^e"-) 

dx^ I + ^ VCi + e^'^)® VCi+e^®)® 

_ R,g3. cos (4 tan-»e--) 

V(i + e®*)* 
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7.366 

^ ^ x) - CiFt^-i’Oog x) + C2F‘"-2)(log a:)- .... I • 

n 

Co= I, 

Cl =1 + 2 + 3 + + ( m - i ) = — — 


n 

C2 = 1-2 + 1-3 + 1-4 + + !•(« - l ) 

+ 2-3 + 2 - 4 + + 2 -(m-i) 

+ 3-4 + +3-(w- i) 


+ 

+ (^ - 2 )(^ - I) ^ 

24 

Wi-i « « 

2 . Ca; = C* + nCk-u 

— w —(w— i) — » 

3. Cfc = C;c + nCk^i, 

n k — » —I 


Co = I 

11 

0 


H 

11 

0 

0 

II 

H 


2 

3 

4 

— 2 

-3 

“4 

Ci= I 

Cl = 3 

Cl = 6, 

Cl = 3 

Cl - 6 

Cl = 10, 


3 

4 

— 2 

-3 

— 4 


C2 = 2 

C2 = II, 

C2 = 7 

10 

11 

C2 = 6s, 



4 

— 2 

-3 

— 4 



C, = 6. 

C3 = IS 

0 

il 

Cz = 3 SO. 


7.367 Table of Cit. 


= 

-4 

- 3 

— 2 

~ I 

+ I 

-h 2 

+ 3 

+4 

+ 5 

+ 6 

+ 7 

+ 8 

+ 9 

Co = 

I 

* I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

I 

Ci = 

10 

6 

3 

I 


I 

3 

6 

10 

15 

21 

28 

36 

C 2 = 

6 s 

25 

7 

I 



2 

II 

35 

8 s 

17s 

322 

S46 

C 3 = 

35 ° 

90 

15 

I 

. 



6 

50 

225 

73 S 

i960 

4336 

C 4 = 

1701 

301 

31 

I 





24 

274 

1624 

6769 

22449 

C6 = 

7770 

966 

63 

I 






120 

1764 

I3I32 

67284 

Ce = 

3410S 

3025 

127 

I 

1 






720 

13068 

118124 

C7 = 

I 4 S 7 SO 

9330 

225 

I 

! 

— 

— 




* 

5040 

109584 

C8 = 

611S01 

28501 

511 

I 






*• • 



40320 
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7.368 

dx' 


d’^ !■ ” 

I- = - - 


a:“ 


C^i^(log - C,^ip{p - i)(log 

+ Cr^pip 2 )(log x)^-^ - . . . 


where ^ is a positive integer. Ti n<p there are n terms in the series. 

tif^p, 


dx 


-(loga;)^ 


( - i)"- 


Cn_i^(l 0 g X)^-^ - Cn-ip(p - l) (log x)f-2 

+ + ( - l)*’+l Cn-pp{p - l) (^ - 2) .... 2 • I 


p p P-{-l ^P+1 P+2 

7.369 { log (i + x) = CoxP - Cl +rz + C 2 


p + X ' ~ (p + x){p + 2 ) 
— I < X < + I. 


7.37 Derivatives of Powers of Functions. If y = ^(x). 

I il.yP^ph-P\l + 

dx'^^ n l\ \ijp-i'^ dx^ \2jp-2'^ dx^ 

dx'^ [iji'ydx^ \2/2*/ dx^ \3/3*y 


7.38 

2 ) (w — - i]) + bx)^~~^. 


d^ia + bx)^^ . . nlb^ 

dx’' “ ^ (ff + te)’’+'’ 

rf"(g + 6x)-* _ , _ X. I-3-5 • • • • (2W- 1 ) ,, 
dx^ ^ 2”(a + &A;)”+^ 

log (a + bx) ^ y (n - i)!^^ 
dx^ ^ (a -f- 


^npox 

5. = 


6. 


sin ^ 
dx'^ 


= sin (|«7r + . 1 ;). 


d'^ cos X 
dx^ 


= cos i^n'K + 


7- 
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l6l 


_ flog a‘\ . . ( . /ill i' 

i^0S^~{- + -+- + + - 


^n+l 

9. -— I -T i 




_ 1-3*5 .... ( 2 ^ - 1 ) f ^ I 

2”(l — x)^ -x/l — X^ 1 


n\ I — X 1 
2n-i Vi/ I + X j 


r*3 


n\ 1 - 


(2n - i)(2n - 3) \2 


I - x V __ 
I +// 


JLliL 


n\ 1 - 


10. 


dx'^ 


{2n - i)(2^ - 3) (2^ - 5) V3. 

+ 

(tan-^x) = ( - i)”-' sin tan'i 


Lz-^Y 

I + xj 


7.39 Derivatives of Implicit Functions. 

7.391 If is a function of x, and/(x, 3;) = o. 

dy _ dx 
dx 

dy 

(djvd^i ^ i!/ , W ^ 

V^y/ 3 ^^ dx dy dxdy \dxj 
\dyj 

7.392 If s is a function of x and y, and /(x, y^ z) = o. 

U M 

^ dy 

6s dz 


d^z 

dx^ 


3. 


d/- 


6x6y 


,6s/ 6:s?^ ^ 63? 6.r 6a;6s Vdrsc/ 6s^ 

T^Ai 

\6s/ 

,6s/ 6y2 ^ ^3 dy dydz \dy) dz^ 

\dz) 


'dJY ^ dj 62 /\ df df d^i 

dz) dxdy dz \6a: 6y6s dy dxdzj dx dy 6s2 

\dz) 


4 - 



VIII. DIFFERENTIAL EQUATIONS. 


8.000 Ordinary differential equations of the first order. General form; 

8.001 Variables are separable. f(x, y) is of, or can be reduced to, the form: 

fix, y) = - f > 

where X is a function of alone and F is a function of y alone. 

The solution is; 


J'x dx-^ Jy dy ^ C. 


8.002 Linear equations of the form: 


^ + P(x)y = (2(a;). 


Solution: 


= I J' dx + C 


8.003 Equations of the form: 

dy 


^ + P{x)y = y^Qix). 


Solution: 




8.010 Homogeneous equations of the form: 

^ y) 

dx Q{xj yY 

where P{x, y) and Q{Xj y) are homogeneous functions of x and y of the same 
degree. The change of variable: 

y = •vx, 


I 


dv 


Fix, v) 




h log X = 

4 * V 
162 


c. 


gives the solution; 
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8.011 Equations of the form: 

^ 4- h'y + 

dx~' ax + by + c 

If aV — a'h 4= o, the substitution 

x = x' p, y = y' 

where 

ap -{■ bq ^ c - Oy 
a'p + Vq + c' = o, 

renders the equation homogeneous, and it may be solved by 8.010. 

If ab' - a'b = o and V 4= o, the change of variables to either x and s or y 
and z by means of 

z = ax + by, 

will make the variables separable (8.001). 


8.020 Exact differential equations. The equation, 

P{x, y)dx + y)dy = o, 

is exact u, 

dx dy 

The solution is: 


J Fix, y)dx + J I y) - ^ f Pix, y)dx | = C, 

or 

/e(.,T» + f[r{=>,y} 


8.030 

if 


Integrating factors. v{x, y) is an integrating factor of 
P(x, y) dx + Q{x, y) dy = o, 


dx 



8.031 If one only of the functions Px + Qy and Px - Qy is equal to 0 , the 
reciprocal of the other is an integrating factor of the differential equation. 

8.032 Homogeneous equations. If neither Px + Qy nor Px - Qy is equal to o, 


I 

Px + Qy 


is an integrating factor of the equation if it is homogeneous. 
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8.033 An equation of the form, 

P{x, y)y dx + Qipc, y)x dy = o, 
has an integrating factor: 


8.034 K 


xP - yQ 

^Fix) 


dv dx 


is a function of x only, an integrating factor is 

gJ-F(x)ix^ 

8.036 If 

dQ_dP 

is a function of y only, an integrating factor is 

efP(y)dy^ 

8.036 If 


dy dx 


F(xy) 


Qy - Fx 

is a function of the product xy only, an integrating factor is 

^fF(xy)d(xy)^ 

8.037 If 


-Fli 


\ dx dy, 
Px -h Qy 


is a function of the quotient - only, an integrating factor is 




8.040 Ordinary differential equations of the first order and of degree higher 
than the first. 

Write: 


dy 

dx 




General form of equation: 


f(x, y, i>) = O. 



DIFFERENTIAL EQUATIONS 

8.041 The equation can be solved as an algebraic equation in p 
written 

{p - R^{p - {p - Rn) = o. 

The differential equations: 

p = Ri(x, y), 
p - R2{x, y), 

may be solved by the previous methods. Write the solutions: 

/ife c) = o; /sfe y, c) = o, 

where c is the same arbitrary constant in each. The solution of the given 
differential equation is: 

/i(^, y, df2{x, y,c) fn{x,y,c)=o. 
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, It can be 


8.042 The equation can be solved for y: 

I. y=f{x,p). 

Differentiate with respect to x: 

»■ f f-t} 

It may be possible to integrate (2) regarded as an equation in the two variables 
Xj pf giving a solution 

3. 4>(x, p, c) = 0. 

If p is eliminated between (i) and (3) the result will be the solution of the given 
equation. , 


8.043 The equation can be solved for x: 

I. x = f{y, p). 


Differentiate with respect to y: 


2. 


P 



If a solution of (2) can be found: 

3. (p (y, p, c) = o. 

Eliminate p between (i) and (3) and the result will be the solution of the given 
equation-. 


8.044 The equation does not contain x: 

f{y,p)=o. 

It may be solved for p^ giving, 


dy 

dx 


= F{y), 


which can be integrated. 
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8.046 The equation does not contain y: 

fix, p) = o. 

It may be solved for p, giving, 

which can be integrated. 

It may be solved for x, giving, 

which may be solved by 8.043. 


dy 


= Fix), 


dx 

X = Fip), 


8.050 Equations homogeneous in x and y. 
General form: 

(a) Solve for p and proceed as in 8.001 

(b) Solve for -* 

., oc 

y = xfip). 

Diferentiate with respect to x: 

dx ^ fip)dp 
X p-fipy 

which may be integrated. 


8.060 Clairaut's differential equation: 

1. y = +/(^), 

the solution is: 

. y = cx+fic). 

The singular solution is obtained by eliminating p between (i) and 

2. X + fip) = O. 


8.061 The equation 

I. y = xfip) + Pip). 

The solution is that of the linear equation of the first order: 

^ /(^) .v _ ^'iP^ 

dp~p-fip) p-fipy 

which may be solved by 8.002. Eliminating p between (i) and the solution of 
( 2 ) gives the solution of the given equation. 
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8.062 The equation: 

x(t>(p) H- y^(p) ^ X(P): 
may be reduced to 8.061 by dividing by 


DIFTERENTIAL EQUATIONS OF AN ORDER HIGHER THAN THE FIRST 

8.100 Linear equations with constant coeflScients. General form: 


d^y d^ d^ 

~ + ^ + • ■ 


dx 


+ ar,y = V{x). 


The complete solution consists of the sum of 

(a) The complementary function, obtained by solving the equation with 
V (x) = o, and containing n arbitrary constants, and 

(b) The particular integral, wdth no arbitrary constants. 


8.101 The complementary function. Assume y = The equation for 
determining X is: 

X^ + UiX^-^ q- U2X”-2 + + Un = o. 


8.102 If the roots of 8.101 are all real and distinct the complementary function 
is: 

y ~ q- € 26 ^'^ q- . . . . q- Cn^n^. 

8.103 For a pair of complex roots: 

/X H: iv, 

the corresponding terms in the complementary function are: 

cos vx B cos vx) = cos (vx — 0) = sin {vx q- 9), 

where 

C = VA^ + tan (9 = |- 


8.104 If there are r equal real roots the terms in the complementary function 
corresponding to them are: 

q- A2X q- A^x^ q- . . . , q- Arx^'^^)^ 

where X is the repeated root, and ^ 1 , ^ 2 , , i4r are the r arbitrary constants. 

,8.105 If there are m equal pairs of complex roots the terms in the complementary 
function corresponding to them are: 

(Ai q- A2X q- Asx^ q- . . . . q- A^x^-^^) cos vx 

q- (Bi q- B2X q- Bsx^ q- . . . . q- sin vx] 

- {Cl cos {vx - di) + C2X cos (i'jc - 62) + q- CmP0'^~^ cos {vx - 6^)} 

= sin {vx q- q- C 2 :r sin (z'jr q- ^ 2 ) + q- sin {vx + 0;„)} 
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where X -b i/x is the repeated root and 


Cjfc = V A]? + B]?, 

tan0. = f;- 


The particular integral. 

8.110 The operator D stands for — , for . 

The differential equation 8.100 may be written: 


(D" + fli + (h D”--^ + + an)y= f{D)y = V (a:) 

’’ /(D)- 

f{D) = (P - Xi)(T> - Xs) (P - X„), 

where Xx, X2, X„ are determined as in 8.101. The particular integral is: 

y _ gXi* ^ da: dx J' F(a;)da:. 

8.111 7 ^ may be resolved into partial fractions: 

I Ni Nj Nn 

f{D) “P-XiP-Xj'^' ■ ■ 

The particular integral is; 

y ~ iVie^‘® J" e-'^^Vix)dx + er^'‘^V{x)dx + . 


P Xn 


+ 


Nn'^K^J e~^^V{x)dx. 


c_ 

C/n 


THE PARTICULAR INTEGRAL IN SPECIAL CASES 

8.120 F (x) “ const. == c, 

y - 

8.121 V(x) is a rational integral function of x of the wth degree. Expand 

'• 7 ^ in ascending powers of Z), ending with Apply the operators D, 

J J 

P™ to each term of F(x) separately and the particular integral will be 

the sum of the results of these operations. 







8.122 


DIFFERENTIAL EQUATIONS 
V(x) = 


unless ^ is a root of /(D) = o. If ^ is a multiple root of order r of /(D) 


^ r\i/{ky 

where 

/(D) = (D - 

8.123 V{o^ - c cos {kx + a). 

If ik is not a root of /(D) = o the particular integral is the real part of 

m) 

If ik is a multiple root of order r of /(D) = o the particular integral is the real 
part of 

a;+a) 

where /’'^(^’A) is obtained by taking the rth derivative of /(D) with respect to D, 
and substituting ik for D. 

8.124 V{x) = c sin (kx + a). 

If ik is not a root of /(D) = o the particular integral is the real part of 

/w 

If ik is a multiple root of order r of /(D) = o the particular integral is the real 
part of 

— icx^ 

8.125 V(x) - 
where X is any function of x. 

+ k)^- 

If X is a rational integral function of x this may be evaluated by the method 

of 8.121. 

8.126 V(x) - c cos {kx + a) • X, 

where X is any function of x. The particular integral is the real part of 

^pt(kx+cc) ^ y. 

fiD + ik)^ 

8.127 V(x) = c sin (kx + cr)*X. 

The particular integral is the real part of 
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8.128 V{%) cos {kx + a). 

If (jS -{- ik) is not a root of /(D) = o the particular integral is the real part of 






/(/3 -{- ik) 

If (/3 + ik) is a multiple root of order r of /(£>) = o the particular integral is 
the real part of 

^gi(kx+a)y.rgP X 

/w(/3 + ik) ’ 

where /W (|8 + ik) is formed as in 8.123. 

8.129 V = sin {kx + a). 

If (jS + ik) is not a root of f{D) = o the particular integral is the real part of 

/(^ + ik) 

If (/3 + ik) is a multiple root of order r oif(D) = o the particular integral is the 
real part of „ 


8.130 

where X is any function of x, 
I - . 


/W(j 8 + ik) 
F(x) = x^X, 


y = 


m 


X + mx^ 


\dDm\ 




2 ! 


XdD^mi 


x + 


The series must be extended to the {m -h i)th term. 


8.200 Homogeneous linear equations. General form; 

d'^y 1 d^~^y , dy 

^ 7 4- - • • • + Cln-1^ + (^nj — V (^)- 

dx^ dx^ ^ dx 


Denote the operator: 


X— = 6 

^dx 


x”‘^ = e(ff-i)(e- 2 ) (0-m + i). 


The differential equation may be written: 

F(0)-y=V(x). 

The complete solution is the sum of the complementary function, obtained by 
solving the equation with V(x) = o, and the particular integral. 



DIFFERENTIAL EQUATIONS 


171 

8.201 The complementary function. 

y - + + 

where Xi, X2, , Xn are the n roots of 

F(X) = o 

if the roots are all distinct. 

If \h is a multiple root of order r, the corresponding terms in the comple- 
mentary function are: 

{h+h log x + bz (log xy + . . . . + br (log .r)’-! } . 

If X = jJL ±iv is Si pair of complex roots, of order r, the corresponding terms 
in the complementary function are: 

4- A 2 log X + As (log xy + . . . . 4- (log cos (v log x) 

4- 4- B 2 log X + Bz (log xy + , , , , + ^r(log sin (v log x ) } . 


8.202 The particular integral. 

If 

(e-x„), 


= x^^ ^ dx ^ dx 


fx 


.Xn-Xn-l—l 


V(x)dx. 


8.203 


The operator may be resolved into partial fractions: 


I Ni N2 . Nn 

F(d) ” 0 _ Xi ^ 0 ~ X2 ^ e^K’ 


' = Nix^^J^x~^^~W{x)dx+N 2 X^^J* x~^^~'^V {x)dx 

+ + (x)dx. 


The particular integral in special cases. 


8.210 


V(x) = cx^. 


y = 


F{k) ^ 

unless A is a root of F(9) =0. 

If ^ is a multiple root of order r of F(9) = 0. 

^ ^ g (log xY 
F^-\k) ’ 

where F^'^^k) is obtained by taking the rth derivative of F{d) with respect to d 
and after differentiation substituting k for 0. 
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8.211 

where X is any function of x. 


V (.r) = cx^X, 




8.220 The differential equation: 

(a + bxY ^ + (a + + + (a + j^+<^ny = V (x), 

may be reduced to the homogeneous linear equation (8.200) by the change of 

variable , , 

z = a-\- ox. 

It may be reduced to a linear equation with constant coef&cients by the 
change of variable: ^ _ , 

C — d OX. 


8.230 The general linear equation. General form: 

p„ r. , p 


where Po, Pi? j Pn, V are functions of x only. 

The complete solution is the sum of: 

(a) The complementary function, which is the general solution of the equation 
with F = o, and containing n arbitrary constants, and 

(b) The particular integral. 

8.231 Complementary Function. If yi, y^j yn are n independent solu- 

tions of 8.230 with F = o, the complementary function is 
y — Cljl + C2y2 ”1“ + Cnyn* 

The conditions that yi, yn be n independent solutions is that the 

determinant A 4= o. 


When A 4= o: 




d^-'^-yn 

dx"'-^ 

dx-^-^ - • • • 

dx^~^ 

d”-^yi 

d’'-^y2 


dx^-^ 

dx^-^ • • • ■ 

dx^~^ 

dfL 

dyz 

dyn 

dx 

dx 

dx 

yi 

y^ 
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^n— ly, 

8.232 The particular integral. If A^ is the minor of P^^** 

ticular integral is: 

fFAi , , rv^,. ^ ^ 


8.233 If yi is one integral of the equation 8.230 with v = o, the substitution 

du 

y = uy^, v = j^, 
will result in a linear equation of order n — 1 . 

8.234 If 3 ^ 1 , 3 ^ 2 , , Jn-i are n — 1 independent integrals of 8.230 with 

T = o the complete solution is: 

y = 'y] y Ckk + ykj ^ e dx 

k=i k=i 

where A is the determinant: 


d^~‘^yi 

d^ ^y2 

d”~^yn. 

dx’^-^ 

dx^-^^ * ’ ’ 



d^~^y2 

d’^-^yr^ 

dx^~^ 

dx^~^ 

dx^~^ 

dyi 

dy2 

dyn-i 

dx 

dx 

dx 

yi 

y2 

. . yn-l 


d^ — ^'Vk 

and A* is the minor of -z — ^ in A. 

dx^~^ 


SYMBOLIC METHODS 


8.240 Denote the operators: 


S-^ 

xf = e. 

dx 

8.241 If X is a function of x: 

1. {D X = f e-™* Xdx. 

2 . (D — m)~'^ o = ce’”®. 


(6 - m)-^X = Xdx. 

(d ~ o = cx”^. 


4 * 
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If F{D) is a polynomial in D, 

F{D)e‘^^ = e^^F{m). 

F{D)e”‘^X = er^F{D + m)X. 
e^^F{p)X = FiJ) - m)e’^==X. 

8.243 If F{d) is a polynomial in 6, 

1. jF(0)x”* = x”‘F(‘m). 

2. F{d)x”^X = x”^F{d + m)X. 

3 . x”^F{d)X = F(,e - m)x’^X. 

/fm 

8.244 = 0(0 - i) (0 - 2 ) (6 - m 1 ), 


INTEGRATION IN SERIES 

8.260 If a linear differential equation can be expressed in the symbolic form: 

Ix^F(d) +/(0)]y= o, 


where F(d) and /(0) are pol 3 momials in 0, the substitution, 


y = 


s 




leads to the equations, 


o 


Oo/Cp) = 


aoF(p) + ai/(p + m) = 
aiF(p + m) + (hf(p + 2 m) = 
OiF^p + 2 to ) + asfip + sm) = 


o, 

o> 

o, 


o. 


8.261 The equation 

/(p) = o, 

is the “indicial equation.” If it is satisfied ao may be chosen arbitrarily, and the 
other coefficients are then determined. 

8.262 An equation: 

may be reduced to the form 8.260, where, 

y*(0) = (p(d — m) 0(0 - i) (0 - 2 ) (0 - w + i). 

If the degree of the pol 3 niomial/ is greater than that of F the series always con- 
verges; if the degree of /is less than that of F the series always diverges. 
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ORDINARY DITPERENTIAL EQUATIONS OE SPECIAL TYPES 

8.300 


dx^ ' 


where X is a function of x only. 

y = j (yc -ty-^ Tdt + cix”-^ + C2X”-^ + . . . + c„_i a: + Cn, 

where T is the same function of t that X is of x. 


8.301 


where F is a function of y only. 


dx^ 


= F, 


If 


the solution is: 


8.302 


Put 


\l/(y) = 2 Jrdy, 
r iy 



V 

dx”-'- 




F = (i>ix + ci), 

/7 w 1 1» I 

■^^=<j>ix + Ci), 


and this equation may be solved by 8.300. 
Or the equation can be solved: 


y = 




where the integration is to be carried out from right to left and an arbitrary 
constant added after each integration. Eliminating Y between this result and 

Y = <j>ix + ci) 


gives the solution. 



lyO 

Put 
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^ = 2^(F) 
dx^ ^ 

which may be solved by 8.301. If the solution can be expressed: 

Y = ct>{x), 

n — 2 integrations will solve the given differential equation. 

Or putting 

4'(y) = zjydy, 


dY f dY 

u + myj {c, + rp{Y)]y 


■ YdY 


where the integration is to be carried out from right to left and an arbitrary 
constant added after each integration. The solution of the given differential 
equation is obtained by elimination between this result and 

Y = 


8.304 Differential equations of the second order in which the independent 
variable does not appear. General type: 

dx’ dx?) 

Put 

^ ^ dp d?y 
^~dx^ ^dy'd^^' 

A differential equation of the first order results: 

If the solution of this equation is: 

P =f(y), 

the solution of the given equation is, 


8.306 Differential equations of the second order in which the dependent variable 
does not appear. General type: 



. _dy dp _ d^y 
^ dx’ dx dx^ 


Put 
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A differential equation of the first order results: 



If the solution of this equation is: 

P =J{x), 

the solution of the given equation is: 

y ^ C 2 -\- ff(x)dx, 

8.306 Equations of an order higher than the second in which either the inde- 
pendent or the dependent variable does not appear. The substitution: 



as in 8.304 and 8.305 will result in an equation of an order less by unity than the 
given equation. 


8.307 Homogeneous differential equations. If y is assumed to be of dimensions 
n, X of dimensions i, ~ of dimensions ~ ^)j ^ dimensions (n — 2 ), 


then if every term has the same dimensions the equation is homogeneous. 

If the independent variable is changed to 9 and the dependent variable changed 
to z by the relations, 

X ^ y = 


the resulting equation will be one in which the independent variable does not 
appear and its order can be lowered by unity by 8.306. 

If y, .... are. assumed all to be of the same dimensions, and the 


equation is homogeneous, the substitution: 

y ^ qS udx^ 


will result in an equation in u and x of an order less by unity than the given 
equation. 


8.310 Exact differential equations. A linear differential equation: 

p ^ y 4 , p ^ y 4 . 4- p ^ 4 . p — p 

where P, Po, Pi, Pn are functions of x is exact if : 


dPi . (PP2 




dx do? 


/Jnp 
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The first integral is: 

+ + + 013' = Ji’cZx + Ci, 

where, 

Qn ^ Pnj 

n __ P _ 
l^n-l - JTr^l , 

n p ^1 + ^ 

- Fn-i - + ^^ , 




dPj d^Pz 
dx dx^ 


.+ (-!)” 


,-l 


d--^Pn 

dx^~^ 


If the first integral is an exact differential equation the process may be con- 
tinued as long as the coefficients of each successive integral satisfy the condition 
of integrability. 


8.311 Non-linear differential equations, 
the ;^th order: 

\dx'^^ dx^^^^ * 


A non-linear differential equation of 
dy \ 

■’Tx’y’V=°> 


to be exact must 


contain 


dy 

dx^ 


in the first degree only. 


Put 


dy _ ^ 

Integrate the equation on the assumption that p is the only variable and 
/j/ti ^ "V 

— its differential coefficient. Let the result be Fi. In F da; - dFi, ■ is 
dx 

the highest differential coefficient and it occurs in the first degree only. Repeat 
this process as often as may be necessary and the first integral of the exact dif- 
ferential equation will be 

Fi 4- F 2 -{- ~ c. 

If this process breaks down owing to the appearance of the highest differential 
coefficient in a higher degree than the first the given differential equation was 
not exact. 
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8.312 General condition for an exact differential equation. 

dx ^ dx^ y .... . y 

In order that the differential equation: 

V {x, y, y', y", = o, 

be exact it is necessary and sufficient that 


[n) 


Write: 


+ 

dy dx \dy') ^ dx^ wy / 


o. 


8.400 Linear differential equations of the second order. 

General form: 

where P, Q, R are, in general, functions of x. 

8.401 If a solution of the equation with = o: 

y 

can be found, the complete solution of the given differential equation is: 

y = C2W 4 - ciw ^ ^ 4 - ~ J* dx. 

8.402 The general linear differential equation of the second order may be 
reduced to the form: 

where: y = 

I = ^ -1 P^, 

2 dx 4 

8.403 The differential equation: 

d^v T-.dv ^ 

by the change of independent variable to 

z = f dx, 

becomes: dJ^y 


dz^ 


4 - Qe^d'Pdxy „ 


By the change of independent variable. 

dz = dx, 




Pdx^ , 


it becomes: 


l_dy 
dzXU d% 


u{zy 

+ y = o. 



i8o 
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8.404 Resolution of the operator. The differential equation: 

(Py dy 

may sometimes be solved by resolving the operator, 

. d 


into the product, 




dx 




The solution of the differential equation reduces to the solution of 

dy , -Jfi*. 


r^ + sy^c^e 

The equations for determining p, r, q, s are: 

pr = u, 
dr 

qr + ps + p— = v, 

I 

qs + tj-^ = w. 

8.410 Variation of parameters. The complete solution of the differential 
equation: 

db , v,dy 




IS 


= Ci/2(x) +C2/i« {Mx)M0 -Mx)M0 } d^, 


where /i(rr) and/ 2 (a:) are two particular solutions of the differential equation 
with R = Oj and are therefore connected by the relation 

dfi ~ 
dx 




C is an absolute constant depending upon the forms of /i and /a and may be 
taken as unity. 


8.500 The differential equation: 


(02 + hx) ^ + (^1 + ^ ^ 


8.501 Let 


D — (oo&l — OiZ>o) (Oi^>2 — 02^0 “ (Oo&2 O2&o)^, 
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Special cases. 

8.502 Z >2 = ^1 ~ ^0 = o- 
The solution is: 

where: 


yi = + € 26 ^^^, 


8.603 Z> ~ o, 1)2 — 0 , 


where: 


^ — 4 aQ fl 2 

X 2 2 ^ 

3; = I 4. ^2 ^ g-(^+2X)r-wa: | ^ 


ai 


^ \ 

(22 2(12 ^1 

8.604 D - o, 62 4= 0 : 

3 / = I Cl + C 2 ^ + b2x)^dx 


where 


, 5i (12^1 "" ^1^2 

k = - m = , 

O 2 02^ 


and X is the common root of; 

02 X 2 + aiX + = o, 

^2X^ "H ^iX “h ~ o. 

8.606 i> 4= o, 62 == = o. If 77 =/(^) is the complete solution of: 


(Prj 


+ ^V = 0, 
y = 


where 


(a + ^x\ 

\ /’ 


a = 


^(IqG^ < 2 i^ p bo 


ai 


4^ 


/3 = -° X=-~ 

(h 202 


8.610 The differential equation 8.500 under the condition D ^ o can always 
be reduced to the form: 

^^+(P + 9 + ^)% + P<t> = o. 

8.611 Denote the complete solution of 8.610: 

8.612 b 2 — hi — o: 

y ^ gXa:+U4+f'®)| j7{2(/2 4 Vx)^ , 

where: 

\ ^ ~ 4 ^og 2 /^Y 

” 202 ^ " 402^ \9b0y ’ 
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8.613 £2 = 0, 61 o: 


■where: 




-V bo Cllbi — 2<32^0 /d 


p- 


<22^0^ — dibobi -f- dob-? 


2b ^ 


q=--p. 


8.514 &2 4= o, Jo = 


4^2 


where: 


8.616 bz 4= o, 5o 4= 


y = p I 2\/ 11 Px}, 

^ bi _ 4ao^2^ — 2aibib2 + 

4^0^^2^ — 2dZi&l52 H“ CL^b^ 

y = 3^3 , 

^162 — ci^bi I 

P-1 ^ ;■ 

Ji* 


462' 

where 0^2 = 02, A = b^, ^1 = 2J2X + 61 and X is one of the roots of 

62X2 -h 2>iX “H ^0 = o. 


^X^ 4" ^iX 4" ^0 
262X 4” bi 


dib^ ci^bi , 

q y #. 


8.520 The solution of 8.610 will be denoted: 

<j) = F(p, q, I). 

1. F(p,q,^) =^e-iF(q,p,- ^). 

2. q,-^)=^ F(q, p, © 

3- = e-^ P(F, q, - ^)- 

4. F{p, q, 0 = -^(1 - I - ?)• 

5- F(- p, - q, §) = ^+p+s F(i + ?, I + ^, I). 

/7m 

6. ^ p(f> q^ ^)- 

7. ■p'G', ff + «,£) = C - i)” ?»©}•■ 
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8.521 The function F{p, q, 0 can always be found if it is known for positive 
proper fractional values of p and q. 

8.622 p and q positive improper fractions: 

p = m r, q n-i- s 

where m and n are positive integers and r and s positive proper fractions. 
Fim + r, n + s, Q = { -i)”^ ^ | P0-, •y, I) | • 

8.623 p and q both negative; 

p = - (m - 1 + r) q = - (n - 1 + s), 

r d^ ( 1 ” 

F(-OT+i-r, - M+i-s, |) = (- ' 

8.524 p positive, q negative: 

^ = w + r, q = — n 

+ r, ©]• 

8.526 p negative, q positive: 

p = — m r, g = w + 

/?( - OT + r, « + 5 , 1) = ( - i)“+" e-^ ^ ^ I e« F(i - 5, 1 - r, I) I J • 


8.630 If either ^ or g is zero the relation = o is satisfied and the complete 
solution of the differential equation is given in 8.602, 3. 

8.531 If p ^ m, z. positive integer: 

4> = F{m, q, © = 

8.532 If = w, a positive integer and both q and ^ are positive: 

4> = F{m, q, ^) ■= Cl J - uY~'^ du + C 2 e-^ du. 

8.533 If S' == w, a positive integer: 

<j> = F(p, n, I) = cie-« e^ f ^ [^-6^]- 

8.634: If q - n, 2 i positive integer and both p and ^ are positive: 

(p F(pj Hj = Cl I du -h c^e-^ / (i + u) du. 

O tJo 
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8.540 The general solution of equation 8.510 may be written: 


<i> ^ F(P, q.j 0 = 


M = J' — u)^~'^e^^^du 

p > 0 
g> 0 

N = ^ (i + 

0 0 

A A 


u _ r(j>)r(g) / ^ ^ i , pip + 1 ) §i _ pip + i)ip + 2 ) ^ 

r(s) \ 5 i' s(i + i) 2! s(r+i)(5 + 2) 3! 


N = 


Tiq)e-i 


s ^ p + q, 

ip-i)q ip - x)ip - 2)qiq + i) 

i+-^+ +, 


+ 


+ 


ip - i)(p - 2) {p - n - i){q){q 1) {g n - 2) 

{n — i) 

p(j> - i) (j> - 2) . . . . - n)q{(i + i)(g- + 2) . , . . (g + ^ ~ i) 


where o < p < i and the real part of ^ is positive. 


THE COMPLETE SOLUTION OP EQUATION 8.610 IN SPECIAL CASES 
8.550 ^> 0 , g>o, real part of |>o: 

q^ ^) = Cl I + C2e~^ j (i + u) 

c/o 

8.661 p>o, q>o, ^< 0 : 

F'(p} 0 = ^1 J* C2 J' 

8.562 p<o, q<o, ^> 0 : 

P(p3 0 = J' (i _ u)-^u~H~^'^du + u'~^{i + i4)~'H~'^'^du | - 

8.553 p<Oj q<<fj ^< 0 : 


P(P. = 




~'^u~H~^'^du + C2 J' (i + u)'~^u~^e'^^'^du ^ • 


8.554 p>Oj q<o 

p = m + r, where m is a positive integer and r a proper fraction. 
Fim + r, g, I) = ^ ( -r, i - g, | , 


i" 







DIFFERENTIAL EQUATIONS 


185 

^> 0 : F{i - I - g, ™ ~ 

+ £^ 26 “^ J' (1 +u)’^u~^e'^^'^du, 
^< 0 : jp(i - r, I - 0 = Cl J" w^ij - u)^^e'^^^du 

+ ^2 J^ w^ii + u)'^^e^^du, 

8.555 p<Oj $'> 0 , 

^ = w + 5 , where ^ is a positive integer and ^ a proper fraction. 




F(p, n + s, = e-^ -^ \ - s, 1 - p, 


1 - 


^> 0 : F(i - s,x - p,^) = CiJ 

Cl ^ 

ur^ii - u)~^e~'^^du 



+ 

^CO 

(l + 

i<o: F(i - s,x- p,k) = Cl J 

Cl 

du 


8.656 ^ pure imaginary: 


-^CO 

p = r, q = s, where r and ^ 

r + s^ 1: 

are positive proper fractions. 

F{r, s, 0 = <^ij 

«’■- i(i — 


r + ^ = i: 

4- 

«> 

1 U~^ (l - w) 

fo 

F(r,s,0^ci ( 




+ C 2 J* — 'w)»~i5“^«log I ^«(i - I du. 


8.600 The differential equation: 

is satisfied by the confluent hypergeometric function. The complete sojStion is4. 
2 = c-sM (a,. T. if (a.- -h ii, 2 - ») = if (a, 
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where 

M{a, y,x) = X + + 


(x(a + i) ^ 
7(7 + i) 2I 


a(a-{- i)(a+ 2) ^ 
7(7 + 1K7 + 2) 3! 


The series is absolutely and uniformly convergent for all real and complex values 
of a, 7, X, except when 7 is a negative integer or zero. 

When 7 is a positive integer the complete solution of the differential 
equation is: 

y = I Cl + C2 log a: I 7, x) + ca I ^ - i) 

a(a + i) ^ , I _ 1 _ I _ _ i \ 

7(7 + 1) zlVa’^a+i 77 + 1 2/ 

a{a + i)(o! + 2) ^Ix X X _ _i _ i_ _ _ £ _ 

7(7 + i)(7 + 2) 3! Vcc'^ on- I a + 2 7 7 + 1 7 + 2 ^ 2 3/ 


+ . . . . 


8.601 For large values of x the following asymptotic expansion may be used: 
M {a, 7, x) 


r(7) 


+ 


r(7-a) 
r(7) 


(-^)- 


Q:(a;-7+i) i Q:(a+i)(a-7+i) (01-7+2) i 

T S'*" 2! 


T{a) 


, (i-a)(7-Q:) i (i-c>:)(2-Q:)(7-Q;)(7-a+i) _i 

I x ^ 2! 


8.61 


1. M(a, 7, x) = e®jlf(7-a', 7, -x). 

2. x‘“^M'(a - 7 + I, 2 - 7, x) = e®x'“'^Jkf(i — a, 2-7, -x). 


3. ^ if (a + I, 7 + I, x) = If (o! + I, y, x) - M(a, 7, x). 

4. <xM’(a + I, 7+ I, x) = (or— 7)JI(f(a, 7 + i, x) + yM{a, 7, x). 

S- (a + x)ilf(Q: + I, 7 + I, x) = (a - y)M(a, 7 + i, x) + 7Jlf(a + i, 7, x). 
6. a7ilf(Q; + i, 7, x) = y(a + x)M{a, y, x) - x(y - Q:)il!f(Q:, 7 + 1, x). 

^ Q:Jkf(a + I, 7, x) = (x + 20! - 7)lf(Q:, 7, x) + (7 - a)M(a — x, 7, x). 

8.S' — — — xilf (o!, 7 + I, x) = (x + 7 — x)M (a, y, x) + (i - y)M (a, 7 — i, x). 


8.^ 

^ 7, *) = ^lf(Q: + I, 7 + 1 , *)• 

?! /•* 

2.''{x - ai) J M(a, y, x) dx = (i - 7)ilf(a - i, 7 - i, x) + (7 - i). 
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SPECIAL DIFPEEENTIAL EQUATIONS AND THEIR SOLUTIONS IN TERMS OF Jf(Q:,7, ^ 

8.630 

d^y dy ( ] 

^ + 2(^ + g-x) ^ + j 40:5 + + 2qx(p + qm) ? y =* o, 

y = Jlf i, —q{x — m)'^. 


8.632 

ds? 


^ + V^ + x)Tx+ \f-‘^ + -(yp + yi-^oci)]y-o, 

y = e-<'P+‘> M (a, 7, 2 tx). 

+ 2 (p + qx)^+ I g + c(i - 40:) + (^ + qxy - c^(x - mY | y = o, 
y = e-px-iixi-ic{x-my ^q:, p c{x - m)^ • 


T-g 

^ = e-(p+0«x ^ M (a, 7, 2/:!?). 

8.634 

+ I ^ + 2Z>7 - 4a(;) + 2a(& - c)a; + - 2c)a^ | 3; = o, 

^ Mia^ 7, 


g + i(2^2f + ffr-r+i)| 

+ ^ I “ ^)^’' + ''(N+ ^ r2(7 - $)(2 - S' - 7) |y = o, 

;(7-!!)— / 2ix’-\ 


3^ = 6 ilfia, 7, 


8.640 Tables and graphs of the function M (a, 7, x) are given by Webb and 
Airey (Phil. Mag. 36, p. 129, 1918) for getting approximate numerical solu- 



i88 


MATHEMATICAL FOEMtTLjE AND ELLIPTIC EXJNCTIONS 


tions of any of these differential equations. The range in ac is i to lo; in 
a, +0.5 to +4.0 and -0.5 to -3.0; in 7, i to 7. For negative values of x the 
equations of 8.61 may be used. 


8.700 


SPECIAL DIFFERENTIAL EQUATIONS 

d^y 


dx^ 


+ n^y = X (x) 


where X(,x) is any function of x. The complete solution is: 

y = + ^25““ + - / Xi^) sinh n(x - 0 

nj 


8.701 




The complete solution, satisfying the conditions: 

X = 0 y = yo, 

dy , 
^ = 0 ^ = yo, 


r , sm n x , / , , fc . , 

= { yo h yQ cos n x ^ 7 smna 

[ n \ 2 n 

+ -4 f sin n' (a: — ^X (^) 

« Jo 

n'.JJZE 

T 4 . 


where 

8.702 


^ jr/ \^y t r \ f^y^ 

j+/«£+swy -o, 

r e-Z/W'fada; 

J y e“-^ da; + Ci 


8.703 


g+/w(fT+*w-». 

gJ'Hy)dv dy 


8.704 


* ^J'{ci - dy)^ 


+ C2. 






^fg(y)dy 


f^f 0iv)dyj(y) dy 


+ 



8.706 


8.706 


8.707 


8.708 


DIFFERENTIAL EQUATIONS 

J* {y)dy dy _ Wa; _j_ 


(Py . 1 \dy 

— + (a + b^-)- + abxy^o. 

y = e-‘’*{ci + C2/e“*-»**’(ix} 


y = e~^^[ci + c J'x~^€^^ dx] 


(Py , 2 ^ ^ ^ __ 

dx^ X dx x^ 
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I. (a-iy>Ab\ \ = - Via - lY ~ j^b 


y X 2 {cix c^x’’^}* 


2. - iY<4b; X = - '\/46 - (a — lY 

2 

a—i 

y ^ X 2 {ci cos (X log x) + C2 sin (X log 
y = X 2 (C1 + C2 logx). 


3. (a - ly = 4& 

8.709 


g+26x| + (« + Wy = 0. 


1. a<b, 

2. a>b, 

8.710 


X = Vb — a, 




j = e 2 (cieV + c^e 


\ - y/d — b, 

y ^ 2 (ci cos Xit; + C2 sin Xo;). 

/wg-(<^ + J^)| + Jy = o, 

/o + 6* ^ 

-j^d^.X, 

y^Ci(a + hoc) + C2^e^ - (a + 6a ;) ^ dx 
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8.712 


8.713 


(O* - + 2 ifJL - l)x^- m(M - 1)3' = O. 

y={a + x)^ I a + \ ' 


(Py 

dx^ X dx 


lj?y 


a 

x’ 


y ^ - I I cos IJLX + C2 sin iJLxi--^ 


d^y 

dx"^ 


, d^y (Py . -.dy^ 

+ “‘*S^ + ‘35 + **S + “’ 


O, 


y = Cie-P‘®{pi sin (coiac + cci) + coi cos (coja; + ai) } 


where: 


+ C2e^p^^{p2 sin {0)2.00 + ^2) + CO2 cos (a?2:^ + ^2)}, 


4C0i^ = z~\-c — 2P-{- 2 \/ — 2 d\/ z — c d"^, 
40)i = 2 + c-- 2d^ + 2 d^/z — c + d^, 

2 py^ ^ d + - c -h P, 

2P2 = d — ^yz - c-\- d^, 


and s is a root of 

gS _ ^^2 _ __ 4_ _ ^2 _ J2) ^ 

(Kiebitz, Ann. d. Physik, 40, p. 138, 1913) 



IX. DIFFERENTIAL EQUATIONS 

{continued^ 

9.00 Legendre’s Equation: 

9.001 If ^ is a positive integer one solution is the Legendre polynomial, or 
Zonal Harmonic, Pn{x): 

P (x) ^ [ X” ~ I - ^)(^ - ^)(« - 3) „„-4 1 . 

2'^(n^)^\ 2(2% — l) 2-4- (2M — l)(2» — 3) ■■•■ j 

9.002 Ji n is even the last term in the finite series in the brackets is: 

(«!)* 


(-1)5 


(Jj(2«)! 


9.003 If n is odd the last term in the brackets is: 

\— (nl)^(n — 1)1 


(-!)■ 


([i(w-l)]!)2 (2M- l)r 


9.010 If ^ is a positive integer a second solution of Legendre’s Equation is the 
infinite series: 


' (2»+l)!l 2(2M + 3) 


(n+ 3 ) 


9.011 

Pan (cos 6) = (-i)”- 


(2n ) ! 

2^^(niy 


I + l) (^ + 2) + 3) (^ + 4) „~(n+5) 1 1 . 

2-4^(2nHr 3)(2n + s) • • . • j 

sin^” 9 — sin^””^ 6 cos^ 6 


9.012 
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9.02 Recurrence formulae for 

I. 


3* 

4* 

5* 

6 . 

7- 


{n + i)P7h-i + nPn-i = ( 2 n + i)xPn- 

(2n + l)Pn == 


dPn+1 dPn—1 


dx 


dx 


f \Ty dP n+1 dP n 


flP n — X 


dPn dPrLl 


dx 

JP. 


dx 


(i -X^)^=(n+ i) (rsP„ - Pn+i). 

(l - 3^) ^ = niP^i - xPn) 

{211 + l) (l - X^) = n{n + l) {Pn-1 - Pn+ 0 - 


9.028 Recurrence formulae for Qnix). These are the same as those for Pnipd). 


9.030 Special Values. 

Po(») = I, 

Pi(a;) = X, 

■PsW = 5(3^ - i), 

Pi{x) = KS** - 3»)j 
Pi{x) = 5(3 - 30^^ + 3), 

Pi(P) = 1(63*^ - + iS*)> 

Ptix) = A(23ra:® - 3152;^ + 105x2 - 5), 

P^(.«) = A(429a:^ - 693X® + 3152:’ - 35*), 

■PsC*) = t1s'( 6435** ~ i2or2x® + 6930x^ — 1260x2 + 35). 

9.031 

go(*) = ^iog|A;, 

Qi{x) = -X log - I, 

Qiix) = ^P2(x) log - I X, 

Qz{x) = -Pzix) log + 
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P^nio) = (- 1 ) 


„ I-3-5- ■ ■ ■ (2W- i) 


in \ c 7 

2*4*6 . . . . 27^ 

Pij^lio) = o, 

Pnix) = I, 

P„(-a;) = (-i)’‘Pnix). 


9.033 If z = f cos 0: 


^ 0)Pn(cOS 6) - P„+i(cOS d) I 


(in+ '^ r { “ -P^+iCcos 0) j 


9.034 Rodrigues’ Formula: 

-PnW == ^ - I)^ 


9.036 If s = r cos 0: 


9.036 If w ^ w : 


Pn (cos d) 


(- A 

7^! 02^ Vr 


Pin{pO)Pn(,x) — 


Am-kAkAn-Tc f2n+ 2m -4^+1 


where: 


An-^rn—k \2fl 4“ 2lfl 2k + I 
i-3>5 . . . . (2r ^ i) 


\Pn+inr^2k ip^) 


mehler’s integrals 


9.040 For all values of n: 

Pn (cos d) 


--P 

^Jo 


cos (n + i)(j>d<f> 
V 2 (cos (j> — cos 6) 


9,041 If « is a positive integer: 


T> r a\ 2 sin (w + 1' 

vsis?^ 


— cos <^) 


LAPLACE’S INTEGRALS, EOR ALL VALUES OE n 


pM-0. 


X + ” I COS (j>}^ d<l>. 


{x + Vot^ — I cosh 


9.043 
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INTEGRAL PROPERTIES 


9.044 


9.046 

(m — n) {m + n 


D 


Pm{oc)Pn{oc) dx-oiim^n 


2^+1 


\i m - n. 


Pmix)Fn{x) dx 

= 2 {-PmCC^ + T-)PrH-l - nPn-l] ~ Pn[_{m + l)Pm+l - wPm-l]} • 


9.046 

( 2 « + 



Pnix) dx 


I - xPj? - 2X{PV^ + P2^ + . . . . + Pn^l^) 

+ ^{PiPi + P^Pz + • • • • 4- Pn-lPv) 


EXPANSIONS IN LEGENDRE EXJNCTIONS 

9.060 Neumann’s expansion: 


f{x) — ^^^nP n(x)f 

n—0 

Gn, — "h 1“) ^ f(x^P n(^) dXj 


9.061 Any polynomial in x may be expressed as a series of Legendre’s poly- 
nomials. If fn{x) is a polynomial of degree n: 


n 

Jn(x^ kip^j 

-J' fn{x)Pk{x) dx. 


Gk = 


k=o 

2k + 1 


SPECIAL EXPANSIONS IN LEGENDRE FUNCTIONS 

9.060 For all positive real values of n: 

I. cos «e - - [ Plicos «) + ft(cos 9) , 

+ P.(cos «) + . . . . I - ^ sP,ico. 9) 


{np ~ 32) (^2 _ ^2) 


2 {n^ - 2^) 


- i^) . II — i2) {n^ - 32) ] 

(w2 _ 42) + (m2 _ 42) (m 2 _ 62) -PsCcos &) + . . . I . 
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2. sin j -PoCcos 6) + P^icos 6) 

+ - • ■ }■ 

9.061 If w is a positive integer: 

I. cos 7^0 = - — — -/ (2^-1- i)P„ (cos 0) 


« I 2*4*6 . . . 

I. cos na 7 ; — r 

. 23-5-7 . . . (2n-h i) 


[^2 _ ^ j)2^ 

+ - 3) ^-^(cos &) 


, / ^ [n^- (n + i)2] [n^ - (n - i)^] „ ^ , 

+ (2» - 7 ) [-„! _ _ ,),] |-„, _ J’.-.CcOS »)+... 


4 2*4*6 • , , {2n — 2) 


{ 2 n — i)Pn-i(cos 0) 

+ + 3) 0) 


. / , ^ [«^ - (m — l)^] - (« + l)^] n ^ m , 

+ (“ + ’) [#- (,+y.j[ ? - 7 , — 4) - .] «) + •■• 

J.062 

,. ^ . I _ SN;feLzn ( --rs . . . ■) )V.^,(e„, S). 

2 2 ( 2 ^ - l)^ \ 2-4-6 . . . . 2^ / 


7. ,m 9 - : - I-V (4»+'> / i3-S....(»»- . l) Yp, 

4 2 jLJ \2n — i) \2n + 2) \ 2*4*6 .... 2w / 

n=x 

3. cot 9 - j; ( ■ ■ 3 ■ S . ■ ■ , . .. ( l - - -i))V,„(cos 9 ). 

2 (2W - l) V 2*4*6.... 2;^ / 


P2n(C0S 0 ). 


4. CSC 0 - ^ + (4;^ + l) 

«=1 

9.063 


I- 3-5 . . . ■ ( 2 W - i) Y 
2 * 4*6 , , , , 271 ) ' 


Pan (cos 0). 


. • ^ 
I + sin ~ 

2 


I. log = ^ + S ;rT“i 

sm- »=i 

2 

i i ) = 2 ^ 

n—i 

9.064 and P(^) denote the complete elliptic integrals of the first and 

second kinds, and A = sin 0: 
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(4w 4- 1) 


I- 3-5 . . ■ . {an- i) 
2 •4*6 .... 2^ 


P2n(C0S 0). 


{ 271 — l) ( 27 ^+ 2 ) 

(Hargreaves, Mess, of Math. 26 , p. 89 , 1897 ) 


9.070 The differential equation: 

dH dy 


(i ^ { n{n 4 - i) 




1 - 


y ~ o. 


If m is a positive integer, and -i>x> + i, two solutions of this differential 
equation are the associated Legendre functions 


Pn{x) - 


VI d^Pn{x) 


dx^ 


Qn{x) = (i 

9.071 li n,m,r are positive integers, and n>m, r>m: 

Pn (x) Pr (x) dx == o id r n, 

___ 2 {n 

2^+1 {n — in)[ 


if r = -w. 


9.100 Bessel’s Differential Equation: 


^ 4- i ^ 4. /'t _ -"l 
dx^'^xdx'^y W 


^ =: O. 


9.101 One solution is: 

GO 

y = J, (x) = 

k=o 




r (z^ + ^ + 1) 


9.102 A second independent solution when y is not an integer is: 

y = J^v{x). 

9.103 If V = an integer: 

J^n{x) == {-lYJnix). 

9.104 A second independent solution when v = n, zxi integer, is: 

»F.(.) - »/.« -los f - 2 


k=o 


k\ 




As =0 


n+2k 


Jk +r^\ \2) i ’/'(*+ i) + '/'(* + « + i) 

(see 6.61). 
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9.106 For all values of v, whether integral or not: 

Yp(x) = -r^ ( cos VTJ v{x) ~ J-v{x) ), 

sin J'TT V J 

J-v{x) = cos VTcIvix) - sin V7rYp(x)j 

Y^v{x) = sin VTrJvijx) + cos virYv^x), 


9.106 For ^ an integer: 

= {-lYY.ix). 


9.107 Cyhnder Functions of the third kind, solutions of Bessel’s differential 
equation: 

1. e\ {x) = Jv{x) + iYv{x). 

2. (x) = Jv{x) - iYv(x). 

3. H-p (x) = Hp(x), 

4. H-p (x) = 

9.110 Recurrence formulae satisfied by the functions Jv, Yp, hI, Cp 
represents any one of these functions. 

I. Cp^i{x) - Cp^i(x) = 


2. C -i(x) + Cp+i{x) = — Cv(x). 

X 

3. ~Cv(x) = Cv-l{x) -^Cv{x). 

4. £c(x)^lc.{x)-a+,ix). 

5. ^ I ~ X’'Cv—i(x). 

6. ^ 4 { + Cp^zix) - 2Cp(x) I • 


9.111 

I. /,(^) _ Y,(^) 2. F,(^) _ 


ASYMPTOTIC EXPAT^SIONS FOR LARGE VALUES OF X 


9.120 

1. Jp{x) = I P W cos sin ^ ^ | > 

2. Fj;(:r) = ’I W sin + Qv(x) cos tt^ 
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3. h\{x) = e ^ |jP^(x) + iQvix) 


where 


(x) = e l-Pj-W - ^v{x) 


F^{x) = 1 + 2 ) 


i - i^) ( 4 ^^ - 3 ^) ( 4 ^^ - 4 ^ - I ) 

( 2 i^) I 2 ®^ ^ 




(41/^ - I^) (4V^ - 3^) (4^^ -4k- 3) 

(2k — 1 ) ! 2®^'® 


SPECIAL VALUES 


I. Mx) - X ~ Q + Q Q + 

. T /„^ ^1, I /xV , I /xV I /xY 


. = -3-i?W +• • •/• 

3. JFo(x) = (log ^ + 7) /o(x) + (^ J - ^ (i + i) (f) 


(log ^ + 7 ^ Joix ) + 4 1 ^ Mx )- ^/ 4 (x) + i / 6 (x)- 


4. -Fi(x) = (log - + 7) /i(») - - /o(x) - 




^ + ^ U 


-^ 3 i(-^i )(9 

= (logf + t) A(x) - ^/o(x) + -^Mx) - j^/sCx) 


7 = 0.5772157 ( 6 . 602 ). 

9.131 Limiting values for ii; = o: 

Jo{^) == I, 

J 1 (x^ — Oj 


H- Mx) - 

3*4 


Fo(x) = i(log|+7), 


Fi(x) = 
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9.132 Limiting values for = 00 ; 

Jo{x) - 


TT 

COS [X 

4 


v/” 


Ji{x) = 


'IT 

Sin ( a; 

4 




TVX 

2 



9.140 Bessel’s Addition Formula: 

* Mx + A) = 


S 

k=o 


[ 2 % hY 


2X 


J V-^rk (^) • 


\lJ,-^P+2k 


9.141 Multiplication formula: 

Max) = - -- T ^ Jv+i{x)- 

k=o ■ ' ^ 

9.142 

00 

M(xx)Jii(l3x) = 2 (-i)^Ak 

k=o 

where 

Zjs\C 

9.143 


!(^ -- 5) !r(v + ^ — .s + i)r(/x + -^ + 1 ) 


Jv{x)Jy.{x) = ^ 


r-i)* 


4=0 


r(i' + ^ + i)r(/x + ^ + 1) V k 


fJL+V + 2k\ l3M+'“+^’‘ 


DEFINITE INTEGRAL EXPRESSIONS FOR BESSEL ’S FUNCTIONS 


9.160 


9.161 


Jv{x) = 


Jv(x) = 


X 


- P 

7 .. 


Virr(F + i) 

r 

v^r(F + i'^ 


COS (x sin (^) cos^ (p^dcj). 


cos (a; cos <^) sin^ 
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9.152 


Jv(oo) = 




/:■ 


gix cos <#> sxn^>'0 . ii(p^ 


If n is an integer: 

9.153 

I /’r 2 

Ji7i(x) = — / COS {x sin (t>) cos ( 2 n<f>)d(j> = - / 2 - 
ttJo t^Jo 


9.164 


9.166 


9.156 


9.167 


Jin (x) 


J 2n+l (:^) 


_ (- 1 )” r 

TT Jo 

1 r . 

= ¥i 


2 (_i)n fTL 

COS (ic COS <^) COS {2n(i))d4> = / ^ • 

"TT ^ o 


sin (jc sin <^) sin ( 2 ^ + i) (pdcj) 


,Lp. 

'JTjo 


/ 2 n+i W = / sin {% cos 4>) cos { 2 % + i)^d4> 


T 


'TT 


T I 

/ = _ / e-^n<P-hzx sm4>fl(b = / e-^n4>+ixsm<l> 

27 rJ-,r STT^o 

INTEGRAL PROPERTIES 

9.160 If Cv(jJLx) is any one of the particular integrals: 

J.ipLx), YAnx), El{u.x), E^liixx), 
of the differential equation: 

(py idy f „ v^\ 

d?^xdi^y^ 

P 

J Cv (/JLlx) Cv (jj'ioc) xdx 


IJ^k^ 


X I IXiCv(filcX)Cv' i/JLix) - lJ,kCvifJLlx)Cv'(fJ'kX) j J Mi 4= Ml- 


9.161 If juji and jui are two different roots of 

Cy(^IJ,b) = Oj 


f 


Cv(lJikx)Cv(lJiix)x dx = 


a 


JJk^ - Jii? 




9.162 If ju* and ixi are two different roots of 

Cv{}JLa) ^ , I 

and Cvijjib) = o, 

J Cp(jJLjcx)Cv(iJiix)xdx = pCv(fJi>ka)Cv{fXia). 

If ju* = fii: 

J" Cv{lXkx)Cv{lJ^ix)xdx = i I h^Cv^il^kh) — a^Cv^ilXko) ~ {a^ - ~^Cv^Xl^ko) 
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EXPANSIONS IN BESSEL ’S FUNCTIONS 

9.170 Schlomilch’s Expansion. Any function f(x) which has a continuous 
differential coefl&cient for all values of x in the closed range (o, tt) may be expanded 
in the series: 


where 


9.171 


where 


9.172 


where: 


and 


f(x) = aQ + ^ akJoikx), 

k=i 

Go = f(p) + ^ J" u ^ /' {u sin 6 )dddUy 

Gk = ^ J' d> 6 du. 

00 

f(x) = aox” atJnioLjtx) o<x<i, 

k-=^i 

= O, 

gq = 2{n 1) J' dx, 

2 


Gk = 




xf{x)J„(akx)dx. 


lJn(ak)-}\ 

(Bridgman, Phil. Mag. i6, p. 947, 1908) 


Ak = 2 


f(x) = a<x<b, 

^ = 1 

a -p-, r = P^k + — » 

7 o(MW Mfc 

JoilXkb) = o, 

j\f(x)Jo(iJ.kx)dx- pf{d)Jo{fika) 

Wo'KfJ^kb) - aUo'KiXka) - (a^ + 2p)Ji{iika) 

(Stephenson, Phil. Mag. 14, p. 547, 1907) 


SPECIAL EXPANSIONS IN BESSEL’S FUNCTIONS 

9.180 

00 

1. sin* = 2^ (-i)*/a+i(a;), 

k = o 

00 

2. cos * = Joix) + 2^^ (— l)*/a(*). 

A *= I 
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9.181 


c. cos {x sin d) = Joix) + 2 ^. J 2 k{x) cos 2k0, 


k = X 


2 . sin {x sin 6) = 2 ^^ / 2 &+ 1 W sin { 2 k + i)9. 


k = o 


9.182 


'■ f “ 


(fi 4- 2 k) (n-{- k - i) ! 


k=o 


“•l/f-S- 

k = o 


k\ 


( 4 fe + i) i'ik ) ! 


J n + 2 JL(^)> 




Jih + h (^)" 


9.183 


^ . { logf - n- + X> } J (.) +2 

i = 1 

- ■''W '»*! -S (- ■)%v r> :fr + T ) (!' 


k = o 


) Uj ' (see 6.61) 


9.200 The differential equation: 


d^y ^ 2 dy ^ 




with the substitution: 
becomes: 


2 = y^/x, 


(Pz I dz f 


n(n 1 )\ 


fxx = p 



0 = 0 


which is BessePs equation of order ^ + “* 


9.201 Two independent solutions are: 

Z = Jn+i(p). 

Z = 

Tie former remains finite for p == o; the latter becomes infinite for p = o. 
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9.202 Special values. 




9.204 


9.206 


Elix) 
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9.210 The differential equation: 

d^y 1 dy ( 

with the substitution, 
becomes Bessel’s equation. 


% = 


9.211 Two independent solutions of 9.210 are: 

Iv (rs;) = Jv 

nr T 

(pc) = e— I eI (ix). 

9.212 If V — n, an integer: 


In (x) - 2 yfe! (« - 


k «o 


(^4-^)1 \2, 


n+2k 


Kn (x) = J Hi (x). 


9.213 


- v5Fr(r+ 1) iff 

ITj/ (a:) = f sinh.^" 4>e~^ cosh^ 

1 (»' + §) \2/ ^ 

9.214 If X is large, to a first approximation: 

In (^) = ( 27 ra: cosh /3)“^ e® ^ ^ smh /3)^ 

(x) = 7r{27rx cosh 
n — X sinh 

9.215 Ber and Bei Functions. 

ber X i bei x = I {x^/t), 
ber X — i bei x = Io{ix\/l), 


bei X = 


+ 


(sO^V^y (50^\2. 


ci>d<i>, 


10 
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9.216 Ker and Kei Functions: 

ker z kei X = KQ{x^/i), 
ker X — i kei x = K^iix^i)^ 

ker X = ( log 2 - t) ber ^ ^ bei (| 


( 4 !)^ 


234 / \2/ 


kei a; = ^ log - - 


7j bei ^ “ ber x + 


(30^ 




9.220 The Bessel-Clifford DiSerential Equation: 

With the substitution: 

z = u == 2-v/^, 

the differential equation reduces to BesseFs equation. 

9.221 Two independent solutions of 9.220 are: 

CO ^ 

Cv{%) = x-\jv (2V*) = 2 (-^) \ir(t. + ^ + i) > 

ife == o 

Fj,(2\/x). 

9.222 

G+i(a:) = - 

xCv+iix) = (J' + i)G+i( 2:) - Ci-(a:). 

9.223 If Z' = an integer: 

Cn{x) = i-iy-^Co(x), 

00 


9.224 Changing the sign of v, the corresponding solution of: 

d^y , N dy , 

y = 



2o6 mathematical formula and elliptic FUNCTIUJNS 

9.225 If p is half an odd integer: 

CM . ^ ‘> , 

2V^ 

c^ix) ^-4- Ciix) = - cos ( 2 ^^ _ + e) 

^ dx^ 4X-* 2X 

^ . N 3 - 4* . / > 3 cos (2-v/J + 6) 


C^iix) = -cos { 2 ^/x + e), 
C^(x) = x-C|(2:), 

C_s(a;) = x^Ci{x). 


€ is arbitrary so as to give a second arbitrary constant. 

9.226 For x negative, the solution of the equation: 

d^y , , sdy 

when V is half an odd integer, is obtained from the values in 9.226 by changing 
sin and cos to sinh and cosh respectively. 


9.227 


(w -h W “1“ l) ^ ~ j 

(W + W 4- l) X'^^'^Cm{o^)Cn{oo) dx = | xCm^l(po)Cn^i{x) + C m{‘:io)C n{x) 


9.228 

1. 

2, 

3- 

4- 

5- 


J^C^^{x cos^ 4>) d4> = 7rCo(x). 

J C\{x cos^ (i>) d(l> = TrCiix). 

Co(x sin^ (p) sin (pdcp ^ C^(x), 
^ Ci[x sin^ </>) sin^ cj) dp ^ C^{x). 
Ci(x sin^ p) sin p dp - - — 

t/o X 
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9.229 Many differential equations can be solved in a simpler form by the use 
of the Cn functions than by the use of Bessel’s functions. 

(Greenhill, Phil. Mag. 38, p. 501, 1919) 


9.240 The differential equation: 


d^y j 2(n 1) dy 

X dx 


dx^ 


+ 




with the change of variable: 

y = 

becomes Bessel’s equation 9.200. 


9.241 Solutions of 9.240 are: 


I. 

y = 7„+i(a:). 

2. 

y = F„+j(a;). 

3- 

y = 

4- 

y = x-^-i H'l+iix). 


9.242 The change of variable: 

X = 2y/zj 

transforms equation 9.240 into the Bessel-Clifford differential equation 9.220. 
This leads to a general solution of 9.240: 

When n is an integer the equations of 9.226 may be employed, 

^ (o(P\ sin {x + e) 

r ^ cos (x + e) 

^4/ “ a; * 


9.243 The solution of 

(Py , 2{n + i) dy 
do^ X dx ^ 

may be obtained from 9.242 by writing sinh and cosh for sin anm (^s 
respectively. \ Z E 

9.244 The differential equation 9.240 is also satisfied by the two incJ^eijdent 

functions (when n is an integer) : — — 


t r \ I i d\^ sin X 


I-3-5 . . (2W+ i) 


2 (-)* 




ife » O 


2 ^k\ { 2 % + 3) { 2 n + 2 k^ l) 
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^ , , 1 dV COS X 


X dxj % 

4 CO 

_ I- 3-5 • • • ( 2 W - i) .J, 

ya.n + 1 2'‘k\{r- 


0^^ 


k = o 


(i — 2 n) (3 - 2 n) 


( 2 ^ — 27^ — i) 


9.245 The general solution of 9.240 may be written; 

__ /i dV Ae^^ + 

^ ” \x dx) X 

9.246 Another particular solution of 9.240 is: 

y - /.(«) - ( - ; £)’^ - #*W. 

(n + i) (n - i)n{n + i) (^ + 2 ) 


fn{x) 


ire 


y.n +1 


I +■■ 


21,X 


2 4* 


+ 


+ 


1 -2-3 


2n 


24 * 6 .... 2n{ix)'^ 
9.247 The functions ^nix), ^n{x)Jn(po) satisfy the same recurrence formulae; 

+ (srt + l)^«(ic) = 


y + y = o, 


9.260 The differential equation: 

+ 1 ) 
x^ 

with the change of variable: 

y = U'Vx 

is transformed into Bessehs equation of order ^ 


9.261 Solutions of 9.260 are: 

I. 


2 ? 


3t 


C.w - (-.)-\/f 

( T rl\'^ 


cos X 


9i262 The functions S„(x), Cn(x), E„{x) satisfy the same recurrence formulae 

dx X 
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2 . 


dSnjx) 

dx 


= Sri^iix) ~ ~Sn{x), 
X 


3 . 5„+i(a:) = ■- - - ^ Sn(x) - Sn-i(x). 
X 


9.30 The h 3 ^ergeometric cMerential equation: 

^ + I 7 - (a + ^ + i)^ I ^ - a/Sy = o- 


9.31 The equation 9.30 is satisfied by the hypergeometric series: 


P(o:, ft 7, 


\ _L ® ^ L 

x) = I+--X + 


+ 


a(a+i) 0(^+i) 

1-2 7(7 + 1) 

q:(c>: + i) (a + 2) 003 + i) (/3 + 2) 
1.2.3 ^(7 + 1) (7 + 2) 




The series converges absolutely when x<i and diverges when x>i. When 
x= +1 it converges only when a + ^ - y<Oj and then absolutely. When 
X -1 it converges only when a + jS - y - i<o, and absolutely if 
0: + jS - 7<o* 


9.32 


^Jia,fi,7,x) 
P(a, ft 7, i) 


^F(a + z, 1,7 + 1, x). 

r(7)r(7-o:- ft 
r(7 - a)r(7 - ft 


9.33 


Representation of various functions by hypergeometric series. 
(i + xy = F(-n, ft ft -x), 
log (i + a:) = xF{i, i, 2 , -x), 




Limit u 
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log - = 2xF I 


I — iC 

cos wo; 


sin nx 


= w sin xF ( , — ^ sin^ x), 

X? \ 


, Limit E, 

cosh * = ^ ^ ^ ^ 


sin-ia! = xi?0, a?), 

taii“^ X = xF 0, I, 


/ o I _^'\ 


P„(a:) = P (-•»,« + I 


Qn{x) = 


I — 

L L — j, 


V^r(f^ + i) I ^ + I n 2 


^n+iFi 


0+f) 


2 ^ I^ 


9.4 Heaviside’s Operational Methods of Solving Partial Differential Equations. 

9.41 The partial differential equation, 

d^u _ ^ 


where a is a constant, may be solved by Heaviside’s operational method. 
d . . p 

a 


d if 

Writing ^ = p, and - = f, the equation becomes, 
ot d 

d^u 




whose complete solution is w where A and B are integration 

constants to be determined by the boundary conditions. In many applications 
the solution u = e~^^B, only, is required: and the boundary conditions will 
lead to = e~^^f{q)uo, where uq is a constant. If e~^^f(g) be expanded in an 
infinite power series in q, and the integral and fractional, positive and negative 
powers of p be interpreted as in 9.42, the resulting series will be a solution of 
the differential equation, satisfying the boundary conditions, and reducing to 
^ = o at / = o. The expansion of e~^^f(q) itiay be carried out in two or more 
ways, leading to series suitable for numerical calculation under different 
conditions. 
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9.42 Fractional Differentiation and Integration. 

In the following expressions, i stands for a function of t which is zero up 
to ^ = o, and equal to i for />o. 

9.421 


ph = 
ph = 
ph = 


I 

Virt 

I 

2t'\/Trt 

3 _ 

2HW 


2n+I 

P 2 I = ( - 


v. i-3-5 . • . (aw - i) 


9.422 

p I = o 
ph = o 
= o 


9.423 



p^X = o 


P" ^ 1 = 


22n—l^n 

I-3-S . . . ( 2 ;^+ i) 



9.424 

^ 

■” r(i + v)' 

where v may have any real value, except a negative integer. 

9.426 


(Conjectural.) 


9.426 With p = ag^, 


— - — I - - - i) 

p — a a 

{2atY^/Trat 

^2ni 33 . 
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9.427 

9.428 Ifz = -^, 


I 

6 Aat 

's/'irat 




X oo 

e~^dv 

- 

I 


9.43 Many examples of the use of this method are given by Heaviside: Electro- 
magnetic Theory, Vol. II. Bromwich, , Proceedings Cambridge Philosophical 
Society, XX, p. 411, 1921, has justified its application by the method of contour 
integration and applied it to the solution of a problem in the conduction of heat. 


9.431 Herlitz, Arkiv for Matematik, Astronomi och Fysik, XIV, 1919, has 
shown that the same methods may be applied to the more general partial 
differential equations of the type, 




docP^dlfi 




and the relations of 9.42 are valid. ' 

9.44 Heaviside^s Expansion Theorem. 

The operational solution of the differential equation of 9.41, or the more 
general equation, 9.431, satisfying the given boundary conditions, may be 
written in the form, 

F(p) 

where F{p) and ii{p) are known functions of ^ Then Heaviside’s 


Expansion Theorem is: 

U = Uq 


F{o) 

A(o) 


+ 


S F{a) 

aA'(a) 


efxt 


where a is any root, except 0, of A(^) = o, A'(^) denotes the first derivative of 
L{p) with respect to p, and the summation is to be taken over aU the roots of 
A(^) = o. This solution reduces to = o at ^ = o. 

Many applications of this expansion theorem are given by Heaviside, 
Electromagnetic Theory, II, and III; Electrical Papers, Vol. II. Herlitz, 9.431, 
has also applied this expansion theorem to the solution of the problem of the 
distribution of magnetic induction in cylinders and plates. 


9.46 Bromwich’s Expansion Theorem. Bromwich has extended Heaviside’s 
Expansion Theorem as follows. If the operational solution of the partial 
differential equation of 9.41, obtained to satisfy the boundary conditions, is 


F{p) 
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where G is a constant, then the solution of the differential equation is 

where No and Ni are defined by the expansion, 

^ = No + NiP + N2f + . . 

a is any root of A{p) = o, A' (p) is the first derivative of A{p) with respect to p^ 
and the summation is over all the roots, a. This solution reduces to = o at 
t = o. Phil. Mag. 37, p. 407, 1919; Proceedings London Mathematical Society, 
IS, p. 401, 1916. 

9.9 References to Bessel Functions. 

Nielsen: Handbuch der Theorie der Cylinder Funktionen. 

Leipzig, 1904. 

The notation and definitions given by Nielsen have been adopted in the pres- 
ent collection of formulae. The only difference is that Nielsen uses an upper 
index, to denote the order, where the more usual custom of writing Jn{x) 

is here employed. In place of Hi^ and used by Nielsen for the cylinder 
functions of the third kind, and EtP- are employed in this collection. 

. Gray and Mathews: Treatise on Bessel Functions. 

London, 1895.^ 

The Bessel Function of the second kind, Yn{x), employed by Gray and 
Mathews is the function 

J Yn{x) -h (log 2 - y)Jn{x), 

of Nielsen. 

Schafheitlin: Die Theorie der Besselschen Funktionen. 

Leipzig, 1908. 

Schafheitlin defines the function of the second kind, Fn(x), in the same way 
as Nielsen, except that its sign is changed. 

Note. A Treatise on the Theory of Bessel Functions, by G. N. Watson, Cambridge 
University Press, 1922, has been brought out while this volume is in press. This Treatise gives 
by far the most complete account of the theory and properties of Bessel Functions that exists, 
and should become the standard work on the subject with respect to notation A particularly 
valuable feature is the Collection of Tables of Bessel Functions at the end of the volume and 
the Bibliography, giving references to all the important works on the subject. 

9.91 Tables of Legendre, Bessel and allied functions. 

P^{x) ( 9 . 001 ). 

^ A second edition of Gray and Mathews’ Treatise, prepared by A. Gray and T. M. 
MacRobert, has been published (1922) while this volume is in press. The notation of the first 
edition has been altered in some respects. 
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B. A. Report, 1879, PP- S 4 ~'S 7 - Integral values of n from i to 7; from x = o.oi 
to X = 1. 00, interval o.oi, 16 decimal places, 

Jahnke and Emde: Funktionentafeln, p. 83; same to 4 decimal places. 

Pn(cos ff) 

Phil. Trans. Roy. Soc. London, 203, p. 100, 1904. Integral values of n from 
I to 20, from 0 = o to 0 == 90, interval 5, 7 decimal places. 

Phil. Mag. 32, p. 512, 1891. Integral values of n from i to 7, 0 = o to 
6 = 90, interval i; 4 decimal places. Reproduced in Jahnke and Emde, p. 85. 

Tallquist, Acta Soc. Sc. Fennicae, Helsingfors, 33, pp. 1-8. Integral values 
of n from i to 8; 0 = o to 0 = 90, interval i, 10 decimal places. 

Airey, Proc. Roy. Soc. London, 96, p. i, 1919. Tables by means of which 
zonal harmonics of high order may be calculated. 

Lodge, Phil. Trans. Roy. Soc. London, 203, 1904, p 87 Integral values of 
n from i to 20; 0 = o to 0 = 90, interval 5, 7 decimal places. Reprinted in 
Rayleigh, Collected Works, Volume V, p. 162. 

dPn (cos &) 

89 

Farr, Proc. Roy, Soc. London, 64, 199, 1899. Integral values of n from i to 7; 
0 = o to 6 = 90, interval i, 4 decimal places. Reproduced in Jahnke and Emde, 

p. 88. 

Joix), Ji(x) ( 9 . 101 ). 

Meissehs tables, x = o.oi to x - 15.50, interval o.oi, to 12 decimal places, 
are given in Table I of Gray and Mathews’ Treatise on Bessel’s Functions. 

Aldis, Proc. Roy. Soc. London 66, 40, 1900. x = 0,1 to x = 6.0, interval 
o.i, 21 decimal places. 

Jahnke and Emde, Funktionentafeln, Table III. x = o.oi to - 15.50, 
interval o.oi, 4 decimal places. 

Jn(x) ( 9 . 101 ). 

Gray and Mathews, Table II. Integral values of n from w = o to w = 60; 
integral values of x from x = 1 to x = 24, iB decimal places. 

Jahnke and Emde, Table XXIII, same, to 4 significant figures. 

B. A. Report, 1915, p. 29; ^ = o to = 13. 

= 0.2 to r = 6.0 interval 0.2 6 decimal places, 

a; = 6.0 to a: = 16.0 interval 0.5 10 decimal places. 

Hague, Proc. London Physical Soc. 29, 211, 1916-17, gives graphs of Jn(x) 
for integral values of n from o to 12, and n = iB,x ranging from o to 17. 

- J Yoix) = Go(«) ; - f = Giix). 

2 2 

B. A. Report, 1913, pp. 116-130. x = o.oi to x = 16.0, interval o.oi, 7 
decimal places. 
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B. A. Report, 1915, oc = 6.5 to x - 15.5, interval 0.5, 10 decimal places. 
Aldis, Proc. Roy. Soc. London, 66, 40, 1900: x 0.1 to x ^ 6.0. Interval 
o.i, 21 decimal places. 

Jahnke and Emde, Tables VII and VIII, functions denoted Ko(x) and Ki(:r), 
X = o.L to X = 6.0, interval o.i; x = 0.01 to x = 0.99, interval o.oi; x = i.o 
to X = 10.3, interval 0.1; 4 decimal places. 

- - Yn(x) = Gn{x). 

2 

B. A. Report, 1914, p. 83. Integral values of n from o to 13. x = o.oi to 
X = 6.0, interval 0.1; x ^ 6.0 to = 16.0, interval 0.5; S decimal places. 

“ Fo(:c) + Gog 2 - y)Jo{x), Denoted Yo(x) and Yi{x) 

TT 

- Yi{oo) + Gog 2 - y)Ji{x). respectively in the tables. 

B. A. Report, 1914, P- 76, x - 0.02 to rx; = 15 50, interval 0.02, 6 decimal 
places. 

B. A. Report, 1915, p. 33, x = 01 to x 6.0, interval 0.1; x = 6.0 to 
X - 15.5, interval 0.5, 10 decimal places. 

Jahnke and Emde, Table VI, x = o.oi to x = i.oo, interval o.oi; x = i.o 
to X - 10.2, interval 0.1, 4 decimal places. 

Y^{x), Yi{x), Denoted N(i{x) and Ai(:r) respectively. 

Jahnke and Emde, Table IX, x = 0.1 to a: = 10.2, interval 0.1, 4 decimal 
places. 

J Yn(po) + Gog 2-7) Denoted Yn(x) in tables. 

B. A. Report, 1915. Integral values of n from i to 13. x = 0.2 to a; = 6.0, 
interval 0.2; x = 6.0 to x == 15.5, interval o 5, 6 decimal places. 

J + 

Jahnke and Emde, Table II. Integral values of n from ^ = o to ^ = 6, and 
n ^ — itow = -7; a: = otoa; = 5o, interval 10,4 figures. 

Ji(x), J-iix). 

Watson, Proc. Roy. Soc. London, 94, 204, 1918. 

X = 0.05 to X = 2.00 interval 0.05, 

X = 2.0 to X = 8.0 interval 0.2, 

4 decimal places. 

- ^Yaia), - J F„_i(a). 

2 2 


Denoted Ga{oL) and Ga-iioi) respectively. 
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- Yaioi) + (log 2 - y)Joi{a), 

2 

— Ya-i{cc) + (log 2 — y)Ja-i{oi). Denoted -Fa(a) and -Yoi-i{a). 

2 

Tables of these six functions are given in the B. A. Report, 1916, as follows: 


From a 

to a 

Interval 

I 

50 

I 

50 

100 

5 

100 

200 

10 

200 

400 

20 

400 

1000 

50 

1000 

2000 

100 

2000 

5000 

500 

5000 

20000 

1000 

20000 

30000 

10000 

100,000 



500,000 



1,000,000 




Io(x),h(x) (9.211). 

Aldis, Proc. Roy. Soc. London, 64, pp. 218-223, 1899; x ^ 0.1 to x ^ 6,0, 
interval o.i; a; = 6.0 to a; = ii.o, interval i.o, 21 decimal places. 

Jahnke and Emde, Tables XI and XII, 4 places: 

X = 0,01 to = 5.10 interval o.oi, 

X = 5.10 to X = 6.0 interval o.i, 

a; = 6.0 to ^ = ii.o interval i.o. 


Io(;^) (9.211). 

B. A. Report, 1896; x = 0.001 to 2; == S-ioo, interval 0.001, 9 decimal 
places. 

Ux) (9.211). 

B. A. Report, 1893; x = 0.001 to x = 5.100, interval 0.001, 9 decimal 
places. 

Gray and Mathews, Table V, x - o.oi to x = 5.10, interval o.oi, 9 decimal 
places. 

lr.(x) (9.211). 

B. A. Report, 1889, pp. 28-32; integral values of n from o to ii, x = 0.2 
to = 6.0, interval o>2, 12 decimal places. These tables are reproduced in 
Gray and Mathews, Table VI. 

Jahnke and Emde, Table XXTV; same ranges, to 4 places. 

=X-iY, 

VaJiixVi) =Xi + iYi 
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Aldis, Proc. Roy. Soc. London, 66, 142, 1900; x = 0.1 to x = 6.0, interval 
o.i, 21 decimal places. 

Jahnke and Emde, Tables XV and XVI, same range, to 4 places. 

JoixVi)- 

Gray and Mathews, Table IV; a; = 0.2 to == 6.0, interval 0.2, 9 decimal 
places. 

YQ(xVi) ( 9 . 104 ) Denoted NoixV^) in table. 

nlixVi), E\{x^/i). 

Jahnke and Emde, Tables XVII and XVIII; x 0,2 to a; = 6.0, interval 
0.2, 4-7 figures. 

- Hliix) = K,{x), 

^ ( 9 . 212 ). 

--^H\{ix) ^K,(x), 


Aldis, Proc. Roy. Soc. London, 64, 219-223, 1899; x ^ 0,1 to x = 12 0, 
interval o.i, 21 decimal places. 

Jahnke and Emde, Table XJV; same, to 4 places. 

mliix), -El(ix) ( 9 . 107 ). 


Jahnke and Emde, Table XIII; x = 0.12 to x - 6.0, interval 0.2, 4 figures. 


hevx, her' X, 
bei Xj bei' x, 


( 9 . 216 ). 


B. A. Report, 1912; a; = 0.1 to x ^ lo.o, interval 0.1, 9 decimal places. * 
Jahnke and Emde, Table XX; x = 0.$ to x = 6.0, interval 0.5, and x S, 
10, 15, 20, 4 decimal places. 


ker^, ker'ic, 
kei X, kei' x, 


( 9 . 216 ). 


B. A. Report, 1915; x = 0.1 to x = lo.o, interval 0.1, 7-10 decimal places, 
ber^ X + beP x, 
ber'^ X + bei'^ x, 

ber X bei' x — bei x ber' x, and the corresponding ker and kei 

ber X ber' x + bei x bei' x, functions. 


B. A. Report, 1916; x = 0,2 to x = lo.o, interval 0.2, decimal places. 

Sn(x), S'n(x), l 0 gSn(x), logS'n{x), 

Cn(x), C'n(x), logC.(x), log C'.(x), ( 9 . 261 ). 

En(x), E'n(x), l0g£n(x), log E';.(x), 

B. A. Report, 1916; integral values of n from o to 10, x = i.i to x == 1.9, 

interval 0.1, 7 decimal places. 
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I 

0.78012 



— - — X^J-i 
1.15407 



Table I of Jahnke and Emde gives these two functions to 3 decimal places 
for at; = 0.2 to a: = 8.0, interval 0.2, and ac = 8.0 to at; = 12.0, interval i.o. 

Roots of Jo(x) = o. 

Airey, Phil. Mag. 36, p. 241, 1918: First 40 roots (p) with corresponding 
values of /i(p), 7 decimal places. 

Jahnke and Emde, Table IV, same, to 4 decimal places. 

Roots of Ji(x) = o. 

Gray and Mathews, Table III, first 50 roots, with corresponding values 
of Jq{x)j 16 decimal places. 

Airey, Phil. Mag. 36, p. 241 : First 40 roots (f) with corresponding values 
of /oW, 7 decimal places. 

Jahnke and Emde, Table IV, same, to 4 decimal places. 

Roots of Jn{oc) = o. 

B. A. Report, 1917, first 10 roots, to 6 figures, for the following integral 
values of n: o~io, 15, 20, 30, 40, 50? 75, 100, 200, 300, 400, 500, 750, 1000. 

Jahnke and Emde, Table XXII, first 9 roots, 3 decimal places, integral 
values of n 0—9. 

Roots of: 

TT 

(log 2 - y)Jn(x) -h ~ Yn{x) = o. Denoted F„(ac) = o in table. 


Airey: Proc. London Phys. Soc. 23, p. 219, 1910-11. First 40 roots for 
n = Oj I, 2, 5 decimal places. 

Jahnke and Emde, Table X, first 4 roots for ^ = o, i. E decimal places. 
Roots of: 


Yo(x) = o, 
Yi(x) = o. 


Denoted iVo(x) and Ni{x) in tables. 


Airey: 1 . c. First 10 roots, 5 decimal places. 
Roots of: 


Jo{x) i (log 2 - y)JQ(x) + J Fo(j3;) == o. 
Ji(x) + (log 2 - y)Mx) + ^ Yiix) = o. 

TT 

Jo(x) - 2(log 2 - y)Jo(x) + — Ydix) = o. 

2 


Denoted 

Jo{x) ± Fo(x) = 

Denoted 

Ji{x) + Yiix) = 

Denoted 

/oC*) - 2Yo(x) = 


lo/oW ± (log 2 - y)Jo(x) + ~ Yo(x) = o. 


Denoted ioJo{x) ±Yo(x) = o. 
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Airey, 1 . c. 
Roots of* 


First TO roots, 5 decimal places. 


J n+l(^) . (^) 

/n(x) In{x) 


Airey, 1 . c. First 10 roots: ^ = o, 4 decimal places, = i, 2, 3, 3 decimal 
places. 

Jahnke and Emde, Table XXV, first 5 roots for w = o, 3 for w i, 2 for 
n = 2: 4 figures. 

Airey, 1 . c. gives roots of some other equations involving BesseFs functions 
connected with the vibration of circular plates. 

Roots of: 

^ Jv{x)Yv{x) =: Mkx)YSoc). 

Jahnke and Emde, Table XXVI, first 6 roots, 4 decimal places, for 
V = 0 , 1/2, I, 3/2, 2, 5/2: k = 1.2, 1.5, 2.0. 

Table XXVIII, first root, multiplied by {k — i) for ^ = i, 1.2, 1.5, 2-11, 
19, 39, 00 : ^ same as above. 

Table XXEX, first 4 roots, multiplied by (k — i) for certain irrational values 
of kj and j' = o, I. 



X. NUMERICAL SOLUTION OF 
DIFFERENTIAL EQUATIONS 

By F. R. Moulton, Ph.D., 

Professor of Astronomy, University of Chicago; 

Research Associate of the Carnegie Institution of Washington, 

INTRODUCTION 

Differential equations are usually first encountered in the final chapter of 
a book on integral calculus. The methods which are there given for solving 
them are essentially the same as those employed in the calculus. Similar methods 
are used in the first special work on the subject. That is, numerous types of 
differential equations are given in which the variables can be separated by 
suitable devices; little or nothing is said about the existence of solutions of 
other types, or about methods of finding the solutions. The false impression 
is often left that only exceptionally can differential equations be solved. What- 
ever satisfaction there may be in learning that some problems in geometry and 
physics lead to standard forms of differential equations is more than counter- 
balanced by the discovery that most practical problems do not lead to such 
forms. 

10.01 The point of view adopted here and the methods which are developed 
can be best understood by considering first some simpler and better known 
mathematical theories. Suppose 

I. F(a?) = 4* aix'^~^^ + + = o 

is a polynomial equation in x having real coefi&cients ai, a^, . , , , Cn- If n is 
I, 2, 3, or 4 the values of rr which satisfy the equation can be expressed as explicit 
functions of the coeflScients. If n is greater than 4, formulas for the solution 
can not in general be written down. Nevertheless, it is possible to prove that n 
solutions exist and that at least one of them is real if is odd. If the coefiScients 
are given numbers, there are straightforward, though somewhat laborious, 
methods of finding the solutions. That is, even though general formulas for 
the solutions are not known, yet it is possible both to prove the existence of the 
solutions and also to find them in any special numerical case. 

10.02 Consider as another illustration the definite integral 



where /(cr) is continuous ior a ^x^b. If F(x) is such a function that 

dF 
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then I == F(b) - F{a). But suppose no F(x) can be found satisfying ( 2 ). It 
is nevertheless possible to prove that the integral I exists, and if the value of 
(a:) is given for every value of in the interval ^ ^ it is possible to find the 

numerical value of I with any desired degree of approximation. That is, it is 
not necessary that the primitive of the integrand of a definite integral be known 
in order to prove the existence of the integral, or even to find its value in any 
particular example. 

10.03 The facts are analogous in the case of differential equations. Those 
having numerical coeflicients and prescribed initial conditions can be solved 
regardless of whether or not their variables can be separated. They need to 
satisfy only mild conditions which are always fulfilled in physical problems. 
It is with a sense of relief that one finds he can solve, numerically, any particular 
problem which can be expressed in terms of differential equations. 

10.04 This chapter will contain an account of a method of solving ordinary 
differential equations which is applicable to a broad class including all those 
which arise in physical problems. A large amount of experience has shown that 
the method is very convenient in practice. It must be understood that there is 
for it an underlying logical basis, involving refinements of modem analysis, 
which fully justifies the procedure. In other words, it can be proved that the 
process is capable of furnishing the solution with any desired degree of accuracy. 
The proofs of these facts belong to the domain of pure analysis and will not be 
given here. 

10.10 Simpson’s Method of Computing Definite Integrals. The method of 
solving differential equations which will be given later involves the computation 
of definite integrals by a special process which will be developed in this and the 
following sections. 

Let t be the variable of inte- 
gration, and consider the definite 
integral 

1. F ^ ff(t) dt 

kJ a 

This integral can be interpreted 
as the area between the /-axis and 
the curve y = fit) and bounded 
by the ordinates t = a and t - b, 
figure I. 

Let to ^ a, b, yi = /(Z^), and 
divide the interval a ^ ^ 6 up into 
n equal parts, each of length h — 

{b — a) fn. Then an approximate value of F is 

2. Fq = h(yi + y2 + . . . 4 - yn). 

This is the sum of rectangles whose ordinates, figure i, are yi, y 2 , . . . , y^. 

10.11 'A more nearly exact value can be obtained for the first two intervals, 
for example, by putting a curve of the second degree through the three points 


y 



Fig. I 
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yo) yu y^j finding the area between the ^-axis and this curve and bounded 
by the ordinates and fe. The equation of the curve is 

1. y == Co + ai(t - to) + a 2 (t - /o)^ 

where the coefficients ao, and az are determined by the conditions that y 
shall equal yo, yi, and ya at t equal to to, k and h respectively; or 

r yo = ao, 

2. ^ yi = ^0 + ai{h - ^o) + (h{k - 

[ y2 == Co + ci(^2 - ^o) 4* Cafe - ^o)^. 

It follows from these equations and h - k^ k - h that 

Co = yo, 

^ <7i = - i(33;o - 43'i + y^), 

= ^(yo - 23/1 + yi). 


The definite integral 


p2 

I ydt ii 

Jk 


is approximately 


= + CLi{t ~ to) + (hit - dt = 2h flo + aih + j aji^, 


which becomes as a consequence of (3) 

h 


I = - (yo + 4yi + y^‘ 
3 


10.12 The value of the integral over the next two intervals, or from fe to ^4, 
can be computed in the same way. If w is even, the approximate value of the 
integral from to to tn is therefore 


= - [yo + 4yi + 2 y 2 + 4y3 + 2y4 + 


+ 4yn-i + y J* 


This formula, which is due to Simpson, gives results which are usually remarkably 
accurate considering the simplicity of the arithmetical operations. 

10.13 If a curve of the third degree had been passed through the four points 
yo, yi, y2, and yz, the integral corresponding to (4), but over the first three 
intervals, would have been found to be 


= y [yo + 3yi + sya + ys]- 


10.20 Digression on Difference Functions. For later work it will be necessary 
to have some properties of the successive differences of the values of a function 
for equally spaced values of its argument. 

As before, let yt be the value of f{t) for t = k. Then let 
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AiTi = yi- jQ, 

= 3^2 - yu 


^lyn = yn- yn^h 

These are the first differences of the values of the function y for successive values 
of t. All the successive intervals for t are supposed to be equal. 

10.21 In a similar way the second differences are defined by 

A2y2 = Ai 3;2 — Aiyi, 

A2y3 = Aiys - Aiy2, 

A2yn = Aiy^ - Aiy^i, 


10.22 In a similar way third differences are defined by 

Asys = A2y3 — A2y2, 

A3y4 = A2y4 — 

Lzyn = A2yn - A2y;i-i, 


and obviously the process can be repeated as many times as may be desired. 

10.23 The table of successive differences can be formed conveniently from the 
tabular values of the function and can be arranged in a table as follows: 


Table I 



In this table the numbers in each column are subtracted from those 
immediately below them and the remainders are placed in the next column to 
the right on the same line as the minuends. Variations from this precise arrange- 
ment could be, and indeed often have been, adopted. 

10.24 A very important advantage of a table of differences is that it is almost 
sure to reveal any errors that may have been committed in computing the y^. 
If a single y^ has an error €, it follows from 10.20 that the first difference Aiy* 
will contain the error -i-e and Aiyi+i will contain the error -€. But the second 
differences A2y„ A2y»+i, and A2yj-f.2 will contain the respective errors +€, --2€, 
-he. Similarly, the third differences Asy*, A3y»+i, A3yt+2, and Asyt+s will contain 
the respective errors -f e, -36, +36, -€. An error in a single yi affects 7 + 1 
differences of order j, and the coeflSicients of the error are the binomial coeffi- 
cients with alternating signs. The algebraic sums of the errors in the affected 
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numbers in the various difference columns are zero. Now in such functions 
as ordinarily occur in practice the numerical values of the differences, if the 
intervals are not too great, decrease with rapidity and run smoothly. If an 
error is present, however, the differences of higher order become very irregular. 
10.26 As an illustration, consider the function y = sin / for t equal to io°, 
15^, The following table gives the function and its successive differ- 

ences, expressed in terms of units of the fourth decimal:^ 


Table II 


t 

sin t 

Ai sin t 

A2 sin t 

‘ As sin t 

10° 

1736 




IS 

2588 

852 



20 

3420 

832 

— 20 


25 

4226 

806 

— 26 

-6 

30 

5000 

774 

-32 

—6 

35 

5736 

736 

-38 

-6 

40 

6428 

692 

-44 

-6 

45 

7071 

643 

-49 

-5 

SO 

7660 

589 

-54 

-5 

55 

8191 

531 

-58 

~4 

60 

8660 

469 

—62 

■“4 

65 

9063 

403 

-66 

-4 

70 

9397 

334 

-69 

-3 


Suppose, however, that an error of two units had been made in determining 
the sine of 45® and that 7073 had been taken in place of 7071. Then the part 
of the table adjacent to this number would have been the following: 


Table III 


t 

sin t 

Ai sin 

A2 sin t 

As sin t 

25° 

4226 




30 

5000 

774 



35 

5736 

736 

-38 


40 

6428 

692 

-44 

- 6 

45 

7073 

645 

-47 

- 3 

SO 

7660 

587 

-58 

— II 

55 

8191 

531 

-56 

+ 2 

60 

8660 

469 

-62 

- 6 

65 

9063 

403 

-66 

- 4 


The irregularity in the numbers of the last column shows the existence of an 
error, and, in fact, indicates its location. In the third differences four numbers 

^ Often it is not necessary to carry along the decimal and zeros to the left of the first 
significant figure. 
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will be affected by an error in the value of the function. The erroneous numbers 
in the last column are clearly the second, third, fourth, and fifth. The algebraic 
sum of these four numbers equals the sum of the four correct numbers, or —18. 
Their average is —4.5. Hence the central numbers are probably —5 and —4. 
Since the errors in these numbers are -36 and +36, it follows that e is probably 
+2. The errors in the second and fifth numbers are -he and ~6 respectively. 
On making these corrections and working back to the first column, it is found 
that 7073 should be replaced by 7071. 


10.30 Computation of Definite Integrals by Use of Difference Functions. 

Suppose the values oif{t) are known for t = ^^-2, tn-i, tn, and Suppose 
it is desired to find the integral 



The coefiScients So, h, ^2, and bz of the polynomial can be determined,' as above, 
so that the function 

2. y = ^>0 + hi{t - Q + - tnY + bz{t - tnY 

shall take the same values as f{t) for t = /n-2, ^n-i, tn, and tn+i- 

With this approximation to the function /(^), the integral becomes (since 

^n-fl “■ — ^) 

po + h{t - tn) + hit - + bsit - /„)*] dt 

tn 

= hlh +-hh + - W + - bzh^']. 

234 

The coefficients ^2, and hz wiU now be expressed in terms of yn+i, Aiyn+i? 
Agyn+i, and Asyn+i- It follows from (2) that 

" yn-2 ^ bo — 2 bih + 4^2^^ _ 

J yr^i = bo — b\h + bji^ — bzh^, 

\ yn = 

yn+1 = Jo + bih 4 - bji^ + bzV. 

Then it follows from the rules for determining the difEerence functions that 

{ Aiy„_i = bih — sbik^ + jbzh^, 

AijIb = bih - lih^ + 6a/(®, 

^lyn+i = b-Ji + + M®. 

g f Aa^n = 2 bi}^ — 663A®, 

A33'»+.i = 6bih\ 


7 - 
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It follows from the last equations of these four sets of equations that 

^0 = Jn+l — ^lyn+h 

bih = Aiyn+l - ^ ^ 

' I A 

= - A2yn^h 
bzk^ = I As^^n+l. 


Therefore the integral (3) becomes 


9 * ^ ^A\ynr\-i * * * * _|* 

The coefficients of the higher order terms A^yn+i and As^'n+i are 


^respectively. 


- — and 
720 


10.31 Obviously, if it were desired, the integral from tn-2 to tn-i, or over any 
other part of this interval, could be computed by the same methods. For example, 
the integral from to is 


In-1= tmdt, 

Uin-\ 

= A y^Jri — "Aiyn+i + :;;~A2yn+i + —Asyn+i + • • • • . 
L 2 12 24 J 
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10.32 Consider first the application of Simpson’s method. Suppose it is required 
to find 


j ^ss” r “iss® 

sin ^ d/ = - cos t = 0.3327. 

25 ° L J 25 ° 

On applying 10.12 with the numbers taken from Table I, it is found 

c-o 

h = ^[.4226 + 2.0000 + 1. 1472 + 2.5712 4- 1.4142 + 3.0640 + 
which becomes, on reducing 5° to radians, 


that 

.8191], 


h = 0.3327, 

agreeing to four places with the correct result. 

10.33 On applying 10.11 (4) and omitting alternate entries in Table II, it is 
found that 

10*^ 

sin ^ = — [.4226 + 2.2944 + .7071] = 0.1992, 

as"* 3 


which is also correct to four places?. These formulas could hardly be surpassed 
in ease and convenience of application. 
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10.34 Now consider the application of 10.30 (9). As it stands it furnishes the 
integral over the single interval tn to tn+\- If it is desired to find the integral 
from tn to tn+m, the formula for doing so is obviously the sum of m formulas 
such as (9), the value of the subscript going from n 1 to n m 1, or 


In^ m~ ^j^^yn+1 + + yn+m+lj + + 

— — ^A2yn+1 +.... + A2yn+m+l^ — “ ^Asy^+l +.... + Asy^+wi+l^ + . . ‘J * 


On applying this formula to the numbers of Table I, it is found that 

sin tdt= 5°[( 5000 -f *5736 -f .6428 4- *7071 + .7660 + .8191) 

25“ 

- i (.0774 + .0736 + .0692 4 .0643 4 .0589 4 .0531) 


4 — (.0032 4 .00384 


00/1 /I -1- oo/in -4- 




4 — (.0006 4 .0006 4 .0006 4 .0005 4 .0005 4 .0004)3 
24 

= 0.3327, 

agreeing to four places with the exact value. When a table of differences is at 
hand covering the desired range this method involves the simplest numerical 
operations. It must be noted, however, that some of the required differences 
necessitate a knowledge of the value of the function for earlier values of the 
argument than the lower limit of the integral. 


10.40 Reduced Form of the Differential Equations. Differential equations 
which arise from physical problems usually involve second derivatives. For 
example, the differential equation satisfied by the motion of a vibrating tuning 
fork has the form 


where ^ is a constant depending on the tuning fork. 

10.41 The differential equations for the motion of a body subject to gravity 
and a retardation which is proportional to its velocity are 


d?x 

dx 

dfi ~ 


1 



dt 




where c is a constant depending on the resisting medium and the mass and shape 
of the body, while g is the acceleration of gravity. 
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10.42 The differential equations for the motion of a 
the law of gravitation are 


1 


dF 

dF 



d^z 

If 



body moving subject to 


z^. 


10.43 These examples illustrate sufficienfly the types of differential equations 
which arise in practical problems. The number of the equations depends on 
the problem and may be small or great. In the problem of three bodies there 
are nine equations. The equations are usually not independent as is illustrated 
in 10.42, where each equation involves all three variables x, y, and z through r. 
On the other hand, equations 10.41 are mutually independent for the first does 
not involve y or its derivatives and the second does not involve x or its deriva- 
tives. The right members may involve x, y, and z as is the case in 10.42, or 
they may involve the first derivatives, as is the case in 10.41, or they may 
involve both the coordinates and their first derivatives. In some problems 
they also involve the independent variable t. 

10.44 Hence physical problems usually lead to differential equations which are 
included in the form 


' A 
d^y 


,/ dx dy 

y’dt’ dt’ 

( dx dy \ 

dt’ )’ 


where / and g are functions of the indicated arguments, 
of equations may be greater than two. 


10.45 If we let 





Of course, the number 


equations 10,44 can be written in the form 



dx^ 

dt 


= /(». y, y, t), 



dy' 

dt 


g(x, y, x', y, t). 
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10.46 If we let = xi, x' = X 2 , y = xz, y' = X 4 :, equations 10.45 are 

included in the form 

I “ flip^h • j 0? 






. , t)* 


This is the final standard form to which it will be supposed the differential 
equations are reduced. 


10.50 Definition of a Solution of Differential Equations. For simplicity in 
writing, suppose the differential equations are two in number and write them in 
the form 


(h 

dt 


= f(x,y,f), 


I. 


dy 

dt 


g(x, y, t), 


where / and g are knovm functions of their arguments. Suppose x - a, y - b 
at ^ o. Then 

(x = (l>(i), 

1 y = ^0), 

is the solution of (i) satisfying these initial conditions if and rp are 
such functions that 

<j){6) = a, 

’/'(o) = b, 

3- 




the last two equations being satisfied for all o ^ T, where T is a positive con- 
stant, the largest value of t for which the solution is determined. It is not neces- 
sary that 0 and ^|/ be given by any formulas — it is sufficient that they have 
the properties defined by (3). Solutions always exist, though it will not be 
proved here, iff and g are continuous functions of t and have derivatives with respect 
to both X and y. 

10.61 Geometrical Interpretation of a Solution of Differential Equations. 
Geometrical interpretations of definite integrals have been of great value not 
only in leading to an understandmg of their real meaning but also in suggesting 
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practical means of obtaining their numerical values. The same things are true 
in the case of differential equations. 

For simplicity in the geometrical representation, consider a single equation 

where a: = (Z at ^ = o. Suppose the solution is 

2 . 

Equation ( 2 ) defines a curve whose coordinates are x and t. Suppose it is repre- 
sented by figure 2 . The value of the tangent to the curve at every point on it 

is given by equation (i), for there 
is^ corresponding to each point, a 
pair of values of x and t which gives 
dx 

the value of the tangent, when 

substituted in the right member of 
equation (i). 

Consider the initial point on the 
curve, viz. x = a, t - o. The tan- 
gent at this point is The 

curve lies close to the tangent for a 
short distance from the initial point. 
Hence an approximate value of x 
at t = hy h being small, is the ordinate of the point where the tangent at a 
intersects the line t = h, or 

xi - f(a, o)tu 

The tangent at xi, ti is defined by (i), and a new step in the solution can be made 
in the same way. Obviously the process can be continued as long as x and t 
have values for which the right member of (i) is defined. And the same process 
can be applied when there are any number of equations. While the steps of this 
process can be taken so short that it will give the solution with any desired 
degree of accuracy, it is not the most convenient process that may be employed. 
It is the one, however, which makes clearest to the intuitions the nature of the 
solution. 

10.6 Outline of the Method of Solution. Consider equations 10.60 (i) and their 
solution ( 2 ). The problem is to find functions <p and y/ having the properties 
( 2 ). If we integrate the last two equations of 10.60 ( 3 ) we shall have 

<^> = « + 

I. < 

4' = f> + i(4>, 4^, t) dt. 

The difidculty arises from the fact that and \I/ are not known in advance and 
the integrals on the right can not be formed. Since cp and xp are the solution 
values of x and y, we may replace them by the latter in order to preserve the 
original notation, and we have 
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2 . 


X = a 


f y, t) dt, 

U o 

y = b + Jj(x, y, t) dt. 


If X and y do not change rapidly in numerical value, then f(x, y, 0 and g(xj y, 
will not in general change rapidly, and a first approximation to the values of x 
and y satisfying equations (2) is 

r 

xi = a + / f{cL, f) dt, 


yi = & + Jjio-, b, t) dt, 


at least for values of t near zero. Since a and b are constants, the integrands in 
(3) are known and the integrals can be computed. If the primitives can not be 
found the integrals can be computed by the methods of 10.1 or 10.3. 

After a first approximation has been found a second approximation is given by 


X‘i ^ Cl yi, t) dt, 

yi = b+ f i(xi, yi, t) dt. 

V. o 


The integrands are again known functions of t because Xi and yi were determined 
as functions of t by equations (3). Consequently X 2 and y2 can be computed. 
The process can evidently be repeated as many times as is desired. The ;^th 
approximation is 

{xn^ J f{Xn~l, Jn-ly t) dt, 


yn == ^ + J gfe-l, Jn-i, t) dt.' 


There is no difficulty in carrying out the process, but the question arises whether 
it converges to the solution. The answer, first established by Picard, is that, 
as n increases, Xn and jn tend toward the solution for all values of t for which all 
the approximations belong to those values of x, y, and t for which / and g have 
the properties of continuity with respect to t and differentiability with respect 

to X and y. If, for example, / = — and the value of Xn tends towards zero 


for t = T, then the solution can not be extended beyond t - T. 

It is found in practice that the longer the interval over which the integration 
is extended in the successive approximations, the greater the number of approxi- 
mations which must be made in order to obtain a given degree of accuracy. In 
fact, it is preferable to take first a relatively short interval and to find the solution 
over this interval with the required accuracy, and then to continue from the end 
values of this interval over a new interval. This is what is done in actual work. 
The details of the most convenient methods of doing it will be explained in the 
succeeding sections. 
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10,7 The Step-by-Step Construction of the Solution, 
equations are 




Suppose the differential 


with the initial conditions a, y^h 2 itt-=o It is more difficult to start a 
solution than it is to continue one after the first few steps have been made. There- 
fore, it will be supposed in this section that the solution is well under way, and 
it will be shown how to continue it. Then the method of starting a solution will 
be explained in the next section, and the whole process wiU be illustrated 
numerically in the following one. 

Suppose the values of x and y have been found for t =‘ h, . * , tn. Let 

them be respectively Xi, yi; ojo, y^] , . Xn, jn, care being taken not to confuse 
the subscripts with those used in section 10.6 in a different sense. Suppose the 
intervals U - k-h, ... ^n-i all equal to h and that it is desired 
to find the values of x and y at ^n+i? where — k = h. 

It follows from this notation and equations ( 2 ) of 10.6 that the desired 
quantities are 

X^i ^Xn+ I f{x,y,t) it, 

.Jin 


g (x, y, t) it. 

in 


The values of x and y in the integrands are of course unknown. They can be 
found by successive approximations, and if the interval is short, as is supposed, 
the necessary approximations will be few in number. 

A fortunate circumstance makes it possible to reduce the number of approxi- 
mations. The values of x and y are known at^ = k, k-i, ^n- 2 , . . . From these 
values it is possible to determine in advance, by extrapolation, very close approxi- 
mations to X and y for / = The corresponding values of / and g can be 
computed because these functions are given in terms of x, y, and t They are 

also given for t == Consequently, curves for / and g agreeing 

with their values at t = 4, .... can be constructed and the integrals 

( 2 ) can be computed by the methods of 10.1 and 10.3. 

The method of extrapolating values of and y^+i must be given. Since 
the method is the same for both, consider only the former. Since, by h 3 q)othesis, 
X is known for t = 4, ^n- 2 , .... the values of Xn, AiXny A 2 Xn, and 

AzXn are known. If the interval h is not too large the value of A^x^i is very 
nearly equal to AsXn. As an approximation may be taken equal to 

or perhaps a closer value may be determined from the way the third differences 
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AzXn-2i AzXn-i^ and AzXn vary. For example, in Table II it is easy to see 
that A3 sin 75° is almost certainly —3. It follows from 10 . 20 , 1 , 2 that 


3 - 


A^Xn+l = AzXnr\-l + A^Xnj 
AiXn+l = AoXn+l + AiXn, 

^n+1 “ Ai^Tti-i-i -f- Xn» 


After the adopted value of Azx^+i has been written in its column the successive 
entries to the left can be written down by simple additions to the respec- 
tive numbers on the hne of tn^ For example, it is found from Table II that 
A2 sin = “72, Ai sin 75° = 262, sin 75*^ == 9659. This is, indeed, the correct 
value of sin 75° to four places. 

Now having extrapolated approximate values of x„rhi and it remains to 
compute / and g for = Xn+i, y = yn+i, f = ^n+i. The next step is to pass curves 
through the values of / and g for / = /n+i, ^n, * . . . and to compute the inte- 

grals (2). This is the precise problem that was solved in 10 . 30 , the only difference 
being that in that section the integrand was designated by y. On appl3dng 
equation 10.30 (9) to the computation of the integrals (2), the latter give 


4 - 


where 

5 - 


Xnri-i = Xn -h ^ E/w+1 ~ ^Aifn^i — ^ Azfv^i — — Azfn+1 •••]], 

yn+1 = yn + h [gri+i — -Aign+i *- ~ Azgn+l “ “ Asgr^-l • • • ]? 

f fn+1 = /(^n+1, yn+1, tn+l) , 

\ gn+1 = ^(^n+1, yn+1} ^n+l)* 


The right members of (4) are known and therefore Xn^^i and are 
determined. 

It will be recalled that/n+j and g„^-i were computed from extrapolated values 
of Xn+i and yn+i, and hence are subject to some error. They should now be re- 
computed with the values of x^+i and yn+i furnished by (4). Then more nearly 
correct values of the entire right members of (4) are at hand and the values of 
Xn+i and yrH-i should be corrected if necessary. If the interval h is small it will 
not generally be necessary to correct Xn+i and y^^i. But if they require correc- 
tions, then new values of/n+i and gn+i should be computed. In practice it is 
advisable to take the interval h so small that one correction to fn+i and gn+i is 
sufficient. 

After Xn+i and y^+i have been obtained, values of a: and y at 4+2 can be found 
in precisely the same manner, and the process can be continued to ^ = ifn+3, tr^4, 
.... If the higher differences become large and irregular it is advisable to 
interpolate values at the mid-intervals of the last two steps and to continue with 
an interval half as great. On the other hand, if the higher differences become 
very small it is advisable to proceed with an interval twice as great as that used 
in the earlier part of the computation. 

The foregoing, expressed in words, seems rather complicated. As a matter of 
fact, it goes very simply in practice, as will be shown in section 10 . 9 . 
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10.8 The Start of the Construction of the Solution. Suppose the differential 
equations are again 

with the initial conditions = a, 3 ; = 6 at / = o. Only the initial values of x and 
y are known. But it follows from (i) that the rates of change of x and y at / = o 
are/ (a, h, o) and g {a, b , o) respectively. Consequently, first approximations to 
values of x and y at ^ = A are 

J - a -i- hfia, bj o), 

\ = i + hg\a, b, o). 

Now it follows from (i) that the rates of change of x and y &tx = Xi,y = y,, 
t = are approximately f{xi'-^\ ii) and ^i). These rates will be 

different from those at the beginning, and the average rates of change for the 
first interval will be nearly the average of the rates at the beginning and at the 
end of the interval. Therefore closer approximations than those given in ( 2 ) to 
the values of x and y at / = are 

3. / = a + [/(o, h, 0) +f{xP, < 0 ], 

1 yi®) = b + \h [|(a, h, o) + g{x'P-\ yP-\ <i)]. 

The process could be repeated on the first interval, but it is not advisable when 
the interval is taken as short as it should be. 

The rates of change at the beginning of the second interval are approximately 
and respectively. Consequently, first approxima- 

tions to the values of x and y at ^ = ^ 2 , where h — tx = hj are 

4. I xp = + hj{xi^^\ yi^^\ ^i), 

1 y.^^^ = y/^^ + hg{xP, y.^\ k). 

With these values of x and y approximate values of and gi are computed. Since 
/oj ^ 0 ; /i, gi are known, it follows that A 1 / 2 , Ai^ 2 ; A 2 / 2 , and A^gi are also known. 
Hence equations ( 4 ) of 10.7, for ^ + i = 2 , can be used, with the exception of 
the last terms in the right members, for the computation of x^ and y 2 . 

At this stage of work = a, yo = 5; Xi, yi; x^, y^ are known, the first pair 
exactly and the last two pairs with considerable approximation. After and 
have been computed, Xx and yi can be corrected by 10.31 for ^ = i. Then ap- 
proximate values of Xz and ys can be extrapolated by the method explained in 
the preceding section, after which approximate values of /a and gz can be com- 
puted. With these values and the corresponding difference functions, xi and y 2 
can be correc^ted by using 10.31. Then after correcting all the corresponding 
differences of all the functions, the solution is fuUy started and proceeds by the 
method given in the preceding section. 

10.9 Numerical Illustration. In this section a numerical problem will be treated 
which will illustrate both the steps which must be taken and also the method of 
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arranging the work A convenient arrangement of the computation which pre- 
serves a complete record of all the numerical work is very important. 

Suppose the differential equation is 


I. 


W 


~ (l -h K^)x -[- 2/cV, 



I at / = o. 


The problem of the motion of a simple pendulum takes this form when expressed 
in suitable variables. This problem is chosen here because it has an actual physi- 
cal interpretation, because it can be integrated otherwise so as to express t in 
terms of and because it will illustrate sufficiently the processes which have 
been explained. 

Equation (i) will first be integrated so as to express t in terms of x. 

dx 

On multiplying both sides of (i) by 2 ^ and integrating, it is found that the 
integral which satisfies the initial conditions is 

2. = (i - x*) (i - kV). 


On separating the variables this equation gives 

dx 


-i: 


■\/(l — X^) (l — K^X^) 


Suppose K^<i and that the upper limit x does not exceed unity. Then 

4. / ^ ; = I + - kV + I K*X* + -7 K-V + . . . . 

V I - K-X^ 2 8 16 


where the right member is a converging series. On substituting (4) into (3) and 
integrating, it is found that 

5. ^ = sin”^ X -h i[— :rV 1 — x^ 4 - sin“^ x'^ic^ -i- f t — — f^c(i — x^)^ 

-h I X V I - 4- 1 sin""^ x 2 k^ + ]. 

When X ^ 1 this integral becomes 


6 . 


T = ^ 
2 


1*3 




I- 3-5 


Equation (5) gives t for any value of x between — i and 4 -i. But the problem 
is to determine x in terms of t. Of course, if a table is constructed giving t for 
many values of x, it may be used inversely to obtain the value of x corresponding 
to any value of L The labor involved is very great. Wlien is given numerically 
it is simpler to compute the integral (3) by the method of 10.1 or 10 . 3 . 

In mathematical terms, t is an elliptical integral of x of the first kind, and the 
inverse function, that is, ic as a function of is the sine-amplitude function, which 
has the real period 4T. 
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Suppose = -^ and let J = Then, equation (i) is equivalent to the 


two equations 

7 - 


= yy 


dx 
dt 

dt- 2 * + ^' 


which are of the form 10.50 (i), where 


8 . 


and X = o, y = 1 at ^ == o. 




The first step is to determine the interval which is to be used in the start of 
the solution. No general rule can be given. The larger /o and go the smaller 
must the interval be taken. A fairly good rule is in general to take h so small 
that hfo and Ago shall not be greater than 1000 times the permissible error in the 
results. In the present instance we may take A = o.i. 

First approximations to x and y at if = o.i are found from the initial conditions 
and equations 10.8 (2) to be 

* = o H I = o.iooo, 

10 

9- \ I 

yfi) = I -1 o = I.OOOO. 


It follows from (8) and these values of Xi and yi that 

' f ti) = I.OOOO, 

\g(5£:i«,3;i®, it) = -0.1490, 


Hence the more nearly correct values of Xi and yi, which are given by 10.8 (3), are 


II. 


^ 0*1 

= o 4* [l.OOOO 4- 1. 0000^1 = O.IOOO, 

< 

- I [0.0000 — 0.1490]] = 0.9925. 


Since in this particular problem x = Sy dt, it is not necessary to compute 
both / and g by the exact process explained in section 10 . 8 , for after y has been 
determined x is given by the integral. It follows from (7), (8), (10), and (ii) 
that a first approximation to the value of y at jf = ^2 = 0.2 is 


12, 


y2^^^ = .0025 - ~ .1490 = .9776. 


With the values of y at o, .1, .2 given by the initial conditions and in equations 
(9) and (12), the first trial y-table is constructed as follows: 
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First Trial 3;-Table 


t 


Aiy 


0 

1 

2 

I 0000 

992s 

9776 

- 0075 

1 - 0149 

-.0074 


Since 3; = / it now follows from the first equations of fii) and 10.7 (4) for w ~ i 
that an approximate value of X2 is 

13. = o.iooo + .9776 + ^ .0149 + ~ .0074 = .1986. 

With this value of X2 it is found from the second of (8) that = .2901. Then 
the first trial ^-table constructed from the values of ^ at / = o, o.i, 0.2, is: 

First Trial ^-Table 


t 

S 

Ai^ 

Ajg 

0 

1 

2 

0000 

-M490 

— . 2901 

- 1490 

- .1411 

+ 0079 


Then the second equation of 10.7 (4) gives for ^ = i the more nearly correct 
value of 3/2, 

14. = .9925 + [^-•2901 + ^ -1411 - ^ -0079^ = .9705. 

This value of should replace the last entry in the first trial y-table. When 
this is done it is found that Aiy2 = -.0220, A2y2 = -.0145. Then the first equa- 
tion of 10.7 (4) gives 

15. :r2 = .1000 4- j^.9705 + ^ *0220 + .0145 j = .1983. 

The computation is now well started although Xi, yi, X2, and 3^2 are still subject 
to slight errors. The values of Xi and yi can be corrected by applying 10.31 for 
n - 1, It is necessary first to compute a more nearly correct value of g2 by using 
the value of ^^2 given in (15). The result is g2 = -.2896, Aig^ -.1406, 
A2g2 = +.0084. Then the second equation of 10.7 (4) gives 

16. 3/2 = .9925 + ^ -.2896 + ^ .1406 - ^ .0084J = .9705? 

agreeing with (14). This value of 3^2 is therefore essentially correct. An applica- 
tion of 10.31 then gives 

if 3 S ^ 

17. Xi = .0000 -h — .9705 -f - .0220 - “ .0145 = -09975 
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after which it is found that gi = -.i486, Ai^i = -.i486. Now the first trial 3;-table 
can be corrected by using the value of given in (14). The result is: 


Second Trial y-Table 


t 

y 

Aiy 

Ky 

0 

1 

1 

2 

1 .0000 

• 9925 

• 970s 

- 0075 

i 

— 0220 

- OI 4 S 


In order to correct ^^2 and ya by the same method, which is the most convenient 
one to follow, it is necessary first to obtain approximate values of gz and The 
trial g-table can be corrected by computing g with the values of given by (17) 
and (15) . Then the line for gz can be extrapolated. The results are: 


Second Trial g-Table 


t 

g 

Aig 

Kg 

0 

.1 

2 

3 

0000 

- i486 

- 2896 

- 4230 

- . i486 

- . 1410 

- 1334 

+ 0076 

+ 0076 


Then the second equation of 10.7 (4) gives for n ^ 2, 


18. 


yz = 9705 + 


10 


-.4230 + ^.1334'“ 


= .9348. 


When this is added to the second trial y-table, it is found that 

19. y3 = .9348, Aiyz - -.0357, A^yz = -.0137, Aaya = +.0008. 

Now X2 and ys can be corrected by applying 10.31 to these numbers and those 
in the last line of the second trial g-table. The results are 

% = .0997 + ^ 1^.9348 + 2 .0357 - ^ .0137 + L .ooosj = .1980, 

20. j 

= .9925 + L I -.4230 + 1 .1334 + L .0076J = .9705. 

The preliminary work is finished and x and y have been determined lor t ~ o, 
.1, and .2 with an error of probably not more than one unit in the last place. As 
the process is read over it may seem somewhat complicated, but this is largely 
because on the printed page preliminary values of the unknown quantities can 
not be erased and replaced by more nearly correct ones. As a matter of fact, the 
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first steps are very simple and can be carried out in practice in a few minutes if 
the chosen time-interval is not too great. 

The problem now reduces to simple routine. There are an :x;-table, a y-table 
(which in this problem serves also as an /-table), a g-table, and a schedule for 
computing g. It is advisable to use large sheets so that all the computations 
except the schedule for computing g can be kept side by side on the same sheet. 
The process consists of six steps: (i) Extrapolate a value of gn+i and its 
differences in the ^-table; (2) compute yn+i by the second equation of 10.7 (4); 
(3) enter the result in the y-table and write down the differences; (4) use these 
results to compute Xn+i by the first equation of 10.7 (4) ; (5) with this value of 
Xn+i compute gn+i by the ^-computation schedule; and (6) correct the extrapolated 
value of gn+i in the g-table. 

Usually the correction to gn+i will not be great enough to require a sensible 
correction to But if a correction is required, it should, of course, be made. 
It follows from the integration formulas 10.7 (4) and the way that the difference 
functions are formed that an error e in gn+i produces the error f^e in and 


the corresponding error in Xn+i is — hH. 

04 


It is never advisable to use so large 


a value of h that the error in Xn+i is appreciable. On the other hand, if the differ- 
ences in the g-table and the y-table become so small that the second differences 
are insensible the interval may be doubled. 

The following tables show the results of the computations in this problem 
reduced from five to four places. 


Final x-Table 


t 

X 

Aix 

^ 2 X 

i^zX 

0 

.0000 




.1 

.0997 

.0997 



.2 

.1980 

.0983 

— 0014 


•3 

•2934 

•0954 

— 0029 

-.0015 

•4 

■3847 

.0913 

— 0041 

— .0012 

•5 

.4708 

.0861 

- 0052 

— .0011 

.6 

-5508 

.0800 

— 0061 

— .0009 

•7 

.6243 

■073s 

-.0065 

— .0004 

.8 

.6909 

.0666 

— . 0069 

— . 0004 

-9 

•7505 

.0596 

— . 0070 

— .0001 

I.O 

.8030 

•0525 

— 0071 

— .0001 

I I 

.8486 

.0456 

— 0069 

-f .0002 

1.2 

.8877 

.0391 

-.0065 

4-. 0004 

I 3 

9205 

.0328 

— 0063 

-h . 0002 

I 4 

9472 

,0267 

— 0061 

- 1 -.O 002 

I 5 

.9682 

-0210 

-.0057 

4- . 0004 

1.6 

•9837 

■0155 

-•ooSS 

4- 0002 

1*7 

.9940 

.0103 

-.0052 

4-. 0003 

1.8 

•9993 

•0053 

-.0050 

4- . 0002 

1.9 

• 999 S 

.0002 

-.0051 

— .0001 
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Final 3;-Table 


t 

y 

Aiy 

Aay 

Asy 

0 

I 

.2 

1 0000 

9925 

9705 

- 007s 

— .0220 

- 0145 


3 

9352 

- 0353 

- 0133 

+ 0012 

•4 

.8882 

-.0470 

— 0117 

+ 0016 

•5 

8320 

-.0562 

— . 0092 

4“ 0025 

.6 

,7687 

- .0633 

— .0071 

+ 0019 


7009 

— .0678 

-.0045 

4- 0016 

8 

6308 

— .0701 

- 0023 

+ 0022 

9 

.5602 

— .0706 

~ 0005 

4- 0008 

I .o 

.4906 

— 0696 

+ .0010 

4- 0015 

1. 1 

4231 

- 067s 

-f 0021 

4- 0011 

1.2 

•35S4 

-.0647 

+ 0028 

+ 0007 

I 3 

.2968 

— 0616 

+ .0031 

+ 0003 

I 4 

.2382 

- 0586 

+ .0030 

— 0001 

I 5 

.1824 

- -0558 

+ .0028 

— 0002 

1.6 

1290 

- 0534 

+ . 0024 

— 0004 

1-7 

•077s 

- 0515 

4-. 0019 

- 0005 

1.8 

.0271 

- 0504 

+ .0011 

— .0008 

1.9 

— 0230 

- 0501 

+ 0003 

— 0008 


Final g-Schedule 


t 

.1 

.2 

.3 

.4 • 

■5 

.6 

•7 

,8 

•9 

log X 

8 9989 

9.2967 

94675 

95851 

9 6728 

9 7410 

9 7954 

9.8394 

9 8753 

log 

6 9967 

7.8901 

84025 

8-7553 

9.0184 

9 2230 

9 3862 

95182 

96259 


.2992 

•5941 

8802 

I.I54I 

I 4124 

I 6524 

1 8729 

2.0727 

2.2515 

2 

-.1496 

— 2970 

-4401 

-•3770 

-.7062 

- 8262 

- 9365 

-I 0364 

-1.1257 


0010 

,0077 

0252 

.0569 

.1044 

1671 

1 

•2434 

.3298 

.4227 

g 

—.i486 

-2893 

- 4149 

1 

-.5201 

-.6018 

1 

-.6591 

-.6931 

— .7066 

- .7030 
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Final g-Table 


t 

g 

Ajg 

Asg 

Asg 

0 

.1 

.2 

•3 

.0000 
- . i486 
-.2893 
-.4149 

- . i486 

- . 1407 

-.1256 

+ 0079 
+ 0151 

+ 0072 

.4 

-.5201 

-.1052 

+ .0204 

4- 0053 

-5 

- .6018 

— .0817 

+ •0235 

4-. 0031 

.6 

-.6591 

-•0573 

+ 0244 

+ 0009 

•7 

-.6931 

-.0340 

+ •0233 

— 0011 

.8 

— 7066 

-■0135 

+ .0205 

— 0028 

•9 

-.7030 

+ .0036 

+ .0171 

- 0034 

1 .0 

-.6867 

+ .0163 

4- 0127 

— .0044 

1. 1 

-.6618 

+ 0249 

4- 0086 

— 0041 

I 2 

— 6320 

+ .0298 

+ 0049 

- 0037 

1-3 

— . 6008 

+ .0312 

+ 0014 

-•0035 

1.4 

--5710 

+ 0298 

— 0014 

— 0028 

1-5 

-•5447 

+ .0263 

- 0035 

— 0021 

I 6 

-•5236 

+ 0211 

- 0052 

— .0017 

1-7 

- . 5088 

+ .0148 

— .0063 

— 0011 

1.8 

-.5011 

+ .0077 

— 0071 

~ 0008 

1.9 

- . 5008 

+ 0003 

- 0074 

— 0003 


Final i^-Schedule — Continued 


I.O 

1. 1 

I 2 

I 3 

I 4 

B 




1.9 

9.9047 

99287 

99483 

9 9640 

9.9764 

9 9860 

9.9929 

9-9974 

9.9997 

9.9998 

9-7141 

9.7861 

9.8449 

9 8920 

9.9292 

99580 

9.9787 

9 9922 

9.9991 

99994 

2.4090 

2 5458 

2 6631 

2 7615 

2.8416 

2 9046 

2.95II 

2 9820 

2.9979 

2.9985 

-I.2045 

-1.2729 

-I 3316 

-I 3807 

-I 4208 

-1 4523 

-14756 

-1.4910 

-1.4989 

-1.4992 

.5178 

.6111 

.6996 

•7799 

.8498 

.9076 

.9520 

.9822 

.9978 

.9984 

- .6867 

- .6618 

— .6320 

— .6008 

- .5710 

- -5447 

- -5236 

- .5088 

- .5011 

- .5008 

i 
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As has been remarked, large sheets should be used so that the x, y, and g-tables 
can be put side by side on one sheet. Then the ^-column need be written but once 
for these three tables. The g-schedule, which is of a different type, should be on 
a separate sheet. 

The differential equation (i) has an integral which becomes for /c^ - ^ 

2 

, dx 

and^ = y. 


21 . 


2 4 


I; 


and which may be used to check the computation because it must be satisfied at 
every step. It is found on trial that (21) is satisfied to within one unit in the 
fourth place by the results given in the foregoing tables for every value of L 

The value of t for which x - 1 and y = o is given by (6) . When ^ it is 
found that T = 1.8541. It is found from the final a;-table by interpolation based 
on first and second differences that x rises to its maximum unity for almost exactly 
this value of t; and, similarly, that y vanishes for this value of t. 



XI ELLIPTIC FUNCTIONS 

By Sir George Greenhill, F. R. S. 




INTRODUCTION TO THE TABLES OF ELLIPTIC 

FUNCTIONS 


By Sir George Greenhill 
In the integral calculus, C and more generally, 

J vx J p Q 

where M, N, P, Q are rational algebraical functions of can always be expressed 
by the elementary functions of analysis, the algebraical, circular, logarithmic or 
hyperbohc, so long as the degree of X does not exceed the second. But when 
X is of the third or fourth degree, new functions are required, called elliptic 
functions, because encountered first in the attempt at the rectification of an 
ellipse by means of an integral. 

To express an elliptic integral numerically, when required in an actual 
question of geometry, mechanics, or physics and electricity, the integral must 
be normalised to a standard form invented by Legendre before the Tables can 
be employed; and these Tables of the Elliptic Functions have been calculated 
as an extension of the usual tables of the logarithmic and circular functions of 
trigonometry. The reduction to a standard form of any assigned elliptic -integral 
that arises is carried out in the procedure described in detail in a treatise on the 
elliptic functions. 


11 . 1 . Legendre's Standard Elliptic Integral of the First Kind (E. I. I) is 


F4> 






p 

^ oVij — -* 


Vi — sin^ 4 > 

defining 0 as the amplitude of u, to the modulus k, with the notation, 

(j) — am u 

a: = sin 0 = sm am u 
abbreviated by Gudermann to, 

X = sn u 
cos <j> = cn u 

A 0 = vCi - sin^ <^) = A am « dn w, 
and sn Uj cn u, dn u are the three elliptic functions. Their differentiations are, 


du 




d am u j 
or — ; — = dnw 


dsm 6 jL A ^ 

= cos O' A© 

du 


or 


du 

dsnu 

du 


= cn w dn 
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d cos cb . I A I d CD. ti j 

— - — - = — sill c^) Acf) or — ; — - — sxiu an u 
du 


dM 

du 


= « /c^ sin (j) cos (p or 


du 

d dnu 
du 


= — ^nu an u 


TT 

11.11. The complete integral over the quadrant, o<<l><—,o<x <1, defines 
the (quarter) period, K, . 

making 

sn Z - I 
cn iT = Q 
dn i: = k'. 

k' is the comodulus to k, -f = i, and the coperiod, iT', is, 

d(l>__ 




V(i -- sin^ <py 


11 . 12 . 

sn^ u + cn^u = 1 
cn^ u + sn^u ^ i 
dn^ w — cn^u = k'^, 
sn o = o, cn o = dn, o = i. 

sn iT = I, cn isT = o, dnK = /c'. 

11 . 13 . Legendre has calculated for every degree of 0 , the modular angle, 
K = sin d, tile value of F<j> for every degree in the quadrant of the amplitude 0 , 
and tabulated them in his Table IX, Fonctions elliptiques, t. II, 90 x 90 = 8100 
eAtries. 

But in this new arrangement of the Table, we take u = Fp ns, the independent 
variable of equal steps, and divide it into 90 degrees of a quadrant X, putting 

u^eK^^K, r° = 9oV 
90 

As in the ordinary trigonometrical tables, the degrees of r run down the left of 
the page from 0° to 45®, and rise up again on the right from 45° to 90°. Then 
columns II, III, X, XI are the equivalent of Legendre's Table of Fcp and <pj 
but rearranged so that F(j> proceeds by equal increments 1° in r^, and the incre- 
ments in (jy are unequal, whereas Legendre took equal increments of (p giving 
unequal increments in w = Fp^ 

The reason of this rearrangement was the great advance made in elliptic 
function theory when Abel pointed out that Fp was of the nature of an inverse 
function, as it would be in a degenerate circular integral with zero modular 
angle. On Abel's recommendation, the notation is reversed, and p is to be 
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considered a function of u, denoted already by ^ = am u, instead of looking 
at in Legendre’s manner, as a function, F<i>^ of (j), Jacobi adopted the idea 
in his Fundamenta nova, and employs the elliptic functions 

sin 0 - sin am u, cos = cos am w, A(f> = A am u, 
single-valued, uniform, periodic functions of the argument Uj with (quarter) 
period K, as (j> grows from o to |7r. Gudermann abbreviated this notation to 
the one employed usually today. 


11.2. The E. I. I is encountered in its simplest form, not as the elliptic arc, 
but in the expression of the time in the pendulum motion of finite oscillation, 
unrestricted to the small invisible motion of elementary treatment. 

The compound pendulum,^ as of a clock, is replaced by its two equivalent 
particles, one at 0 in the centre of suspension, and the other at the centre of 
oscillation, P; the particles are adjusted so as to have the same total weight as 
the pendulum, the same centre of gravity at G, and the same moment of inertia 
about G or 0; the two particles, if rigidly connected, are then the kinetic equiva- 
lent of the compound pendulum and move in the same way in the same field of 
force (Maxwell, Matter and Motion, CXXI), 

Putting OF = Z, called the simple equivalent pendulum length, and P starting 
from rest at in Figure i, the parti- 
cle P will move in the circular arc 
BAB' diS if sliding down a smooth curve; 
and P will acquire the same velocity 
as if it fell vertically KP - ND\ this 
is all the d 3 aiamical theory required. 

(velocity of PY = 2 g^KPy 

(velocity of iV')2= 2 g ND-siv?AOP 

= 2g-ND-~ = ^-ND-NA-NE, 

and with AD = hj AN = y, ND 
-Ifi - AE = 2 /, NE = 2 ^ — y, 

where F is a cubic in y . Then t is given 
by an elliptic integral of the form Fig. i 

-—=• This integral is normahsed to Legendre’s standard form of his 
vF 

E. I. I by putting y = h sin^ <^, making AOQ = <^, h-y cos^ 

2 I — y - 2 I (1 — sin^ <^), 


E 



- = 4 ? = sinMEJ5. 
2 I AE 


K is called the modu lus, AEB tlie modular angle which Legendre denoted 
by 6; \/{i — sin^ (/>) he denoted by A0. 
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With g = In^, and reckoning the time ( from A, this makes 

''<!> d<f> 


nt 




in Legendre’s notation. Then the angle ^ is called the amplitude of nt, to be 
denoted am nt, the particle F starting up from A at time t = o; and with u = nt, 


AP AQ 


sn^ 


AN 


cn M = 


m 

AD 


ciP u 


PK 

AD 


A 


dn* u = 


NE 

AE 


Velocity ofP = w-^.B-cnM = VBP PB', with an oscillation beat of T seconds 
in M = eK, e = 2f/r. 


11 . 21 . The numerical values of sn, cn, dn, tn {u, k) are taken from a table 
to modulus K = sin (modular angle, 6 ) by means of the functions Dr, Ar, Br, 
Cr, in columns V, VI, VII, VIII, by the quotients, 

\/F sn eJT = ^ 

jr ^ 

cneK = 

dn eK _ C 
Vk-' ^ 

Vxf tneK = ^ 


r° = go°e 
u^eK. 


These D, A, B,C are the Theta Functions of Jacobi, normalised, defined by 


m = 0^, 


A{r) = 


Hu 

BK" 


B{r) = ^(90° - r) C{r) = D{go° - r). 

They were calculated from the Fourier series of angles proceeding by multiples 
of r°, and powers of q as coefficients, defined by 

k' 

q = e-^k 

Qu = 1 - 2q cos 2r + cos 4r - 29^ cos 6r + . . . . 

Hu = 29I sin r — 29^ sin y + 2(f^ sin Sf - . . . . 


11 . 3 . The Elliptic Integral of the Second Kind (E. I. II) arose first historicaEy 
in the rectification of the ellipse, hence the name. With BOP = <j> in Figure 2, 
the minor eccentric angle of P, and s the arc BP from 5 to P at a; = o sin 
y = b cos 
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ds 


= Va^ cos^ <j> sin^ <j> = aA(^, /c), 


to the modulus k, the eccentricity of the ellipse. 
Then s = a Ecf), where • d(j> is denoted hy E(j) 

in Legendre^s notation of his standard E. I. II; 
it is tabulated in his Table DC alongside of F(p 
for every degree of the modular angle 6, and to 
every degree in the quadrant of the amplitude (j>. 

But it is not possible to make the inversion 
and express <^> as a single-valued function of E(i>. 



11.31. The E. I. II, E0, arises also in the expression of the time, t, in the oscil- 
lation of a particle, P, on the arc of a parabola, as P<^ was required on the arc 

of a circle. Starting from B along the parabola 
BAB', Figure 3, and with AO = A, OB = b, 
BOQ = <^, AN y =: k cos^ <f>, NP = x = U cos 
(j) and with OS - 2h = b tan ol, OA' = SB 
= h sec a, the parabola cutting the horizontal 
at B at an angle a, the modular angle, BRA'B' 
is a semi-ellipse, with focus at S, and eccen- 
tricity K = sin a. 



(Velocity of P)^ = (^) + 


(izY 

\dij 


= (b^ cos^ (f) -1- 4^2 sin^ 0 cos^ (p) 


dtj 


= 2 gy = 2 gh cos^ (p 


= (P{i — sin^ (X sin^ <p) cos^ cp | 

= cos^ (p, 

if V denotes the velocity of P at ri , and OA' = a. Then with 5 the elliptic arc BR, 




and so the point R moves round the ellipse with constant velocity V, and ac- 
companies the point P on the same vertical, oscillating on the parabola from B 
to B'. 

In the analogous case of the circular pendulum, the time t would be given 
by the arc of an Elastica, in Kirdihoff’s Eunetic Analogue, and this can be placed 
as a bow on Figure i, with the cord along AE and vertex at P. 

Legendre has shown also how in the oscillation of R on the semi-ellipse BRB' 
in a gravity field the time t is expressible by elliptic integrals, two of the first 
and two of the second kind, to complementary modulus (Fonctions elliptiques, 
I, p. 183). 
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11.32. In these tables, E(j) is replaced by the columns IV, IX, of E(r) and 
G(r) = £(90 - r), defined, in Jacobi’s notation, by 

E(r) = zneK ^ E4> — eE 
G{r) = zn (i — e)K, r = goe. 

This is the periodic part of E4> after the secular term eE = -^u has been set 
aside, E denoting the complete E. I. II, 

£ = £ Itt = 

The function zn tc, or Zu in Jacobi’s notation, or E(f) in our notation, is 
calculated from the series, 

Er = H ^ + gs™ + 55 ™ + . . . .) sin zmr. 

"sinhmTT-j ^ 

THs completes the explanation of the twelve columns of the tables. 

11.^. The Double Periodicity of the Elhptic Functions. 

This can be visualised in pendulum motion if gravity is supposed reversed 
suddenly at B (Figure i) the end of a swing; as if by the addition of a weight 
to bring the centre of gravity above 0 , or by the movement of a weight, as in the 
metronome. The point F then oscillates on the arc BEB', and beats the elhptic 
function to the complementary modulus /c', as if in imaginary time, to imaginary 
argument and it reaches P' on AX produced, where tan AEF^ 

= tan AEB-ax {nfi, k), or tan EAF' = tan EAB^cn (nf, O; ox with nt' «= 
DR' - DP'Cn (iv, k'), DR - DP-cn (v, k'), with DR- DR' - DB^, EP' crossing 
DB in R\ 

cn (iv, k) = — -r — k 

^ ^ cn (z», K) 

. . . isn{vy k') .. f f. 

sn Ufii, K) = — / -T x - = tn {v, k) 

^ ^ cn (?;, /c) 

j ^ dii(v,K') I 

where K' denotes the complementary (quarter) period to comodulus /c'. 

If m, m' are any integers, positive or negative, including o, 

sn {u -f 4 wir 4 - 2 m' iE!) = sxiu 

cn [u -i- /\.mK + 2 m' {K + iK'Y\ = cn w 
dn (^^ + 2 mK -f n^m'iK') = dn 

11.41. The Addition Theorem of the Elliptic Functions. 


= itxi {v, k') 


sn (z^ ± z)) = 
cn (z; ± zz) - 


dn (z; d= = 


snucnvdiiv ^snvcnudnu 
1 — sn^ u sn^ V 
cn zz cn ^ sn zz dn zz sn ^ dn ^ 

I - siF u srP V 
dn zz dn z? =F sn zz cn zz sn t; cn z; 
I — stf zz sn^ V 
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11.42. Coamplitude Formulas, with v :h K, 

sn {K — u) = - sn(K u) 

' dnu 


cn {K - u) ^ 


K snu 
dnu 
k' 


cn (Z + w) = - 


K sn u 
dn u 


da (K--u)= ^ = dn (Z + u) 


tn {K + u) == 


k' tn u 


11.43. Legendre’s Addition Formula for his E. I. II, 

E<p = J'A<l)’d(j> = fdn^u du, cj> = J*dnu‘du = amz^. 

Ecj> + Exp - E(T = sin (psmxp sin cTj \p = son v, a = am {v d u) 
or, in Jacobi’s notation, 

zn u d znv — zn {u -{■ v) - i^s>nus>nv sn {v 4- 'u), 
the secular part cancelling. 

Another form of the Addition Theorem for Legendre’s E. I. 11, 


E<r-Ed- 2 E 4 ^ = - ^ — . J 

^ 1 - ic sm^ 9 sin^ xj/ 

or, in Jacobi’s notation, 

, . , . — 2/c^ sn cn dn z) sn^ ^ 

zn (z; + + zn (z/ - - 2 zn zj = 5 — 5 1 

^ ^ ^ 1 - K^sa^usn^v 

11.6. The Elliptic Integral of the Third Kind (E. I. Ill) is given by the next 
integration with respect to u, and introduces Jacobi’s Theta Function, Qu^ 
defined by, 

d log Qu ^ 

2 = Zu = znu 

du 

Qu r j 

= exp. J^zn U'du. 

Integrating then with respect to u, 

- ^ ^ . r - 2 sn z^ cn zj dn z) sn^ w , 

log e (2> + M) - log 0 (. - m) - zn r lK^r^us^v 

and this integral is Jacobi’s standard form of the E. I. Ill, and is denoted by 
— 2JI (u, v); thus, 

tt / \ r sn z; cn ZJ dn z? sn^ w , , 1 , Q (v - u) 

n {Uj V) = / 2 — 2 2 du = uznv + ilog q / — -t • 

J X - so? V ^ ^ Q {v du) 

Jacobi’s Eta Function, Hz;, is defined by 


sin xp cos \p A\p sin^ (b ^ . 

.1 • - » e = ^m(v-u) 


and then 


V^sn., 

d log Hz; cn z; dn z; . , ^ j -l 

— f — h zn z;, denoted by zs v; 

av . sn z; 
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cn dn , 


J r sn ^ 

o 1 — K^SX] 


sn^ sn^ V 


cn z? dn 2; tt / \ 

= u h lA {u, V) 

snz; 

I , Q (v — u) 


2 Q {v + u)'' 

This gives Legendre’s standard E. I. Ill, 

r M 

J 1 -\-n sin^ cj> A(j>’ 

where we put w = - /c^ sn^ z; = - sin^ ^J/, 

_ / yc2\ cos^ \bA^\I/ cn^ v dn^ z> 

= - I -i (i -f w) = — . 0 -7-- = 2 — ; 

\ nj sn^^; 

the normalising multiplier, M, 

The E. I. Ill arises in the dynamics of the gyroscope, top, spherical pendulum, 
and in Poinsot’s herpolhode. It can be visualized in the solid angle of a slant 
cone, or in the perimeter of the reciprocal cone, a sphero-conic, or in the mag- 
netic potential of the circular base. 

11 . 61 . We arrive here at the definitions of the functions in the tables. Jacobi’s 
Qu arid "SlU are normalised by the divisors Qo and HZ, and with r = 90^, 


0 (y - -w) 


D{r) denotes * 


A (r) denotes ■ 


while B(r) = ^(90 — r), C(r) = D(go - r), and B(p) = ^(90) = D(o) ^ C{go) 
= I, C(o) = D(go) = 

V K 

Then in the former definitions, 

A{t) ^(90) y J 

rTTV = 7 v ~ V sn 2^ = V /c sn eK 
D(f) D{go) 

Bir) B{o) 

C(r) C(o) , dneiT 


C(r) C(o) dneK 

wrm 

Then, with u == eZ, v = /Z, f = goe, s = 90/, 

log 

zn/Z = Z (5), zn{i - f) K ^ E{go - s) ^ G {s). 
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The Jacobian multiplication relations of his theta functions can then be 
rewritten 

D(r + s)D(r — s) = D^rD^s — tan^ 6AhA% 

^(r + - 5) = A‘^rD'^s — V^rAh, 

B{r + s)B{r - j) = BWs - AhA^s. 

But unfortunately for the physical applications the number 5 proves usually 
to be imaginary or complex, and Jacobi’s expression is useless; Legendre calls 
this the circular form of the E. I. Ill, the logarithmic or hyperbolic form corre- 
sponding to real 5 . However, the complete E. I. HI between the limits o<4> < Jtt, 
or o <u <K, o<e<i, can always be expressed by the E. 1. 1 and 11, as Legendre 
pointed out. 


11.6. The standard forms are given above to which an elliptic integral must be 
reduced when the result is required in a numerical form taken from the Tables. 
But in a practical problem the integral arises in a general algebraical form, and 
theory shows that the result can always be made, by a suitable substitution, to 
depend on three difierential elements, of the I, II, HI kind, 


I 


ds 

VS 


n 


{s - a) 


m 


I ds 
(s - O') vs 


where 5 is a cubic in the variable s which may be written, when resolved into 
three factors. , ^ 

S = 4{s- - s^'is - SzJ 

in the sequence a>^i>5'2>^3> ~ oc, and normalised to a standard form of 
zero degree these differential elements are 

j \/ -S3 ds 

Vs 

s — a ds 
Vsi - ?3 VS 

ITT iV^ 

(T 


S denoting the value of S when s — cr. 

The relative positions of 5 and a in the intervals of the sequence require 
preliminary consideration before introducing the Elliptic Functions and their 
notation. 
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11.7. For the E. I. I and its representation in a tabular form with 


J ^OO, 
SI, S3 


\/5i — S 3 ds 


'*«• « -v/^i - S 3 ds 

9 

a. -CO y' _ 5 


and utilizing the inverse notation, then in the first interval of the sequence, 


o:>s>si 


/si - S 3 ds , , /si - S 3 

vs V s -53 


- ■ya _,4 A - ■Ji 

= cn = 

-5s V 5 - 5s 


Jsi \/S ^ S S2 


= dn- 

V S — S2 


/S2_-srSj2ll 

Si — Sz' s — $2 


indicating the substitutions, 

~ = sin^ 4> = sn^ eK, - — — = sin^ if/ = sn^ (i — e)K. 

s - Sz s - S2 

In the next interval S is negative, and the comodulus /c' is required. 


fK' . f 

= f - 

%/S2 


'^^Vsi - Sz ds 


Si>S>S2 


= sn“^\/-^^ = cn"" 

s y Si - S2 


s - Sz . 


^Si — Sz ds 


1 * / Si >^ 3 * 5 * 1 * / S2 Sz' Si S 

= sn H/ cn V 


.Sl — 52* 5" — 53 


Si — S2'S — Si 


Vff- 


S is positive again in the next interval, and the modulus is /c. 


,5r2 >S >S3 




^Si — S 3 ds 


J 5j Sj^ 5 ^ . 

^ S 2 - Sz‘Si - s ^ : 


51 — S2' S — Ss 

5 2 — Sz’ Si — s 


= dn-iy 


- 53 d5 /s — S 3 

= = sn“'V = cn 

'a VS ^ Si- S3 


i = dn-iv/— 

» S9. — Sr ▼ Xi 


indicating the substitutions, 


=‘ dn^ (i - e)K, 


= sin^ = sn^ eK 


s — S 2 sin^ <!> + Sz cos^ 0. 
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S is negative again in the last interval, and the modxilus k\ 


Ss>S> ~~ 00 


- X 


Wsi-s^ds _i, Isz - s 

;= — = sn 'V 


31 = W; 


^2 dn^^V/ *^3*^1 ^ 

$2 s ^ Si — -^3 * ^2 — S 


^Si - Sz ds /si - S3 

— — = sn = cn 

v^ls V 


•It/ £L_i == dn-i' 




11 . 8 . For the notation of the E. I. II and the various reductions, take the 
treatment given in the Trans. Am. Math. Soc., 1907, vol. 8, p. 450. The Jacobian 
Zeta Function and the Er, Gr of the Tables, are defined by the standard integral 

rs_si-^ ds_^ j ^ ^ =Ea,meK = eS + m eK, 

uby/si-- S3 \/S Jo Jo 

r- 4 ^ = r (fK')-d(fK') = E 2imfK' = fE' + znfK', 

Js2 VSl S3 V - ^O 

where zn is Jacobi’s Zeta Function, and H, H' the complete E. I. II to modulus 
K, K'f defined by, 

E = k) d 4 > = j^'dn^ (eK) -dieK) 

E’ = K') d<j> = /;dn=* (fK')‘d(fK'). 

The function zn u is derived by logarithmic differentiation of Ou, 
d log Qu , , 


or concisely, 


Qu = exp. Jznu' duj 


and a function zs u is derived similarly from 

d log Eu 


d log Qu d log sn u 
du du 


cn dn w 


== zn ^^ + ■ 


For the incomplete E. I. n in the regions. 


00 >S>Si>S 2 >S>S 3 


^ XT' ^3 S S3 

sm eK = or > 

5 — ^3 ^2 — 'S '3 


and 
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1^’ s - Si ds ^ - 

J s Si — Sz ■s/ S Js s — 


$2 — S -k/s — Sz 


Ss vs 


ds = — {i — e)H + zs eK 


A = ds=-(i- e){H - k'^K) + zs eK 

V^l — -^3 's/s J s - Sz 'sJS 


•^3 's/s 


f ^ = f^AZJl ds= (i- e)(K -F)+zs eK 

J 's/ Si — Sz 's/ S ^ ^ 's/s 

the integrals being oo at the upper limit, ^ = oo , or at the lower limit, s = sz 
where e — o and zseK — ^ . 

So also, 

j ^oo, ^ ^ ^ysi - ^3 __ gg + zn eK 

szsi s - Sz V5 ^ -s/si - sz Vs (i ~ e)H -zn eK 


^3 Vs 


- Jl Vsi ^ S 3 


Sz Vs (i ~ e)E -zn eK 


S3 VS 


P S 2 - s ds _ e{H — k'^K) + zn eK 

" J V5 (i - e){H - k'^K) - 2 


$2 ” Sz 'S/ 5"! Sz 

S-Sz Vs 


" f-^ 

*/ V^i 


— Sz ds _ e(K - H) — zn eK 
1 — Sz Vs (i — e''^K — B) + zn eK 


Similarly, for the variable cr in the regions 


S negative, and 


yi>(r>j2>j3>o'> - 00 


snVZ' = — - or ^ 
— ^2 5i ~ cr 


^ ^ d(r __ r®"’ 

. 52 V Si — Sz V — 2) t/-co, (T -^1 cr 


5i - S2 Vsi -Sz^,r^ - ^') - zn/iT' 

^ 51 - 0- (i ^ /) S') + zn/s:' 


f (T-S2 da- ^ fsz- a Vst - 53 ^ /(E' - K'=*ir') + zn fK' 

J J si- a (i - /)(^' - id^K') - znfK' 


Sz dcr 


Vsi — Sz V — S 


^ ^2 - O' V^i - 4>3 __ /ff' + zn ' 

zrz^ J Si -(T v~ir2 ^ f I - nj?' - zn fz' 


r— 

t / 52 Si — 
i < 

J Si - I 

rs 2 - i 
J Si — ( 


— S2W Si — Sz 


1- cr 

— <r Vsi - 53 

- O’ \/^ ^ 


r ~ O' 

*r ■s./s, — A 




(i -/)E' - zn/Z' 

= (i-/)(ir'-ffO + zs/s:' 


^1 — ■^3 V ~ s 


= - (i - jO(F' - K^iTO + zs/if' 


O’ vATs 


= -(i-/)H' + zs/ii:' 


/ '■S2 - cr V^i - Si C Sz- a da , 

^ - J 7^=1 - - (■ --fl® + 

these last three integrals being infinite at the upper limit, a = ^i, or lower limit 
cr =3 - cDj where / = o, zs/K"' = oo . 

Putting 6=1 or / = I any of these forms will give the complete E. I. 11, 



11 . 9 . In dealing practically with an E. I. Ill it is advisable to study it firs 
in the algebraical form of Weierstrass, 



ds 

{s — cr)\/S 


where 5 = 4*5 - - ^2*^ - S the same function of cr, and begin by ex- 

amining the sequence of the quantities s, a, Si, ^2, Sz 
Then in the region 

s>Si>S2>cr>Sz, 

put 

s - sz = — 5 — , cr - -S3 = - ^3) sm v, = > 

Sli^U Si — S3 


S - <7 = 


Si — S 3 




- (i - sn^ u sn^ v)j 


Vsi - S3 ds 

V 5 


= du^ 


VS = Vsi - S3 (s2 — S3) SUV CUV dn v, making 

/ i VS ds _ r sn cn dn z; sn^ u v 

s — O' J 1 — sv?usv?v ^ ' 


O' V 5 

But in the region, 


s - S3 = (s2 - S3) sn^ Uj O' - S3 = 


0 ’>Si>S 2 >S>S 3 , 
Si - S 3 I 


sm V 2 


; X / ^gCn^^dn^; 

-VS - (si - ss)^ s ? 


sn® V 


0- ^ ^ £L.^^ (i _ 1(2 sn2 u sn^ v). 


making, 


cn ZJ dn 


du 


== Hi = Jl{u, v) 


fw^ f 

J <T-S vs y I - sn== M sn" » 

In a dynamical application the sequence is usually 


cn z; dn 
sn V 


or 


S>Si><T>S 2 >S>Sz 

S>Si>S 2 >S>S 3 > 0 ', 


making S negative, and the E. I. Ill is then called circular; the parameter 'z 
is then imaginary, and the expression by the Theta function is illusory. 

The complete E. I. Ill, however, was shown by Legendre to be tractable 
and falls into four classes, lettered (l^) (w'), P- 138, (O? (^ 0 ? PP* ^ 33 ? ^34 (Fonc- 
tions eUiptiques, I). 


Si>0'>S2 


sn^fK'=^ 


Si - O’ 
Si - S 2 


ctf/K' = 


O — S2 
Si - S 2 


dn2/i^' = 


O' ~ S 3 
Si S 3 



2 s 8 

A. 


MATHEMATICAL FORMLXJiE ANH ELLIPTIC FUNCTIONS 


00 >. ^ -f)-K zn fK' 

s, >s >ss r ^ = BU^') = Itt/ + A zn fK' 

Js^ (T - S 

A. JB = 

^ 3 > 0 “> — 

9 jrr^/ 

sn^ jK = - 

Si - p- 

or fK' = - 

dn^ fK' = ~ - - 

Si — (T 

0 = >5 >51 f ” = CC/XO = iT zs fK' - §7r(i - /) 

Jsi S — (T 

Sz >s >ss n y -% = DifK') = i? zs/^' + H/ 

t/Sj S — <7 -VO 

Z) — C == Itt. 



TABLES OF ELLIPTIC FUNCTIONS 

By Col. R. L. Hippisley 



26o elliptic fukction 

K = 1 6737921309, K' = 3 831742000, E = 1 6678090740, E' = 1 012663506, 


r 

F<j 5 ) 

4> 

E(r) 

B(r) 

A(r) 

0 

0 00000 00000 

0° 0' 

0 00000 00000 

I 00000 00000 

0 00000 00000 

I 

0 01748 65792 

I 0 

0 00006 64649 

I 00000 05S12 

0 01745 23906 

2 

0 03497 31585. 

2 0 

0 00013 28485 

I 00000 23240 

0 03489 94650 

3 

0 05245 97377 

3 0 

0 00019 90699 

I 00000 52264 

0 05233 59088 

4 

0 06994 63169 

4 0 

0 00026 50480 

I 00000 92847 

0 06975 64107 

5 

0 08743 28962 

5 I 

0 00033 07023 

I 00001 44942 

'0 08715 56642 

6 

0 10491 94754 

6 I 

0 00O39 59525 

I 00002 08483 

0 10452 83693 

7 

0 12240 60546 

7 I 

0 00046 07190 

I 00002 83393 

0 12186 92343 

8 

0 13989 26338 

8 I 

0 00052 49226 

I 00003 69582 

0 13917 29770 

9 

0 15737 92131 

9 I 

0 00058 84849 

I 00004 66945 

0 15643 43264 

10 

0 17486 57923 

10 I 

0 00065 13283 

I 00005 75362 

0 17364 80247 

II 

0 19235 23716 

II I 

0 00071 33760 

I 00006 94702 

0 19080 88283 

12 

0 20983 89508 

12 I 

0 00077 45523 

I 00008 24819 

0 20791 15101 

13 

0 22732 55300 

13 I 

0 00083 47824 

I 00009 65555 

0 22495 08603 

14 

0 24481 21092 

14 2 

0 00089 39929 

I 0001 I 16738 

0 24192 16887 

15 

0 26229 86885 

15 2 

0 00095 21 I 14 

I 00012 78184 

0 25881 88257 

l6 

0 27978 52677 

16 2 

0 00100 90670 

I 00014 49696 

0 27563 71244 

17 

0 29727 18469 

17 2 

0 00106 47903 

I 00016 31066 

0 29237 14618 

i8 

0 31475 84262 

18 2 

0 OOIII 92132 

I 00018 22072 

0 30901 67404 

19 

0 33224 50054 

19 2 

0 001 I 7 22694 

I 00020 22482 

0 32556 7S900 

20 

0 34973 15846 

20 2 

0 00122 38941 

I 00022 32051 

0 34201 98690 

21 

0 36721 81639 

21 2 

0 00127 40244 

I 00024 50525 

0 35836 76658 

22 

0 38470 47431 

22 2 

0 00132 25992 

I 00026 77636 

0 37460 63009 

23 

0 40219 13223 

23 2 

0 00136 95594 

I 00029 13 109 

0 39073 08277 

24 

0 41967 79016 

24 2 

0 00141 48476 

I 00031 56657 

0 40673 63347 

25 

0.43716 44808 

25 3 

0 00145 84087 

I 00034 07982 

0 42261 79464 

26 

0 45465 10600 

26 3 

0 00150 01897 

I 00036 66779 

0 43837 08251 

27 

0 47213 76393 

27 3 

0 00154 01398 

I 00039 32731 

0 45399 01723 

28 

0 48962 42185 

28 3 

0 00157 82103 

I 00042 05516 

0 46947 12303 

29 

0.5071 I 07977 

29 3 

0 00161 43549 

I 00044 84801 

0 48480 92833 

30 

0 52459 73770 

30 3 

0 00164 85297 

I 00047 70246 

0 49999 96593 

31 

0 54208 39562 

31 3 

0 00168 06931 

I 00050 61502 

0 51503 7731 I 

32 

0 55957 05354 

32 3 

0 001 71 08062 

I 00053 58215 

0 52991 89180 

33 

0 57705 71 147 

33 3 

0 00173 88322 

I 00056 60024 

0 54463 86870 

34 

0 59454 36939 

34 3 

0 00176 47373 

I 00059 66561 

0 55919 25543 

35 

0 61203 02731 

35 3 

0 00178 84901 

I 00062 77451 

0 57357 60867 

36 

0 62951 68524 

36 3 

0 001 8 I 00617 

I 00065 92318 

0 58778 49028 

37 

0 64700 34316 

^ 37 3 

0 00182 94261 

I 00069 10776 

0 601 8 I 46744 

38 

0 66449 00108 

38 3 

0 00184 65599 

I 00072 32438 

0 61566 11280 

39 

0 68197 65900 

39 3 

0.00186 14423 

1,00075 56912 

0 62932 00458 

40 

0 69946 31693 

40 3 

0.00187 40556 

I 00078 83803 

0 64278 72670 

41 

0 71694 97485 

41 4 

0 00188 43845 

I 00082 12712 

0 65605 86895 

42 

0 73443 63278 

42 4 

0 00189 24166 

I 00085 43239 

0 66913 02706 

43 

0 75192 29070 

43 4 

0 00189 81424 

I 00088 74981 

0 68199 80287 

44 

0 76940 94862 

44 4 

0 00190 15552 

I 00092 07533 

0 69465 80439 

45 

78689 60655 

45 4 

0 00190 26510 

I 00095 40492 

0 70710 64600 

90“ r 

Fi^ 

4^ 

G(r) 

C(r) 

B(r) 
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TABLE 0 = 6 ® 261 

?=0 000476569916867, 00 = 0 9990468602, HfK) =0.2956029021 


B(r) 

C(r) 

G(r) 



90-r 

I 00000 00000 

I 00190 80984 

0 00000 00000 

90“ 0' 

I 57379 21309 

90 

0 99984 76949 

I 00190 75172 

0 00006 63384 

89 0 

I 55630 55517 

89 

0 99939 08259 

I 00190 57743 

0 00013 25961 

88 0 

I 53881 89724 

88 

0 99862 95323 

I 00190 28720 

0 00019 S6928 

87 0 

I 52133 23932 

S 7 

0 99756 40458 

I 00189 88136 

0 00026 45481 

86 0 

I 50384 58140 

86 

0 99619 46912 

I 00189 36042 

0 00033 00820 

85 I 

I 48635 92347 

85 

0 99452 18855 

I 00188 72501 

0 00039 52149 

84 I 

I 46887 26555 

84 

0 99254 61382 

I 00187 97590 

0 00045 98676 

83 I 

I 45138 60763 

83 

0 99026 80513 

I 00187 I 1401 

0 00052 39616 

82 I 

I 43389 94971 

82 

0 98768 83186 

I 00186 14039 

0 00058 74190 

81 I 

I 41641 29178 

81 

0 98480 77260 

I 00185 05621 

0.00065 01626 

80 I 

I 39892 63386 

80 

0 98162 71510 

I 00183 86282 

0 00071 21163 

79 I 

I 38143 97593 

79 

0 97814 75623 

I 00182 56165 

0 00077 32046 

78 I 

I 36395 31801 

78 

0 97437 00200 

I 00181 15429 

0 00083 33534 

77 I 

I 34646 66009 

77 

0 97029 56747 

I 00179 64246 

0 00089 24894 

76 2 

I 32898 00217 

76 

0 96592 57675 

I 00178 02800 

0 00095 05409 

75 2 

I 31 149 34424 

75 

0 96126 16296 

I 00176 31288 

0 00100 74371 

74 2 

I 29400 68632 

74 

0 95630 46817 

I 00174 49918 

0 00106 31089 

73 2 

I 27652 02840 

73 

0 95105 64338 

I 00172 58912 

0 001 I I 74885 

72 2 

I 25903 37047 

72 

0 94551 84846 

I 00170 58502 

0 001 17 05097 

71 2 

I 24154 71255 

71 

0 93969 25209 

I 00168 48932 

0 00122 21081 

70 2 

I 22406 05463 

70 

0 93358 03176 

I 00166 30459 

0 00127 22208 

69 2 

I 20657 39670 

69 

0 92718 37364 

I 00164 03347 

0 00132 07868 

68 2 

I 18908 73878 

68 

0 92050 47258 

I 00161 67874 

0 00136 77470 

67 2 

I 17160 08086 

67 

0 91354 53203 

I 00159 24327 

0 00141 30440 

66 3 

I I 541 I 42293 

66 

0 90630 76400 

I 00156 73002 

0 00145 66228 

65 3 

I 13662 76501 

65 

0 89879 38894 

I 00154 14205 

0 00149 84301 

64 3 

I I1914 10709 

64 

0 89100 63574 

I 0015 1 48252 

0001 53 '8415 I 

63 3 

I 10165 44916 

63 

0 88294 74161 

I 00148 75467 

0 00157 65289 

62 3 

I 08416 79124 

62 

0 87461 95204 

I 00145 96182 

0 00161 27250 

61 3 

I 06668 13332 

61 

0 86602 52071 

I 00143 10738 

0 00164 69592 

60 3 

I 04919 47539 

60 

0 85716 70941 

I 00140 19481 

0 00167 91897 

59 3 

I 03170 81747 

59 

0 84804 78798 

I 00137 22768 

0 00170 93771 

58 3 

I 01422 15955 

58 

0 83867 03419 

I 00134 20959 

0 00173 74846 

57 3 

0 99673 50162 

57 

0 82903 73370 

I 0013 I 14423 

0 00176 34776 

56 3 

0.97924 84370 

56 

0 81915 17995 

I 00128 03532 

0 00178 73244 

55 3 

0 96176 18578 

55 

0 80901 67404 

I 00124 88666 

0 00180 89958 

54 3 

0 94427 52785 

54 

0 79863 52473 

I 0012 I 70208 

0 00182 84651 

1 53 3 

0.92678 86993 

53 

0.78801 04823 

I 001 18 48546 

0 00184 57085 

52 3 

0 90930 2 120 I 

52 

0 77714 56818 

I. 001 I 5 24072 

0 00186 07047 

51 3 

0 89181 55409 

1 51 

0 76604 41556 

I ooiil 97181 

0 00187 34353 

^ 50 3 

0 87432 89616 

50 

0 75470 92851 

I. 00108 68272 

0 00188 38846 

49 3 

0 85684 23824 

49 

0 74314 45232 

I 00105 37745 

0 00189 20395 

48 3 

0 83935 58031 

48 

0 73135 33926 

I 00102 06003 

0 00189 78900 

47 3 

0.82186 92239 

47 

0 71933 94850 

I 00098 73450 

0.00190 14287 

46 4 

0 80438 26447 

1 46 

t 

0 70710 64600 

I 00095 40492 

0 00190 26510 

45 4 

0.78689 60655 

45 

A(r) 

DW 

E(r) 

<#> 

V<j) 

r 
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ELLIPTIC FUNCTION 

K = 1 6828428043 , K' = 3 163386252 , E = 1 6588871966 , E' = 1 040114396 , 


r F0 



E(r) 

D(r) 

A(r) 

0 0 00000 00000 

0° 

0' 

0 00000 00000 

I 

00000 00000 

0 00000 00000 

I 0 01758 71423 

I 

0 

0 00026 61187 

I 

00000 23404 

0 01745 21509 

2 0 03517 42845 

2 

I 

0 00053 19095 

I 

00000 93587 

0 03489 89S61 

3 0 05276 14268 

3 

I 

0 00079 70448 

I 

00002 10463 

0 05233 51918 

4 0 07034 85691 

4 

2 

0 00106 I 1979 

I 

00003 73890 

0 06975 54570 

5 0 08793 57113 

5 

2 

0 00132 40433 

I 

00005 83670 

0 08715 44758 

6 0 10552 28536 

6 

3 

0 00158 52573 

I 

00008 39546 

0 10452 69489 

7 0 12310 99959 

7 

3 

0 00184 45182 

I 

0001 I 41206 

0 12186 75849 

8 0 14069 71382 

8 

4 

0 00210 15066 

I 

00014 88284 

0 13917 11019 

9 0.15828 42804 

9 

4 

0 00235 59064 

I 

00018 80356 

0 15643 22298 

10 0 17587 14227 

10 

5 

0 00260 74044 

I 

00023 16945 

0 17364 57109 

II 0 19345 85650 

II 

5 

0 00285 56913 

I 

00027 97518 

0 19080 63023 

12 0 21104 57072 

12 

5 

0 00310 04619 

I 

00033 2 149 I 

0 20790 87771 

13 0 22863 28495 

13 

6 

0 00334 14153 

I 

00038 88224 

0 22494 79261 

14 0 24621 99918 

14 

6 

0 00357 82555 

I 

00044 97028 

0 24191 85595 

15 0 26380 71340 

15 

7 

0 00381 06920 

I 

00051 47160 

0 25881 55080 

16 0.2813942763 

16 

7 

0 00403 84394 

I 

00058 37S29 

0 27563 36252 

17 0 29898 14186 

17 

7 

0 00426 12186 

I 

00065 68193 

0 29236 77883 

18 0 31656 85609 

18 

8 

0 00447 87567 

I 

00073 37362 

0 30901 29003 

19 0 33415 57031 

19 

8 

0 00469 07873 

I 

00081 44399 

0 32556 38912 

20 0 35174 28454 

20 

8 

0 00489 705 I I 

I 

00089 88322 

0 34201 57197 

21 0 36932 99877 

21 

9 

0 00509 72961 

I 

00098 68100 

0 35836 33745 

22 0 38691 71299 

22 

9 

0 00529 12778 

I 

00107 82664 

0 37460 18764 

23 0.40450 42722 

23 

9 

0 00547 87596 

I 

001 I 7 30898 

0 39072 62791 

24 0 42209 14145 

24 

10 

0 00565 95131 

I 

00127 11647 

0 40673 16711 

25 0.43967 85568 

25 

10 

0 00583 33185 

I 

.00137 23717 

0 42261 31771 

26 0 45726 56990 

26 

10 

0 00599 99643 

I 

00147 65874 

0 43836 59597 

27 0 47485 28413 

27 

II 

0 00615 92485 

I 

00158 36848 j 

0 45398 52206 

28 0 49243 99836 

28 

II 

0 00631 09780 

I 

00169 35336 

0 46946 62019 

29 0 51002 71258 

29 

II 

0 00645 49693 

I 

00180 59998 ^ 

0 48480 41881 

30 0 52761 42681 

30 

II 

0 00659 10484 

I 

00192 09464 

0 49999 45073 

31 0 54520 14104 

31 

12 

0 00671 90513 

I 

00203 82334 

0 51503 25321 

32 0 56278 85526 

32 

12 

0 00683 88242 

I 

00215 77178 

0 52991 36820 

33 0 5S037 56949 

33 

12 

0 00695 02232 

I 

00227 92542 

0 54463 34239 

34 59796 28372 

34 

12 

0 00705 31150 

I 

00240 26944 

0 55918 72740 

35 0 61554 99795 

35 

12 

0 00714 73769 

I 

00252 78880 

0 57357 07990 

36 0 63313 71217 

36 

13 

0 00723 28968 

* I 

00265 46826 

0 58777 96173 

37 0 65072 42640 

37 

13 

0 00730 95735 

r 

00278 29236 

0 60180 94008 

38 0 66831 14063 

38 

13 

0 00737 73166 

I 

00291 24548 

0 61565 58756 

39 0 68589 85485 

39 

13 

' 0 00743 60469 

I 

00304 31183 

0.62931 48239 

40 0 70348 56908 

40 

13 

0 00748 56962 

I 

00317 47551 

0 64278 20847 

41 0 72107 28331 

41 

13 

0 00752 62073 

I 

00330 72046 

0 65605 35555 

42 0 73865 99754 

42 

13 

0 00755 75345 

I 

00344 03056 

0 66912 51936 

43 0.75624 71176 

43 

13 

0 00757 96433 

I 

00357 38959 

0 68199 30169 

44 0.77383 42599 

44 

13 

0 00759 25102 

I 

00370 78127 

0 69465 31055 

45 0 79142 14022 

45 

13 

0 00759 61235 

I 

00384 18928 

0 70710 16026 

90 -r 



G(r) 

C(r) 

B(r) 
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TABLE e = 10^ 

? = 0 00191369469017, 0 0 = 0.9961728108, HK = 0 418306976663 
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B(r) 

C(r) 

G(r) 

' 1 ' 

Fi/' 

90 -r 

I 00000 00000 

I 00768 37857 

0 00000 00000 

<)0° 0' 

1.58284 28043 

90 

0 99984 76907 

I 00768 14453 

0 00026 40908 

89 0 

I 56525 56621 

89 

0 99939 08092 

I 00767 44270 

0 00052 78635 

88 I 

I 54766 85198 

88 

0 99862 94947 

I 00766 27394 

0 00079 10004 

87 r 

I 53008 1377s 

87 

0 99756 39792 

I 00764 63966 

0 00105 31846 

86 2 

I 51249 42353 

86 

0 99619 45873 

I 00762 54187 

0 00131 41001 

85 2 

I 49490 70930 

85 

0 99452 17362 

I 00759 98311 

0 00157 34327 

84 3 

I 47731 99507 

84 

0 99254 59357 

I 00756 96650 

0 00183 08697 

83 3 

I 45973 28084 

83 

0 99026 77878 

I 00753 49572 

0 00208 61008 

82 4 

I 44214 56662 

82 

0 98768 79866 

I 00749 57500 

0 00233 88183 

81 4 

1 42445 85239 

81 

0 98480 73181 

I 00745 20912 

0 00258 87173 

80 4 

I 40697 13816 

80 

0 98162 66600 

I 00740 40338 

0 00283 54962 

79 5 

1 38938 42394 

79 

0 97814 69814 

I 00735 16366 

0 00307 88572 

78 s 

I 37179 70971 

78 

0 97436 93426 

I 00729 49632 

0 00331 85063 

77 6 

I 35420 99548 

77 

0 97029 48945 

I 00723 40828 

0 00355 41538 

76 6 

I 33662 28 125 

76 

0 96592 48785 

I 00716 90696 

0 00378 55150 

75 7 

I 31903 56703 

75 

0 96126 06262 

I 00710 00027 

0 00401 23098 

74 7 

I 30144 85280 

74 

0 95630 35586 

I 00702 69663 

0 00423 42636 

73 7 

I 28386 13857 

73 

0 95105 51861 

I 00695 00494 

0 00445 II<^77 

72 8 

I 26627 42435 

72 

0 94551 71076 

I 00686 93457 

0 00466 25790 

71 8 

I 24868 7IOI2 

71 

0 93969 10107 

1 00678 49535 

0 00486 84209 

70 8 

I 23109 99589 

70 

0 93357 86703 

I 00669 69756 

0 00506 83836 

69 9 

I 2I35I 28167 

69 

0 92718 19488 

I 00660 55192 

0 00526 22237 

68 9 

I 19592 56744 

68 

0 92050 27950 
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ELLIPTIC function 
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268 ELLIPTIC FUNCTION 


K = 1 6489962186, K' = 2 3087867982, E = 1 4981149284, E' = 1 1638279646, 
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TABLE (9 = 25° 269 

g = 0 012294660527181, 0 0 = 0 975410924642, HK = 0 666076169327 
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ELLIPTIC FUNCTION 

K = 1 6857603648, K' » 2 1666156475, E = 1 4674622093 E' = 1 211056028, 
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272 ELLIPTIC FUNCTION 

K - 1 7312451757, K' = 2 0347163122, E = 1 4322909693, E' = 1 2586796248, 
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I 04446 03288 

0 48204 45468 

30 

0 61802 48924 

34 

22 

0 13253 28561 

I 04729 03271 

0 49720 40572 

31 

0 63862 57222 

35 

27 

0 13475 23413 

I 05017 79739 

0 51221 66556 

32 

0 65922 65519 

36 

32 

0 13678 89725 

I 053 1 1 97528 

0 52707 77628 

33 

0 67982 73817 

37 

36 

0 13864 14993 

I 05611 20812 

0 54178 28334 

34 

0 70042 82114 

38 

39 

0 14030 89744 

I 05915 13149 

0 55632 73569 

35 

0 72102 90412 

39 

43 

0 14179 07457 

I 06223 37524 

0 57070 68597 

36 

0 74162 98709 

40 

46 

0 14308 64509 

I 06535 56397 

0 58491 69061 

37 

0 76223 07007 

41 

48 

0 I 44 I 9 60059 

I 06851 31:^42 

0 59S95 31001 

38 

0 78283 15304 

42 

51 

0 1451 I 96000 

I 07170 251*03 

0 61281 10868 

39 

0 80343 23602 

43 

54 

• 0 14585 *76849 

I 07491 97630 

0 62648 65539 

40 

0 82403 31899 

A4 

54 

0 14641 09671 

I 07816 10137 

0 63997 52334 

41 

0 84463 40197 

45 

55 

0 14678 03964 

I 08142 23139 

0 65327 29030 

42 

0 86523 48494 

46 

56 

0 14696 71583 

I 08469 96910 

0 66637 53880 

43 

0 88583 56792 

47 

57 

0 14697 26631 

I 08798 91523 

0 67927 85625 

44 

0 90643 65089 

48 

57 

0.14679 85365 

I 09128 66907 

0 69197 83514 

45 

0 92703 73387 

49 

57 

0 14644 66094 

I 09458 82886 

0 70447 07318 

90-r 

Fi// 


G(r) 

C(r) 

B(r) 
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TABLE 8 = 46 ° 2 ^^ 

$ = e-’T = 0 04321391826377 , 60 = 0 . 9136791382 , HK_= 0 9136791382 


B(r) 

C(r) 

G(r) 



90 -r 

I 00000 00000 

I 18920 71 150 

0 00000 00000 

90° 0' 

I 85407 46773 

90 

0 99984 54246 

I 18914 94665 

0 00470 60108 

89 10 

I 83347 38476 

89 

0 99938 17514 

I 18897 65912 

0 00940 76502 

88 20 

1.81287 30178 

88 

0 99860 91406 

I 18868 87000 

0 OI4IO 05467 

87 30 

I 79227 21881 

87 

0 99752 78584 

I 18828 61440 

0 01878 03289 

86 40 

I 77167 13583 

86 

0 99613 82775 

I 18776 94140 

0 02344 26255 

85 49 

I 75107 05286 

8s 

0 99444 08767 

I 18713 91403 

0 02808 30653 

84 59 

I 73046 96988 

84 

0 99243 62407 

I 18639 60914 

0 03269 72774 

84 9 

I 70986 88691 

83 

0 99012 50593 

I 18554 11736 

0 03728 08916 

83 18 

I 68926 8039.3 

82 

0 98750 81276 

I 18457 54293 

0 04182 95382 

82 28 

I 66866 72096 

81 

0 98458 63450 

I 18350 00363 

0 04633 88487 

81 37 

I 64806 63798 

80 

0 98136 07151 

I 18231 63059 

0 05080 44575 

80 47 

I 62746 55501 

79 

0 97783 23446 

I 18102 56817 

0 05522 19994 

79 56 

I 60686 47203 

78 

0 97400 24430 

I 17962 97376 

0 05958 71 139 

79 5 

I 58626 38906 

77 

0 96987 23216 

I 17813 01756 

0 06389 54439 

78 14 

I 56566 30608 

76 

0 96544 33929 

I 17652 88244 

0 06814 26379 

77 23 

I 54506 2231 I 

75 

0 96071 71696 

I 17482 76366 

0 07232 43506 

76 32 

I 52446 14013 

74 

0 95569 52639 

I 17302 86866 

0,07643 62449 

75 40 

I 50386 05716 

73 

0 95037 93863 

I 17113 41680 

0 08047 39933 

74 48 

I 48325 97418 

72 

0 94477 13447 

I 16914 63907 

0 08443 32799 

73 57 

I 46265 89121 

71 

0 93887 30433 

I 16706 77783 

0 08830 98027 

73 5 

I 44205 80823 

70 

0 93268 64814 

I 16490 08653 

0 09209 92756 

72 13 

I 42145 72526 

69 

0 92621 37526 

I 16264 82937 

0 09579 74315 

71 20 

I 40085 64228 

68 

0 91945 70430 

I 16031 28097 

0 09940 00252 

70 27 

I 38025 55931 

67 

0 91241 86305 

I 15789 72608 

0 10290 28362 

69 34 

I 35965 47634 

66 

0 90510 08831 

I 15540 45920 

0 10630 16727 

68 41 

I 33905 39336 

65 

0 89750 62579 

' I 15283 78419 

0 10959 23752 

67 48 

I 31845 31039 

64 

0 88963 72995 

i I 15020 01398 

0 I 1277 08206 

66 54 

I 29785 22741 

63 

0 88149 66386 

I 14749 4701 I 

0 11583 29266 

66 0 

I 27725 14444 

62 

0 87308 69906 

I 14472 48239 

0 11877 46567 

65 6 

I 25665 06146 

61 

0 86441 I I 542 

I 14189 38846 

0 12 159 20252 

64 II 

I 23604 97849 

60 

0 85547 20099 

I 13900 53339 

0 12428 I 1025 

63 16 

I 21544 89551 

59 

0 84627 25182 

I 13606 26928 

0 12683 80211 

62 21 

I 19484 81254 

58 

0 83681 57184 

I 13306 95480 

0 12925 89815 

61 26 

I 17424 72956 

57 

0.82710 47269 

I. 13002 95477 

0 13154 02588 

60 30 

I 15364 64659 

56 

0 81714 27355 

I 12694 63970 

0 13367 82099 

59 34 

I 13304- 56361 

55 

0.80693 30099 

I 12382 38537 

0 13566 92789 

58 38 

I I I 244 48064 

54 

0 79647 88881 

I 12066 57231 

0 I 375 I 00077 

57 42 

1.09184 39766 

53 

0 78578 37785 

I I I 747 58542 

0 13919 70407 

56 45 

I 07124 31469 

52 

0 77485 11587 

I I 1425 81342 

0 14072 71344 

55 47 

I 05064 23 I 71 

51 

0 76368 45735 

i.iiioi 64844 

0 14209 71663 

54 50 

1.03004 14874 

50 

0.75228 76332 

I 10775 48548 

0 14330 41415 

53 52 

1.00944 06576 

49 

0.74066 4012 I 

I 10447 72199 

0 14434 52037 

52 53 

0 98883 98279 

48 

0.72881 74469 

I 10118 75733 

0 1452 I 76436 

51 55 

0 96823 89981 

47 

0 71675 17348 

I 09788 99237 

0 1459 I 89078 

50 56 

0.94763 81684 

46 

0.70447 07318 

1.09458 82886 

0 14644 66094 

49 57 

0 92703 73387 

45 

A(r) 

D(r) 

E(r) 

<f> 

F 0 
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2J& ELLIPTIC FTTNCTION 

K = 1 9366810960, K' = 1 7867691349, E = 1 3065390943, E' = 1 3931402486, 

r F(^ 4> E(r) D(r) A(r) 

0 O 00000 00000 0° o' O OOOOO OOOOO I 00000 00000 O 00000 ooooo 

1 o 02150 64566 I 14 o 00699 85212 I 00007 52700 o 01724 17831 

2 O 04301 29132 2 28 O 01398 53763 I 00030 09884 O 03447 86990 

3 o 06451 93699 3 41 o 02094 89334 I 00067 68809 o 05170 58810 

4 0.08602 58265 4 55 0 02787 76288 I 00120 24903 o 06891 84630 

5 0 10753 22831 69 o 03476 00006 I 00187 71775 o 0861 I 15805 

6 O 12903 87397 7 22 O 04158 42717 I 00270 01222 O 10328 O3705 

7 o 15054 51963 8 36 o 04834 06320 I 00367 03237 o 12041 99725 

8 0 17205 16530 9 49 o ossoi 67694 i 00478 66023 o 13752 55283 

9 O 19355 81096 II 3 O 06160 24003 I 00604 76005 o 15459 21831 

10 O 21506 45662 12 16 o 06808 70479 I 00745 I7S50 O 17161 50856 

11 0 23657 10228 13 28 O 07446 05194 I 00899 74482 o 18858 93888 

12 0 25807 74795 14 41 o 08071 29320 I 01068 27105 o 20551 02505 

13 o 27958 39361 15 53 o 08683 47367 I 01250 55225 o 22237 28335 

14 0 30109 03927 17 6 o 09281 67403 I 01446 36673 o 23917 23067 

15 o 32259 68493 18 18 o 09865 01256 I 01655 47635 o 25590 38457 

16 o 34410 33059 19 29 o 10432 64694 X 01877 62678 o 27256 26330 

17 0 36560 97626 20 40 o 10983 77593 I 021 12 54784 o 28914 38591 

18 o 38711 62192 21 51 o 11517 64068 I 02359 95379 o 30564 27234 

19 o 40862 26758 23 2 o 12033 52604 I 02619 54370 o 32205 44344 

20 0 43012 91324 24 13 o 12530 76146 I 02891 00179 o 33837 421 10 

21 0 45163 55891 25 22 o 13008 72182 I 03173 99787 o 35459 72832 

22 0 47314 20457 26 31 o 13466 82799 I 03468 18764 o 37071 88930 

23 o 49464 85023 27 41 o 13904 54724 I 03773' 21323 o 38673 42953 

24 o 51615 49589 28 50 o 14321 39340 I 04088 70352 o 40263 87589 

25 0 53766 14155 29 59 o 14716 92687 I 04414 27466 o 41842 75678 

26 0 55916 78722 31 6 o 15090 75443 I 04749 53052 o 43409 60218 

27 o 58067 43288 32 14 o 15442 52892 I 05094 06315 o 44963 94381 

28 0 60218 07854 33 21 o 15771 94871 I 05447 45329 o 46505 31522 

29 0 62368 72420 34 29 o 16078 75703 I 05809 27090 o 48033 25191 

30 0 64519 36987 35 36 o 16362 74123 I 06179 07561 o 49547 29148 

31 0 66670 01553 36 41 o 16623 73178 I 06556 41737 o 51046 97376 

32 0 68820 66119 37 46 o 16861 60131 I 06940 83686 o 52531 84091 

33 0 70971 30685 38 51 o 17076 26341 I 07331 86617 o 54001 43761 

34 0 73121 95251 39 56 o 17267 67142 I 07729 02929 o 55455 31119 

35 o 75272 59818 41 I o 17435 81713 I 08131 84270 o 56893 01 177 

36 o 77423 24384 42 4 o 17580 72936 I 08539 81601 o 58314 09242 

37 o 79573 88950 43 7 o 17702 47258 I 08952 45247 o 59718 10935 

38 o 81724 53516 44 9 o 17801 14536 I 09369 24965 o 61104 62201 

39 0.83875 18083 45 12 0.17876 87890 I 09789 70001 0.62473 19335 

40 o 86025 82649 46 15 o 17929 83544 I 10213 29153 o 63823 38991 

41 o 88176 47215 47 15 o 17960 20675 I 10639 50831 o 65154 78204 

42 o 90327 11781 48 16 o 17968 21252 I 11067 83124 o 66466 94406 

43 o 92477 76347 49 16 0.17954 09878 I 11497 73861 o 67759 45449 

44 o 94628 40914 50 17 o 17918 13641 I 11928 70673 o 69031 89618 

45 o 96779 05480 51 17 o 17860 61952 I 12360 21058 o 70283 85652 

90-r a(r) C(r) B(r) 
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TABLE 0 = 60° 279 

? = 0 066019933698829, 00 = 0 8899784604, HK = 0. 9716669461 


B(r) 

C(r) G(r) 



90 -r 

I 00000 00000 

I 24728 65857 0 00000 00000 

90° 

0' 

I 93558 10960 

90 

0 99984 40186 

I 24721 12 154 0 00561 92362 

89 

12 

I 91407 46394 

89 

0 99937 61319 

I 24698 51964 0 01 123 36482 

88 

25 

I 89256 81828 

88 

0 99859 65127 

I 24660 88048 0 01683 84106 

87 

37 

I 87106 17261 

87 

0 99750 54487 

I 24608 24999 0 02242 89646 

86 

50 

I 84955 52695 

86 

0 99610 33424 

I 24540 69243 0 02799 96670 

86 

2 

I 82804 88129 

85 

0 99439 07108 

I 24458 29027 0 03354 64884 

8s 

14 

I 80654 23563 

84 

0 99236 81849 

I 24361 14410 0 03906 43123 

84 

26 

I 78503 58997 

83 

0 99003 65093 

I 24249 37250 0 04454 82835 

83 

39 

I 76352 94430 

82 

0 98739 65416 

I 24123 I I 192 0 04999 35367 

82 

51 

I 74202 29864 

81 

0 98444 92517 

I 23982 51648 0 05539 51961 

82 

3 

I 72051 65298 

80 

0 98119 57210 

I 23827 75779 0 06074 83740 

81 

14 

I 69901 00732 

79 

0 97763 71417 

I 23659 02476 0 06604 81700 

80 

26 

I 67750 36165 

78 

0 97377 48160 

I 23476 52334 0 07128 96708 

79 

37 

I 65599 71599 

77 

0 96961 01546 

I 23280 47629 0 07646 79497 

78 

49 

I 63449 07033 

76 

0 96514 46762 

I 23071 12287 0 08157 80662 

78 

0 

I 61298 42467 

75 

0 96038 00059 

I 22848 71860 0 08661 50665 

77 

10 

I 59147 77901 

74 

0 95531 78745 

I 22613 53491 0 09157 39836 

76 

21 

I 56997 13334 

73 

0 94996 01167 

I 22365 85882 0 09644 98379 

75 

31 

I 54846 48768 

72 

0 94430 86698 

I 22105 99257 0 10123 76383 

74 

42 

I 52695 84202 

71 

0 93836 55727 

I 21834 25328 0 10593 23833 

73 

52 

I 50545 19636 

70 

0 93213 29639 

I 21550 97252 0 I 1052 90627 

73 

I 

I 48394 55069 

69 

0 92561 30802 

1 21256 49596 0 11502 26595 

72 

II 

I 46243 90503 

68 

0 91880 82552 

I 20951 18289 0 I 1940 81521 

71 

20 

I 44093 25937 

67 

0 91 172 09173 

I 20635 40582 0 12368 05174 

70 

30 

I 41942 61371 

66 

0 9043s 35883 

I 20309 54999 0 12783 47335 

69 

39 

I 39791 96805 

65 

0 89670 88815 

I 19974 01294 0 13186 57834 

68 

47 

I 37641 32238 

64 

0 88878 94998 

I 19629 20396 0 13576 86595 

67 

55 

I 35490 67672 

63 

0 88059 82341 

I 19275 54368 0 13953 83674 

67 

2 

I 33340 03106 

62 

0 87213 79612 

; I 18913 46345 0 14316 99314 

66 

10 

I 31189 38540 

61 

0 86341 16420 

I 18543 40490 0 14665 83999 

65 

18 

I 29038 73973 

60 

0 85442 23195 

I 18165 81935 0 14999 88516 

64 

24 

I 26888 09407 

59 

0 84517 31166 

I 17781 16727 0 15318 64017 

63 

30 

I 24737 44841 

58 

0 83566 72345 

I 17389 91774 0 15621 62095 

62 

36 

I 22586 80275 

57 

0 82590 79506 

I 16992 54783 0 15908 34859 

61 

42 

I 20436 15709 

56 

0 81589 86161 

I 16589 54205 0 16178 35017 

60 

48 

I 18285 51142 

55 

0 80564 26543 

I 16181 39175 0 16431 15964 

59 

52 

' I 16134 86576 

54 

0 79514 35583 

I 15768 59453 0 16666 31878 

58 

56 

I 13984 22010 

53 

0 78440 48891 

I 15351 65361 0 16883 37818 

58 

0 

I 11833 57444 

52 

0 77343 02735 

I I 493 I 07723 0 17081 89832 

57 

4 

I 09682 92877 

51 

0 76222 34019 

1.14507 37802 0 17261 45069 

56 

8 

I 07532 28311 

50 

0.75078 80264 

I 14081 07240 0.1742 I 61892 

55 

10 

I 05381 63745 

49 

0 73912 79584 

I 13652 67992 0 17562 00006 

54 

12 

I 03230 99179 

48 

0 72724 70671 

I 13222 72263 0 17682 20583 

53 

13 

I 01080 34613 

47 

0 71514 92767 

1.12791 72446 0 17781 86395 

52 

15 

0 98929 70046 

46 

0 70283 85652 

I 12360 21058 0 17860 61952 

51 

17 

0 96779 05480 

45 

A(r) 

D(r) E(r) 

4 > 

T ( l ) 
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28o 


ELLIPTIC FUNCTION 


K = 2 0347163122, K' - 1 7312451767, E - 1.2586796248, E' - 1 4322909693, 


r 


4 > 

E(r) 

r)(r) 

A(r) 

0 

0 00000 00000 

0° 

0' 

0 

00000 00000 

I 

00000 00000 

0 

00000 00000 

I 

0 0226P 79479 

I 

18 

0 

00862 00346 

I 

00009 74600 

0 

OI7I2 13223 

2 

0 04521 58958 

2 

35 

0 

01722 45749 

I 

00038 97217 

0 

03423 80342 

3 

0 06782 38437 

3 

53 

0 

02579 81795 

I 

00087 64305 

0 

05134 55249 

4 

0 09043 17916 

5 

10 

0 

03432 55123 

I 

00155 69957 

0 

06843 91832 

5 

0 I 1303 97395 

6 

28 

0 

04279 13942 

I 

00243 05914 

0 

08551 43971 

6 

0 13564 76875 

7 

45 

0 

05118 08539 

I 

00349 61575 

0 

10256 65538 

7 

0 15825 56354 

9 

2 

0 

05947 91769 

I 

00475 24006 

0 

II959 10390 

8 

0 18086 35833 

10 

19 

0 

06767 1953'^ 

I 

00619 77962 

0 

13658 32373 

9 

0 20347 15312 

II 

36 

0 

07574 51216 

I 

00783 05901 

0 

15353 85318 

10 

0 22607 94791 

12 

52 

0 

08368 50144 

I 

00964 88003 

0 

17045 23039 

II 

0 24868 74270 

14 

9 

0 

09147 83960 

I 

01165 02201 

0 

18731 99332 

12 

0 27129 53749 

15 

25 

0 

0991 I 25013 

I 

01383 2^199 

0 

20413 67975 

13 

0 29390 33229 

16 

40 

0 

10657 50694 

I 

01619 27508 

0 

22089 82730 

14 

0 31651 12708 

17 

56 

0 

11385 43755 

I 

01872 83473 

0 

23759 97340 

15 

0 33911 92187 

19 

II 

0 

12093 92580 

I 

02143 61311 

0 

25423 65532 

i6 

0 36172 71666 

20 

25 

0 

12781 91435 

I 

02431 28147 

0 

27080 4IOI7 

17 

0 38433 51 145 

21 

40 

0 

13448 40670 

I 

02735 49050 

0 

28729 77496 

18 

0 40694 30624 

22 

54 

0 

14092 46901 

I 

03055 S708O 

0 

30371 28656 

19 

0 42955 10103 

24 

7 

0 

14713 23140 

I 

03392 03331 

0 

32004 48178 

20 

0 45215 89583 

25 

20 

0 

15309 88906 

I 

03743 56974 

0 

33628 89743 

21 

0 47476 69062 

26 

33 

0 

15881 70288 

I 

041 10 05314 

0 

35244 07031 

22 

0 49737 48541 

27 

45 

0 

16427 99989 

I 

04491 03831 

0 

36849 53729 

23 

0 51998 28020 

28 

56 

0 

16948 17327 

I 

04886 06244 

0 

38444 83538 

24 

0 54259 07499 

30 

8 

0 

17441 68208 

I 

05294 64558 

0 

40029 50181 

25 

0 56519 86978 

31 

18 

0 

17908 05075 

I 

05716 29130 

0 

41603 07408 

26 

0 58780 66457 

32 

28 i 

0 

18346 86827 

I 

06150 48720 

0 

43165 09003 

27 

0 61041 45937 

33 

38 

0 

18757 78710 

I 

06596 70560 

0 

44715 08801 

28 

0 63302 25418 

34 

46 

0 

19140 52188 

I 

07054 40415 

0 

46253 60691 

29 

0 65563 04895 

35 

55 

0 

19494 84794 

I 

07523 02647 

0 

47777 18627 

30 

0 67823 84374 

37 

3 

0 

19820 59959 

I 

08002 00285 

0 

49288 36645 

31 

0 70084 63853 

38 

10 

0 

20117 66827 

I 

08490 75092 

0 

50785 68872 

32 

0 72345 43332 

39 

16 j 

0 

20386 00053 

I 

08988 67634 

0 

52268 69541 

33 

0 74606 22811 

40 

23 

0 

20625 59591 

I 

09495 17358 

0 

53736 93004 

34 

0 76867 02290 

41 

28 

0 

20836 50468 

I 

10009 62656 

0 

55189 93747 

35 

0 79127 81769 

42 

33 

0 

21018 82554 

I 

I053I 40947 

0 

56627 26408 

36 

0 81388 61249 

43 

38 

0 

2 I 172 70324 

I 

.11059 88749 

0 

58048 45794 

37 

0 83649 40728 

44 

41 

0 

21298 32611 

I 

II594 41760 

0 

59453 06894 

38 

0 85910 20207 

45 

45 

0 

21395 92364 

I 

12134 34929 

0 

60840 64905 

39 

0 88170 99686 

46 

48 

0 

21465 76400 

I 

12679 02542 

0 

62210 75244 

40 

0 90431 79165 

47 

50 

0 

21508 15155 

I 

13227 78297 

0 

63562 93571 

41 

0 92692 58644 

48 

51 

0 

21523 42440 

I 

13779 95386 

0 

64896 75812 

42 

0 94953 38123 

49 

53 

0 

2151 I 95200 

.1 

14334 86579 

0 

66211 78175 

43 

0 97214 17602 

50 

53 

0 

21474 13276 

I 

14891 84299 

0 

67507 57177 

44 

0 99474 97081 

51 

53 

0 

21410 39170 

I 

15450 2071 I 

0 

68783 69663 

45 

I 01735 76561 

•52 

52 

0 

21321 17818 

I 

16009 27802 

0 

.70039 72833 

90 -r 
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TABLE e = 66 ° 

? = 0 069042299609032, ,00 = 0 8619608462, HK - 1. 0300875730 


281 
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ELLIPTIC FUNCTION 
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0 02502 65041 

88 9 

2 23182 72382 

87 

0 99734 80125 

I 53561 47447 

0 03334 55075 

87 32 

2 20617 40516 

86 

0 99585 79109 

I 53413 83232 

0 04164 46052 

86 54 

2 18052 08649 

85 

0 99403 82778 

I 53233 75281 

0 04991 87582 

86 16 

2 15486 76783 

84 

0 99189 00707 

I 53021 45843 

0 05816 28855 

85 38 

2 I292I 44916 

83 

0 98941 44182 

I 52777 2II4O 

0 06637 18564 

85 0 

2 10356 13050 

82 

0 98661 26176 

I 52501 31340 

0 07454 04819 

84 22 

2 07790 81184 

81 

0 98348 61339 

I 52194 IO5I4 

0 08266 35068 

83 44 

2 05225 49317 

80 

0 98003 65970 

I 51855 96596 

0 09073 56016 

83 6 

2 02660 I 745 I 

79 

0 97626 57996 

I 51487 31329 

0 09875 13547 

82 27 

2 00094 85584 

78 

0 97217 56947 

I 51088 60218 

0 10670 52642 

81 48 

I 97529 53718 

77 

0 96776 83924 

I 50660 32466 

0 I 1459 17308 

81 9 

I 94964 21851 

76 

0 96304 61576 

I 50203 00916 

0 12240 50500 

80 30 

1.92398 89985 

75 

0 95801 14060 

I 49717 21977 

0 13013 94047 

79 50 

1-89833 581 18 

74 

0 95266 67013 

I 49203 55559 

0 13778 88583 

79 10 

1.87268 26251 

73 

0 94701 47511 

I 48662 64993 

0 14534 73477 

78 30 

1.84702 94385 

72 

0 94105 84035 

I 48095 16947 

0 15280 86769 

77 49 

1.82137 62519 

71 

0 93480 06429 

I 47501 81348 

0 16016 65105 

77 8 

1-79572 30652 

70 

0 92824 45859 

I 46883 31288 

0 16741 43683 

76 26 

I 77006 98786 

69 

0 92139 34772 

I 46240 42933 

0 17454 56190 

75 44 

I 74441 66919 

68 

0 91425 06851 

I 45573 95424 

0 18155 34763 

75 2 

1.71876 35053 

67 

0 90681 96968 

I 44884 70781 

0 18843 09933 

74 19 

I 69311 03186 

66 

0 89910 41 140 

I 44173 53793 

0 19517 10594 

73 36 

I 66745 71320 

65 

0 89110 76479 

I 43441 31916 

0 20176 63966 

72 52 

I 64180 39453 

64 

0 88283 41 144 

I 42688 95162 

0 20820 95570 

72 8 

I 61615 07587 

63 

0 87428 74294 

I 41917 35981 

0 21449 29211 

71 23 

I 59049 75721 

62 

0 86547 16034 

I. 41 127 49149 

0 22060 86968 

70 37 

I 56484 43854 

61 

0 85639 07366 

I 40320 31647 

0 22654 89197 

69 51 

I 53919 11988 

60 

0 84704 90138 

I 39496 82541 

0 23230 54536 

69 4 

I 51353 80121 

59 

0 83745 06991 

I 38658 02852 

0 23786 99932 

68 17 

I 48788 48255 

58 

0 82760 01310 

I 37804 95440 

0 24323 40676 

67 29 

I 46223 16388 

: 57 

0 81750 17168 

I 36938 64865 

0 24838 90447 

66 41 

I 43657 84522 

56 

0 80715 99276 

1 I 36060 17261 

0 25332 61379 

65 52 

I 41092 52655 

55 

0 79657 92934 

I 35170 60205 

0 25803 64133 

65 2 

I 38527 20789 

54 

0 78576 43973 

I 34271 02582 

0 26251 08001 

64 II 

I 35961 88922 

53 ■ 

0 77471 98708 

I 33362 54449 

0 26674 0I0I2 

63 20 

I 33396 57055 

52 

0 76345 03889 

I 32446 26900 

0 27071 50065 

62 28 

I 30831 25189 

51 

0 75196 06646 

I 31523 31927 

0 27442 61086 

61 35 

1.28265 93322 

50 

0 74025 54443 

I 30594 82284 

0 27786 39198 

60 41 

I 25700 61456 

49 

0 72833 95027 

I 29661 91348 

0 28101 88920 

59 46 

I 23135 29589 

48 

0 71621 76383 

I 28725 72976 

0 28388 14388 

58 51 

I 20569 97723 

47 

0 70389 46686 

I 27787 41372 

0 28644 19600 

57 55 

I 18004 65856 

46 

0 69137 54254 

I 26848 10938 

0 28869 08691 

56 58 

I 15439 33991 

45 
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ELLIPTIC FUNCTION 


K = 2 6046600790 , K' = 1 6200258991 , E = 1 . 1183777380 , E' = 1 6237992053 , 


r 

F(^) 


E(r) 

D(r) 

A(r) 

0 

0 00000 00000 

0° 

0' 

0 00000 00000 

I 00000 00000 

0 00000 00000 

I 

0 02782 83342 

I 

36 

0 01539 55735 

I 00021 42837 

0 01627 42346 

2 

0 05565 66684 

3 

II 

0 03075 31429 

I 00085 68806 

0 03254 56619 

3 

0 08348 50026 

4 

47 " 

0 04603 49252 

I 00192 70294 

0 04881 14698 

4 

0.III3I 33368 

6 

22 

0 06120 35769 

I 00342 34614 

0 06506 88358 

5 

0 13914 16710 

7 

57 

0 07622 24069 

I 00534 44028 

0 08131 49227 

6 

0 16697 00053 

9 

32 

0 09105 55815 

I 00768 75763 

0 09754 68734 

7 

0 19479 83395 

II 

6 

0 10566 83193 

I 01045 02032 

0 11376 18057 

8 

0 22262 66737 

12 

40 

0 12002 70732 

I 01362 90072 

0 12995 68083 

9 

0 25045 50079 

14 

13 

0 13409 96984 

I 01722 02172 

0 14612 89355 

10 

0 27828 33421 

IS 

46 

0 14785 56040 

I 02121 95717 

0 16227 52029 

II 

0 30611 16763 

17 

18 

0 16126 58874 

I 02562 23237 

0 17839 25828 

12 

0 33394 00105 

18 

50 

0 17430 34501 

I 03042 32454 

0 19447 80006 

13 

0 36176 83447 

20 

20 

0 18694 30948 

I 03561 66341 

0 21052 83297 

14 

0 38959 66790 

21 

50 

0 19916 16028 

I 041 19 63185 

0 22654 03885 

15 

0 41742 50132 

23 

20 

0 21093 77918 

I 04715 56657 

0 24251 09363 

16 

0 44525 33474 

24 

48 

0 22225 25549 

I 05348 75877 

0 25843 66697 

17 

0 47308 16816 

26 

16 

0 23308 88806 

I 06018 45500 

0 27431 42196 

18 

0 50091 00158 

27 

42 

0 24343 18557 

I 06723 85795 

0 29014 01480 

19 

0 528^ 83500 

29 

8 

0 25326 86498 

I 07464 12734 

0 30591 09453 

20 

0 55656 66842 

30 

32 

0 26258 84862 

I 08238 38086 

0 32162 30277 

21 

0 58439 50184 

31 

56 

0 27138 25968 

I 09045 69513 

0 33727 27349 

22 

0 61222 33526 

33 

18 

0 27964 41653 

I 09885 10673 

0 35285 63285 

23 

0.64005 16869 

34 

40 

0 28736 82581 

I 10755 61330 

0 36836 99898 

24 

0 66788 0021 I 

36 

0 

0 29455 17462 

I 11656 17464 

0 38380 98186 

25 

0.69570 83553 

37 

19 

0 301 19 32185 

I 125B5 713S8 

0 39917 18323 

26 

0 72353 66895 

38 

37 

0 30729 28884 

I 13543 11869 

0 41445 19649 

27 

0 75136 50237 

39 

54 

0 31285 24953 

I 14527 24256 

0 42964 60668 

28 

0 77919 33579 

41 

10 

0 31787 52022 

I 15536 90607 

0 44474 99043 

29 

0 80702 16921 

42 

24 

0 32236 54911 

I 16570 89825 

0 45975 91601 

30 

0 83485 00263 

43 

38 

0 32632 90569 1 

I 17627 97795 

0 47466 94339 

31 

0 86267 83605 

44 

50 

0 32977 27014 

I 18706 87529 

0 48947 62428 

32 

0 89050 66948 

46 

1 

0 33270 42283 

I 19806 29307 

0 50417 50229 

33 

0 91833 50290 

47 

II 

0 33513 23398 

I 20924 90830 

0 51876 11309 

34 

0 94616 33632 

48 

20 

0 33706 65364 

I 22061 37375 

0 53322 98456 

35 

0 97399 16974 

49 

27 

0 33851 70194 

I 23214 31946 

0 54757 63701 

36 

I 00182 00316 

50 

34 

0 33949 45975 

I 24382 35438 

0 56179 58348 

37 

I 02964 83658 

51 

39 

0 34001 05978 

I 25564 06798 

0 57588 32996 

38 

I 05747 67000 

52 

43 

0 34007 67814 

I 26758 03194 

0 58983 37576 

39 

I 08530 50342 

53 

46 

0 33970 52640 

I 27962 80178 

0 60364 21381 

40 

I 11313 33684 

54 

48 

0 33890 84414 

I 29176 91861 

0 61730 33109 

41 

I 14096 17027 

55 

49 

0 33769 89203 

I 30398 91085 

0 63081 20897 

42 

I 16879 00369 

56 

48 

0 33608 94543 

I 31627 29599 

0 64416 32373 

43 

1.19661 83711 

57 

47 

0 33409 28851 

I 32860 58237 

0 65735 14695 

44 

1.22444 67053 

58 

44 

0 33172 20892 

I 34097 27096 

0 67037 14605 

45 

I 25227 50395 

59 

41 

0 32898 99283 

I 35335 857x7 

0 68321 78479 

90 -r 
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TABLE d = 70° 287 

g = 0 131061824499868, 60 = 0 7384664407, HK = 1 2240462656 


B(r) 

C(r) 

G(r) 


Fit' 

90 -r 

I 00000 00000 

I 

70991 35651 

0 00000 00000 

90 ‘ 

0' 

2 50455 00790 

90 

0 99982 71058 

I 

70969 53883 

0 00917 03805 

89 

27 

2 47672 17448 

89 

0 99930 85325 

I 

70904 11308 

0 01833 63062 

88 

55 

2 44889 34106 

88 

0 99844 46074 

I 

70795 I6IIO 

0 02749 331 19 

88 

22 

2 42106 50764 

87 

0 99723 58755 

I 

70642 81917 

0 03663 69110 

87 

49 

2 39323 67422 

86 

0 99568 30984 

I 

70447 27784 

0 04576 25853 

87 

16 

2 36540 84079 

85 

0 99378 72533 

I 

70208 78163 

0 05486 57745 

86 

43 

2 33758 00737 

84 

0 99154 95309 

I 

69927 62875 

0 06394 18650 

86 

10 

2 30975 17395 

83 

0 98897 13334 

I 

69604 17067 

0 07298 61798 

85 

36 

2 28192 34053 

82 

0 98605 42725 

I 

69238 81 168 

0 08199 39678 

85 

3 

2 25409 50711 

81 

0 98280 01661 

I 

68832 00831 

0 09096 03928 

84 

29 

2 22626 67369 

80 

0 97921 10356 

I 

68384 26872 

0 09988 05231 

83 

55 

2 19843 84027 

79 

0 97528 91023 

I 

67896 15207 

0 10874 93206 

83 

21 

2 17061 00685 

78 

0 97103 67835 

I 

67368 26771 

0 11756 16303 

82 

46 

2 14278 17343 

77 

0 96645 66885 

I 

66801 27439 

0 12631 21691 

82 

12 

2 I 1495 34000 

76 

0 96155 16144 

I 

66195 87940 

0 13499 55158 

81 

37 

2 08712 50658 

75 

0 95632 45409 

I 

65552 83761 

0 14360 60995 

81 

I 

2 05929 67316 

74 

0 95077 86259 

I 

64872 95046 

0 15213 81898 

80 

25 

2 03146 83974 

73 

0 94491 71996 

I 

64157 06491 

0 16058 58855 

79 

49 

2 00364 00632 

72 

0 93874 37597 

I 

63406 07230 

0 16894 31044 

79 

13 

I 97581 17290 

71 

0 93226 19647 

I 

62620 90720 

0 17720 35729 

78 

36 

I 94798 33948 

70 

0 92547 56289 

I 

61802 54615 

0 18536 08158 

77 

58 

I 92015 50606 

69 

0 91838 87155 

I 

60952 00637 

0 19340 81461 

77 

20 

I 89232 67264 

68 

0 91 100 53304 

I 

60070 34445 

0 20133 86551 

76 

42 

I 86449 83921 

67 

0 90332 97156 

I 

59158 65494 

0 20914 52034 

76 

3 

1.83667 00579 

66 

0 89536 62423 

I 

58218 06891 

0 21682 041 10 

75 

23 

I 80884 17237 

65 

0 88711 94043 

I 

57249 75252 

0 22435 66494 

74 

43 

1.78101 33895 

64 

0 87859 38106 

I 

56254 90544 

0 23174 60328 

74 

2 

I 75318 50553 

63 

0 86979 41783 

I 

55234 75933 

0 23898 041 I I 

73 

21 

I 72535 67211 

62 

0 86072 53257 

I 

54190 57623 

0 24605 13624 

72 

39 

1.69752 83869 

61 

0 85139 21644 

I 

53123 64694 

0 25295 01875 

71 

56 

1.66970 00527 

60 

0 84179 96923 

I 

52035 28933 

0 25966 79043 

71 

13 

1.64187 17185 

59 

0 83195 29861 

I 

50926 84668 

0 26619 52443 

70 

29 

1.61404 33842 

58 

0 82185 71938 

I 

49799 68595 

0 27252 26492 

69 

44 

I 58621 50500 

57 

0 81151 75269 

I 

48655 19601 

0 27864 02697 

68 

59 

1-55838 67158 

56 

0 80093 92537 

I 

47494 78592 

0 28453 79654 

68 

12 

I 53055 83816 

55 

0 79012 76914 

I 

46319 88308 

0 29020 53069 

67 

25 

1.50273 00474 

54 

0 77908 81986 

I 

45131 93148 

0 29563 15786 

66 

3'7 

I 47490 I 7 132 

53 

0 76782 61683 

I 

43932 38985 

0 30080 57852 

65 

48 

1.44707 33790 

52 

0 75^34 70207 

I 

42722 72983 

0 30571 66593 

64 

59 

I. 41924 50448 

51 

0 74465 61957 

I 

41504 43413 

0 31035 26720 

64 

8 

1.39141 67106 

50 

0 73275 91466 

I 

40278 99470 

0 31470 20462 

63 

17 

1-36358 83763 

49 

0 72066 13327 

I 

39047 91083 

0 31875 27727 

62 

24 

1-33576 00421 

48 

0 70836 82126 

I 

37812 68735 

0 32249 26298 

61 

31 

I 30793 17079 

47 

0 69588 52382 

I 

36574 83271 

0 32590 92064 

60 

36 

1.28010 33737 

46 

0.68321 78479 

I 

35335 85717 

0,32898 99283 

59 

41 

I 25227 50395 

45 
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2 7680631464 = KVS, K' 


ELLIPTIC FUNCTION 
. 1 6981420021, E = 1 076405113, E' = 1 6441604969, 


r 

F(^) 

4 > 

E(r) 

r)(r) 

A(r 

0 

0 00000 00000 

0° 

0' 

0 00000 00000 

I 00000 00000 

0 00000 00000 

I 

0 03075 62572 

I 

46 

0 01878 71553 

I 00028 90226 

0 01564 67728 

2 

0 06151 25143 

3 

37 

0 03752 0I20I 

I 001 15 57568 

0 03129 207 1 1 

3 

0 09226 87715 

5 

17 

0 05614 50985 

I 00259 92025 

0 04693 44040 

4 

0.12302 50287 

7 

2 

0 07460 90790 

I 00461 76935 

0 06257 22754 

5 

0.15378 12859 

8 

47 

0 09286 02109 

I 00720 88997 

0 07820 41558 

6 

0.18453 75430 

10 

31 

0 11084 81632 

I 01036 98288 

0 09382 84843 

7 

0 21529 38002 

12 

15 

0 12852 44620 

I 01409 68295 

0 10944 36574 

8 

0 24605 00574 

13 

58 

0 14584 27986 

I 01838 55946 

0 12504 80220 

9 

0 27680 63145 

15 

40 

0 16275 93073 

I 02323 11658 

0 14063 98665 

10 

0 30756 25717 

17 

22 

0 17923 28093 

I 02862 79374 

0 15621 74137 

II 

0 33831 88289 

19 

3 

0 19522 50184 

I 03456 96626 

0 17177 88130 

12 

0 36907 50860 

20 

43 

0 21070 07095 

I 04104 94593 

0 18732 21327 

13 

0 39983 13432 

22 

22 

0 22562 78479 

I 04805 98163 

0 20284 53538 

14 

0 43058 76004 

23 

59 

0 23997 76797 

I 05559 26010 

0 21834 63622 

15 

0 46134 38576 

25 

36 

0 25372 47838 

I 06363 90673 

0 23382 29430 

16 

0 49210 01 147 

27 

12 

0 26684 70884 

I 07218 98642 

0 24927 27739 

17 

0 52285 63719 

28 

46 

0 27932 58519 

I 08123 50446 

0 26469 34194 

18 

0 55361 26291 

30 

19 

0 291 14 56129 

I 09076 40755 

0 28008 23255 

19 

0 58436 88862 

31 

50 

0 30229 41 I 10 

I 10076 58484 

0 29543 68145 

20 

0 61512 51434 

33 

21 

0 31276 21816 

I I I 122 86903 

0 31075 40803 

21 

0 64588 14006 

34 

50 

0 32254 36297 

I 12214 03756 

0 312603 11842 

22 

0 67663 76577 

36 

17 

0 33163 50828 

I 13348 81382 

0 34126 50509 

23 

0 70739 39149 

37 

43 

0 34003 58309 

I 14525 86847 

0 35645 24653 

24 

0 73815 01721 

39 

8 

0 34774 76532 

I. 15743 82078 

0 37159 00694 

25 

0 76890 64293 

40 

31 

0 35477 46364 

I 17001 24008 

0 38667 43599 

26 

0 79966 26864 

41 

52 

0 36112 29881 

I 18296 64722 

0 40170 16862 

27 

0 83041 89436 

43 

12 

0 36680 08467 

I 19628 51612 

0 41666 82489 

28 

0 86117 52008 

44 

31 

0 37181 80918 

I 20995 27538 

0 43157 00988 

29 

0 89193 14579 

45 

48 

0 37618 61563 

I 22395 30995 

0 44640 31361 

3 ^ 

0 92268 77151 

47 

3 

0.37991 78428 

I 23826 96285 

0 46116 31110 

31 

0 95344 39723 

48 

18 

0 38302 71460 

I 25288 53692 

0 47584 56238 

32 

0 98420 02294 

49 

30 

0 38552 90817 

I 26778 29672 

0 49044 61259 

33 

I 01495 64866 

50 

41 

0 38743 95246 

I 28294 47038 

0 50495 992x4 

34 

I 04571 27438 

51 

51 

0 38877' 50552 

I 29835 25154 

0 51938 21695 

35 

I 07646 90010 

52 

59 

0 38955 28159 

I 31398 80140 

0 53370 78866 

36 

I 10722 52581 

54 

5 

0 38979 03785 

I 32983 25072 

0 54793 19494 

37 

I 13798 15153 

55 

10 

0 38950 56204 

I 34586 70195 

0 56204 90989 

38 

I 16873 77725 

56 

14 

0 38871 66125 

I 36207 23140 

0 57605 39442 

39 

I 19949 40296 

57 

16 

0 38744 1517 I 

I 37842 89138 

0 58994 09669 

40 

I 23025 02868 

58 

17 

0 38569 84955 

I 39491 71251 

0 60370 45267 

41 

I 26100 65440 

59 

17 

0 38350 56260 

I 41151 70596 

0 61733 88663 

42 

I 29176 28011 

60 

15 

0 38088 08305 

I 42820 86579 

0 63083 81179 

43 

I 32251 90583 

6r 

12 

0 37784 18107 

I 44497 17132 

0 64419 63092 

44 

I 35327 53155 

62 

8 

0 37440 59923 

I 46178 58952 

0 65740 73705 

45 

I 38403 15727 

63 

2 

0 37059 04774 

I 47863 07744 

0 67046 51423 
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5 = 0 163033534821680, 60 = 0 6763467633, HK = 1. 3046678096 


B(r) 

C(r) 

G(r) 



90-r 

I 00000 00000 

I 96563 05108 

0 00000 00000 

90° 

0' 

2 76806 31454 

90 

0 99981 60886 

I 96533 12951 

0 00989 91720 

89 

33 

2 73730 68882 

89 

0 99926 44975 

I 96443 40309 

0 01979 47043 

89 

5 

2 70655 06310 

88 

0 99834 56552 

I 96293 98674 

0 02968 29453 

88 

38 

2 67579 43738 

87 

0 99706 02753 

I 96085 07176 

0 03956 02195 

88 

10 

2 64503 81167 

86 

0 99540 93546 

I 95816 92561 

0 04942 28154 

87 

43 

2 61428 18595 

85 

0 99339 41714 

1 95489 89147 

0 05926 69738 

87 

15 

2 58352. 56023 

84 

0 99101 62829 

1 95104 38778 

0 06908 88752 

86 

47 

2 55276 93451 

83 

0 98827 75221 

I 94660 90763 

0 07888 46278 

86 

19 

2 52201 30880 

82 

0 98517 99940 

I 94160 01803 

0 08865 02550 

85 

51 
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ELLIPTIC FUNCTION 
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ELLIPTIC FUNCTION 
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294 ELLIPTIC FTJNCTION 

K = 3 3698680267, K' = 1.6784865777, E = 1 027843620, E' = 1 6629622295, 
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0 041 9 I 44920 

4 

0 14977 19123 

8 

35 

0 10300 14601 

I 00778 41400 
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0 06988 43359 

6 

0 22465 78684 

12 

46 

0 15250 12188 

I 01748 41292 

0 08388 30956 

7 

0 26210 08465 

14 

51 

0 17642 77402 

I 02377 I 1470 
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TABLE 0=82° 295 

g = 0. 229667169881194, 0 0 = 0 6464169466, HK = 1 4676481002 


B(r) 

C(r) 

G(r) 
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296 ELLIPTIC FUNCTION 

K = 3 6004224992, K' = 1.6766779816, E = 1 022312688, E' = 1 6649476630, 
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table 0 = 83° 

q = 0.242912974306666, 90 = 0 6211317466, HK = 1 4872214813 


297 


B(r) 

C(r) 

G(r) 
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52 

0.66093 14267 

2 92982 49435 

0 41847 19672 

80 

26 

2 45857 05864 

51 

0.64661 99275 

2.87064 38790 

0 42811 26638 

79 

56 

2 41036 33200 

50 

0 63223 14865 

2 81136 10542 

0 43760 80415 

79 

25 

2 36215 60536 

49 

0 61778 03606 

2 75205 28945 

0 44694 391 I I 

78 

53 

2 31394 87872 

48 

0 60328 04384 

2 69279 4899s 

0.45610 47583 

78 

19 

2 26574 15208 

47 

0.58874 521 10 

2.63366 15364 

0 46507 36311 

77 

44 

2 21753 4«544 

46 

0 57418 77451 

2 57472 61393 

0 473S3 20219 

77 

7 

2 16932 69880 

45 

A(r) 

D(r) 

E(r) 

4 > 

F<^> 

r 


Aki TAniBQ 



3o6 


ELLIPTIC FUNCTION 

K - 4 7427172663, K' = 1 6712749624, E = 1 0026840866, E' = 1 6703179199, 


r 

F<^» 

<i> 

E(r) 

DW 

A(r) 

0 

0 

00000 00000 

0® 

0' 

0 00000 00000 

I 00000 00000 

0 00000 00000 

I 

0 05269 68585 

3 

I 

0 04150 83698 

I 00109 49202 

0 00984 61866 

2 

0 

10539 37170 

6 

2 

0 08272 60309 

I 00437 91 719 

0 01970 23988 

3 

0 

15809 05755 

9 

I 

0 12336 86879 

I 00985 12249 

0 02957 86287 

4 

0 

21078 74340 

II 

59 

0 16316 44916 

I 01750 85180 

0 03948 48012 

5 

0 

26348 42925 

14 

56 

0 20185 96235 

I 02734 74434 

0 04943 07415 

6 

0 31618 11510 

17 

49 

0 23922 29917 

I 03936 33238 

0 05942 61408 

7 

0 

36887 80095 

20 

40 

0 27504 99964 

I 05355 03843 

0 06948 05245 

8 

0 

42157 48680 

23 

28 

0 30916 52198 

I 06990 17180 

0 07960 32187 

9 

0 47427 17265 

26 

13 

0 34142 40166 

I 08840 92458 

0 08980 33181 

10 

0 

52696 85850 

28 

53 

0 37171 30376 

I 10906 36709 

0 10008 96542 

II 

0 

57966 54435 

31 

30 

0 39994 97772 

I 13185 44282 

0 11047 07636 

12 

0 

63236 23020 

34 

2 

0 42608 1275 I 

I 15676 96284 

0 12095 48573 

13 

0 

68505 91605 

36 

30 

0 45008 21300 

1 18379 59985 

0 13154 97896 

14 

0 

73775 60190 

38 

53 

0 47195 19964 

I 21291 88175 

0 14226 30292 

15 

0 

79045 28775 

41 

12 

0 49171 27333 

I 24412 18489 

0 15310 16293 

i6 

0 

84314 97360 

43 

26 

0 50940 53625 

I 27738 72698 

0 16407 21997 

17 

0 89584 65946 

45 

35 

0 52508 69758 

1 31269 55975 

0 17518 08788 

l8 

0 

94854 34531 

47 

40 

0 53882 77072 

I 35002 56142 

0 18643 33074 ; 

19 

I 

.00124 03116 

49 

40 

0 55070 78595 

I 38935 42896 

0 19783 46027 

20 

I 

05393 71701 

51 

34 

0 56081 52531 

I 43065 67027 

0 20938 93338 

21 

I 

10663 40286 

53 

25 

0 56924 28378 

1 47390 59633 

0 221 10 14976 

22 

I 

15933 08871 

55 

II 

0 57608 65921 

I 51907 31337 

0 23297 44971 

23 

I 

21202 77456 

56 

52 

0 58144 37172 

I 56612 71505 

0 24501 II 193 

24 

I 

.26472 46041 

58 

29 

0 58541 11188 

I 61503 47485 

0 25721 35159 

25 

I 

.31742 14626 

60 

2 

0 58808 41618 

I 66576 03865 

0 26958 31846 1 

26 

I 

37OII 83211 

61 

31 

0,58955 56773 

I 71826 61750 

0 28212 09517 ’ 

27 

I 

42281 51796 

62 

55 

0 58991 51945 

I 77251 18082 

0 29482 69565 ' 

28 

I 

47551 20381 

64 

16 

0 58924 83721 

I 82845 44989 

0 30770 06377 

29 

I 

52820 88966 

65 

33 

0 58763 66017 

I 88604 89185 

0 32074 07202 

30 

I 

58090 5755 I 

66 

46 

0 58515 67551 

1,94524 71416 

0 33394 52050 

31 

I 

63360 26136 

67 

56 

0 58188 10541 

2 00599 85969 

0 34731 13599 

32 

I 

68629 94721 

69 

3 

0 57787 70364 

2 06825 00238 

0 36083 57125 

33 

I 

73899 63306 


6 

0 57320 76019 

2 13194 54360 

0 37451 40449 

34 i 

I 

79169 31891 

i 71 

7 

0 56793 11188 

2 19702 60925 

0 3S834 13902 

35 

I 

84439 00476 

72 

4 

0 56210 15757 

2 26343 04764 

0 40231 20314 ' 

*36 

I 

89708 69061 

72 

59 

0 55576 87678 

2 33109 42822 

0 41641 95021 i 

37 

I 

94978 37646 

73 

51 

0 54897 85058 

2 39995 04116 

0 43065 65890 

38 

2 

00248 06231 

74 

41 

0 54177 28388 

2 46992 89791 

0 44501 53371 

39 

2 

05517 74816 

75 

28 

0 53419 02851 

2 54095 73266 

0 45948 70563 

40 

2 

10787 43401 

76 

12 

0 52626 60647 

2 61296 00482 

0 47406 2331 I 

41 

2 

16057 11986 

76 

55 

0 51803 23296 

2.68585 90255 

0 48873 10316 

42 

2 

21326 80571 

77 

35 

0 50951 83887 

2 75957 34731 

0 50348 23272 

43 

2 

26596 49156 

78 

14 

0 50075 09241 

2 83401 99954 

0 51830 47025 

44 

2 

31866 17741 

78 

50 

0 49175 41985 

2 909 I I 26530 

0.53318 59750 ; 

45 

2 

37135 86326 

79 

25 

0.48255 02516 

2 98476 30422 

0 54811 33155 

9a-rJ 

If 


G(r) 

C(r) 

B(r) 





TABLE e = 88° 307 

? = 0 363165648296037, 0 0 = 0. 3246110213, HK = 1. 7370861637 


B(r) 

C(r) 

G(r) 

4 ' 


90 -r 

I 00000 00000 

5 35291 58734 

0 00000 00000 

90' 

0' 

4 74271 72653 

90 

0 99970 65254 

5 35135 39870 

0 01 107 55804 

89 

54 

4 69002 04068 

89 

0 99882 66090 

5 34667 I I 120 

0 02215 08037 

89 

47 

4 63732 35483 

88 

0 99736 1771 I 

5 33887 55928 

0 03322 53090 

89 

41 

4.58462 66898 

87 

0 99531 45401 

5 32798 13106 

0 04429 87274 

89 

35 

4 53192 98313 

86 

0 99268 84456 

5 31400 76445 

0 05537 06778 

89 

28 

4 47923 29728 

85 

0 98948 80069 

5 29697 94165 

0 06644 07630 

89 

21 

4 42653 61143 

84 

0 98571 87199 

5 27692 68222 

0 07750 85650 

89 

15 

4 37383 92558 

83 

0 98138 70401 

5 25388 53459 

0 08857 36405 

89 

8 

4 321 14 23973 

82 

0 97650 03636 

5 22789 56618 

0 09963 55161 

89 

I 

4 26844 55388 

81 

0 97106 70046 

5 19900 35203 

0 11069 36828 

88 

54 

4 21574 86803 

80 

0 96509 61704 

5 16725 96214 

0 12 I 74 75905 

88 

46 

4 16305 18218 

79 

0 95859 79343 

5 13271 94744 

0 13279 66420 

88 

39 

4 I 1035 49633 

78 

0 95158 32050 

5 09544 32457 

0 14384 01862 

88 

31 

4 05765 81048 

77 

0 94406 36948 

5 05549 55939 

0 15487 751 12 

88 

23 

4 00496 12463 

76 

0 93605 18846 

5.01294 54947 

0 16590 78361 

88 

15 

3 95226 43878 

75 

0 92756 09875 

4 96786 60538 

0 17693 03026 

88 

6 

3 89956 75293 

74 

0 91860 49094 

4 92033 431 19 

0.18794 39654 

87 

58 

3 84687 06707 

73 

0 90919 82095 

4 87043 10392 

0 19894 77822 

87 

48 

3 79417 38122 

72 

0 89935 60570 

4 81824 05226 

0 20994 06015 

87 

39 

3 74147 69537 

71 

0 88909 41880 

4 76385 03454 

0 22092 I I 507 

87 

29 

3 68878 00952 

70 

0 87842 88604 

4 70735 11607 

0 23188 80216 

87 

18 

3 63608 32367 

69 

0 86737 68071 

4 64883 64589 

0 24283 96552 

87 

8 

3 58338 63782 

68 

0 85595 51894 

4 58840 23314 

0 25377 43247 

86 

56 

3 53068 95197 

67 

0 84418 15481 

4.52614 72300 

0.26469 01 166 

86 

*45 

3 47799 26612 

66 

0 83207 37552 

4 46217 17234 

0 27558 49098 

86 

32 

3 42529 58027 

65 

0 81964 99644 

4 39657 82526 

0 28645 63526 

86 

19 

3 37259 89442 

64 

0.80692 85610 

4 32947 08849 

0 29730 18370 

86 

6 

3 31990 20857 

63 

0 79392 81128 

4 26095 50677 

0 30811 84711 

85 

52 

3 26720 52272 

62 

0 78066 73195 

4 19113 73836 

0.31890 30470 

85 

37 

3.21450 83687 

61 

0 76716 49636 

4 12012 53075 

0 32965 20072 

85 

21 

3 16181 15102, 

60 

0 75343 98604 

4 04802 69653 

0.34036 14062 

85 

5 

3 10911 46517 

59 

0 73951 08099 

3 97495 08972 

0 35102 68681 

84 

48 

3 05641 77932 

58 

0 72539 65478 

3 90100 58247 

0 36164 35409 

84 

29 

3 00372 09347 

57 

0.71111 56987 

3 82630 04227 

0 37220 60448 

84 

10 

2.95102 40762 

56 

0 69668 67291 

3.75094 30973 

0 38270 84160 

83 

51 

2 89832 72177 

55 

0 68212 79026 

3 67504 17706 

0 39314 40446 

83 

30 

2 84563 03592 

54 

0 66745 72351 

3 59870 36716 

0 40350 56060 

83 

8 

2 79293 35007 

53 

0 65269 24519 

3 52203 51359 

0 41378 49862 

82 

44 

2.74023 66422 

52 

0.63785 09470 

3 44514 14133 

0.42397 31992 

82 

20 

2.68753 97837 

51 

0 62294 97425 

3 36812 64840 

0.43406 02965 

81 

55 

2.63484 29252 , 

50 

0 60800 54504 

3.29109 28843 

0 44403 52686 

81 

28 

2.58214 60667 

49 

0 59303 42368 

3.21414 15421 

0 45388 59368 

80 

59 

2 52944 92081 

48 

0.57805 17864 

3.13737 16225 

0 46359 88357 

80 

29 

2 47675 23496 

47 

0 56307 32704 

3.06088 03834 

0 47315 90851 

79 

58 

2 42405 54911 

46 

0 54811 33155 

2 98476 30422 

0 48255 02516 

79 

25 

2 37135 86326 

45 

A(r) 

DW 

E(r) 

<l> 

F<l> 

r 
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3o8 elliptic function 

K = 6.4349098296, K' = 1 6709169681, E = 1 0007616777, E' = 1 6706767091, 


r 

¥<p 


E(r) 

D(r) 

A(r) 

0 

0 00000 00000 

0® 

0' 

0 00000 00000 

I 00000 00000 

0 00000 00000 

I 

0 06038 78870 

3 

27 

0 04919 51488 

I 00148 76066 

0 00797 98676 

2 

0 12077 57740 

6 

54 

0 09795 3 1901 

I 00595 04088 

0 01597 27570 

3 

0 18116 36610 

10 

19 

0 14584 95983 

I 01338 83449 

0 02399 16544 

4 

0 24155 15480 

13 

42 

0 19248 42494 

I 02380 12862 

0 03204 94760 

5 

0 30193 94350 

17 

3 

0 23749 17959 

I 03718 89963 

,0 04015 90322 

6 

0 36232 73220 

20 

19 

0 28055 00559 

I 05355 10766 

0 04833 29925 

7 

0 42271 52090 

23 

32 

0 32138 60670 

I 07288 68948 

0 05658 38508 

8 

0 48310 30960 

26 

40 

0 35977 96610 

I 09519 55002 

0 06492 38899 

9 

0 54349 09830 

29 

43 

0 39556 46136 

I 12047 55228 

0 07336 51472 

10 

0 60387 88700 

32 

40 

0 42862 75917 

I 14872 50597 

0 08191 93794 

II 

0 66426 67569 

35 

32 

0 45890 52450 

I 17994 15472 

0 09059 80283 

12 

0 72465 46439 

38 

18 

0 48637 98590 

I 2I4I2 16208 

0 09941 21860 

13 

0 78504 25309 

40 

58 

0 5II07 40138 

I 25126 09628 

0 10837 25614 

14 

0 84543 04179 

43 

32 

0 53304 46717 

I 29135 4I39I 

0 11748 94454 

15 

0 90581 83049 

45 

59 

0 55237 70723 

I 33439 44250 

0 12677 26784 

i6 

0 96620 61919 

48 

20 

0 56917 87466 

I 38037 36227 

0 13623 16162 

17 

I 02659 40789 

50 

35 

0 58357 38857 

1.42928 18693 

0 14587 50978 

i8 

I 08698 19659 

52 

44 

0 59569 82320 

I 48110 74384 

0 15571 14129 

19 

I 14736 98529 

54 

47 

0 60569 45851 

I 53583 65353 

0 16574 82707 

20 

1.20775 77399 

56 

43 

0 61370 89715 

I 59345 30865 

0 17599 27682 

21 

I 26814 56269 

58 

35 

0 61988 74725 

I 65393 85266 

0 18645 13603 

22 

I 32853 35139 

60 

20 

0 62437 36797 

I 71727 15815 

0 19712 98307 

23 

I 38892 14009 

62 

0 

0 62730 67243 

I 78342 80514 

0 20803 32624 

24 

I 44930 92879 

63 ' 

35 

0 62881 98144 

I 85238 05926 

0 21916 60113 

25 

I 50969 71749* 

65 

5 

0 62903 92100 

I 92409 85022 

0 23053 16788 

26 

I 57008 50619 

66 

30 

0 62808 35657 

I 99854 75042 

0 24213 30872 

27 

I 63047 29489 

67 

51 

0 62606 35735 

2 07568 95405 

0 25397 22556 

28 

I 69086 08359 

69 

7 

0 62308 18462 

2 15548 25676 

0 26605 03772 

29 

I 75124 87229 

70 

19 

0 61923 29878 

2 23788 03597 

0 27836 77989 

30 

I 81163 66099 

71 

27 

0.61460 38040 

2 32283 23203 

0 29092 40017 

31 

I 87202 44969 

72 

31 

0 60927 36149 

2 41028 33038 

0 30371 75832 

32 

I 93241 23839 

1 ^3 

32 

0 60331 46378 

2 50017 34479 

0 31674 62424 

33 

I 99280 02709 

74 

29 

0 59679 24144 

2 59243 80185 

0 33000 67656 

34 

2 05318 81579 

75 

23 

0 58976 62623 

2 68700 72681 

0 34349 50157 

35 

2 11357 60449 

76 

14 

0 58228 97341 

2 78380 63098 

0 35720 59222 

36 

2 17396 39318 

77 

2 

0 57441 10737 

2 88275 50068 

0 37113 34754 

37 

2 23435 18188 

77 

48 

0 56617 36598 

2 98376 78796 

0 38527 072 I I 

38 

2.29473 97058 

78 

31 

0 55761 64315 

3 08675 40315 

0 39960 97596 

39 

2.35512 75928 

79 

II 

0 54877 42910 

3 19161 70942 

0 41414 17461 

40 

2.41551 54798 

79 

49 

0 53967 84809 

3 29825 51932 

0 42885 68946 

41 

2 47590 33668 

80 

25 

0.53035 69362 

3 40656 09346 

0 44374 44843 

42 

2 53629 12538 

80 

58 

0 52083 46089 

3 51642 14148 

0 45879 28694 

43 

2 59667 91408 

81 

30 

0 51 I 13 37664 

3 62771 82525 

0 47398 94906 

44 

2.65706 70278 

82 

0 

0 50127 42646 

3 74032 76441 

0 48932 08915 

45 

2.71745 49148 

82 

28 

0 49127 37968 

3 85412 04436 

0 50477 27366 

90 -r 

Tp 

p 

G(r) 

C(r) 

B(r) 



TABLE g = 89° 309 

9=0 403309306338378, 00 = 0 2467332317, HK = 1 8699680878 


B(r) 

C(r) 

G(r) 


Fi/- 

90 -r 

I 00000 00000 

7 56958 97180 

0 00000 00000 

90° 0' 

5 43490 98296 

90 

0 99966 43156 

7 56705 29325 

0 OHIO 10463 

89 56 

5 37452 19426 

89 

0 99865 79343 

7 55944 77064 

0 02220 19579 

89 53 

5 31413 40556 

88 

0 99698 28696 

7 54678 94142 

0 03330 25985 

89 49 

5 25374 61686 

87 

0 99464 24694 

7 52910 36233 

0 04440 28272 

89 45 

5 19335 82816 

86 

0 99164 14052 

7 50642 60102 

0 05550 24979 

89 42 

5 13297 03946 

85 

0 98798 56557 

7 47880 22428 

0 06660 14556 

89 38 

5 07258 25077 

84 

0 98368 24869 

7 44628 78301 

0 07769 95354 

89 34 

5 01219 46207 

83 

0 97874 04272 

7 40894 79407 

0 08879 65593 

89 30 

4 95180 67337 

82 

0 97316 92390 

7 36685 71893 

0 09989 23340 

89 26 

4 89141 88467 

81 

0 96697 98856 

7 32009 93943 

0 11098 66481 

89 22 

4 83103 09597 

80 

0 96018 44944 

7 26876 73054 

0 12207 92686 

89 17 

4 77064 30727 

79 

0 95279 63165 

7 21296 23044 

0 13316 99380 

89 13 

4 71025 51857 

78 

0 94482 96828 

7 15279 40797 

0 14425 83704 

89 8 

4 64986 72987 

77 

0 93629 99559 

7 08838 02759 

0 15534 42469 i 

89 3 

4 58947 941 17 

76 

0 92722 34802 

7 01984 61207 

0 16642 72118 

88 58 

4 52909 15247 

75 

0 91761 75278 

6 94732 40301 

0 17750 68667 

88 53 

4.46870 36377 

i 74 

0 90750 02426 

6 87095 31948 

0 18858 27648 

88 47 

4 40831 57507 

73 

0 89689 05812 

6 79087 91481 

0 19965 44048 

88 41 

4 34792 78637 

72 

0 88580 82522 

6 70725 33191 

0 21072 12232 

88 35 

4 28753 99767 

71 

0 87427 36532 

6 62023 25717 

0 22178 25863 

88 29 

4 22715 20897 

70 

0 86230 78063 

6 52997 87323 

0 23283 77807 

88 22 

4 16676 42027 

69 

0 84993 22921 

6 43665 81080 

0 24388 60035 

88 15 

4 10637 63157 

68 

0 83716 91826 

6 34044 09975 

0 25492 63501 

88 7 

4 04598 84287 

67 

0 S2404 09732 

6 24150 11966 

0 26595 78012 

87 59 

3 98560 05417 

66 

0 81057 05141 

6 14001 55012 

0 27697 92084 

87 51 

3 92521 26547 

65 

0 79678 09414 

6 03616 32083 

0 28798 92768 

87 42 

3 86482 47677 

64 

0 78269 56083 

5 93012 56192 

0 29898 65471 

87 33 

3 80443 68807 

63 

0 76833 80165 

5 82208 55452 

0 30996 93739 

87 23 

3 74404 89937 

62 

0 75373 17477 

5 71222 68183 

0 32093 59022 

87 12 

3 68366 11067 

61 

0 73890 03962 

5.60073 38100 

0 33188 40408 

87 I 

3 62327 32197 

60 

0 72386 75024 

5 48779 09576 

0 34281 14317 

86 50 

3 56288 53328 

59 

0 70865 64877 

5 37358 23026 

0 35371 54168 

86 37 

3 50249 74458 

58 

0 69329 05904 

5 25829 10413 

0 36459 29992 

86 24 

3 44210 95588 

57 

0 67779 28032 

5 14209 90885 

0 37544 08012 

86 10 

3 38172 16718 

56 

0 66218 58136 

5 02518 66588 

0 38625 50154 

85 55 

3-32133 37848 

55 

0 64649 19448 

4 90773 18631 

0 39703 13507 

85 40 

3 26094 58978 

54 

0 63073 30999 

4 78991 03252 

0 40776 49715 

85 23 

3 20055 80108 

53 

0 61493 07081 

4 67189 48167 

0 41845 04298 

85 6 

3 14017 01238 

52 

0 59910 56732 

4 55385 49133 

0 42908 15883 

84 47 

3 07978 22368 

51 

0 5S327 83254 

4 43595 66732 

0 43965 15347 

84 27 

3 01939 43498 

50 

0 56746 83750 

4 31836 23371 

0 45015 24856 

84 6 

2 95900 64628 

49 

0 55169 48696 

4.20123 00521 

0 46057 56791 

83 44 

2 89861 85758 

48 

0 53597 61539 

4.08471 36196 

0 47091 12546 

83 20 

2 83823 06888 

47 

0 52032 98326 

3 96896 22668 

0 48114 81189 

82 55 

2 77784 28018 

46 

0 50477 27366 

3 85412 04436 

0 49127 37968 

82 28 

2 71745 49148 

45 

A(r) 

D(r) 

E(r) 


F<^) 

r 
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